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Abstract
This paper aims to develop, in a case of multiple water sources, an optimal operational
strategy that can be used in arid/semiarid regions by water decision-makers to schedule
the use of each source over time, to control the artificial recharge to aquifers, to improve
the energy efficiency related to the water supply system, to determine the optimal amount
of water each source should supply over a period, and to minimise the water costs. In this
regard, a novel, cost effective, and advanced optimal controller to operate a water supply
system in arid/semiarid regions has been developed. This model is designed as a multi-
constraint non-linear programming model that meets the demand for an ever-growing
population, and considers in its formulation multiple surface water sources, aquifers,
desalination plants, recycled water plants, the seasonal availability of surface water and
groundwater, the monthly rainfall variability, and the seasonal energy price. To verify the
effectiveness of the developed model, a real case study was conducted. The results
obtained showed a 3% reduction in the water supply cost and sustainable improvement
in groundwater management, demonstrating the model’s capacity to manage aquifer
recharge efficiently, to optimally schedule the use of water sources. Adopting this strategy
improves water security and the energy security in an urban region as it decreases the use
of energy-intensive water sources during seasons with high electricity demand.
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1 Introduction

Nowadays, planning, developing and managing water resources are vital to ensure adequate,
cost-effective, and sustainable quality supply of water for both humans and natural ecosystems
(Loucks and van Beek 2017). Indeed, water is a precious natural resource with limited
availability. Approximately half of the world’s potable water supply comes from rivers, either
directly or from reservoirs (Barnett et al. 2005). With continuous population growth, the per
capita availability of utilisable water is going down (Davijani et al. 2016; Abdulbaki et al.
2017; Zhou et al. 2017). Rapid industrialisation and urbanisation have led to an improved
standard of living, increasing the demand for fresh water (Satiya et al. 2017). In addition,
climate change has increased the weather variability and decreased the predictability of the
rainfall in some regions which has resulted in shorter intervals between drought periods and
made the natural water sources less reliable (Piao et al. 2010; Forsee and Ahmad 2011).
Weather variability becomes a problem if one cannot get a couple of good years with above
average rainfall, as this results in water stress in some regions (Xiong et al. 2010; Ebrahimi
et al. 2021) and the need for water resource management. Managing freshwater resources
under changing climatic conditions has become one of the important challenges facing
modern global society (Vörösmarty et al. 2000; Oki and Kanae 2006; Piani et al. 2010).
Hydrological variability coupled with fast-changing socio-economic boundary conditions
have increased the uncertainties in water management and has led to the need for adaptive
methods in water management (Ahmad and Simonovic 2001; Middelkoop et al. 2001;
Mosquera-Machado and Ahmad 2007; Kalra and Ahmad 2011; Dawadi and Ahmad 2012).
These methods would manage the transition from the current management regimes to more
adaptive regimes that take into account environmental, human, technological, economic,
institutional, and cultural characteristics of water sources (Pahl-Wostl 2007). These adap-
tive methods include optimal management and supply-side management, which are
categorised according to the time horizon. The former is forward long-term planning while
the latter is short-term planning (Hansen 2012). The importance of these adaptive methods
is evidenced by the water crisis in Cape Town (South Africa) in 2015–2017. An optimal
management strategy of water resources that can be applied to arid/semiarid regions is
developed in this context.

In recent years, to cater to the freshwater deficit, some water-stressed regions have
introduced alternative water sources such as seawater desalination, potable water
recycling, and artificial aquifer recharge. This diversification of water sources has created
a problem of allocating the use of these sources. The cost of water supplied differs from
one source to another. The water demand varies seasonally, and the availability of
surface water and groundwater sources is highly dependent on seasonal rainfall patterns
(Shamshirband et al. 2020). Municipalities and other water decision-makers are facing
the challenge of optimally allocating the use of each source seasonally across the
planning horizon. Poor management in allocating these sources can result in higher
water costs. The modelling and optimization approach proposed in this current work
will address this challenge.

Various techniques in water supply optimisation which address the water allocation
problem have been developed in the literature. An optimisation model for the conjunctive
use of groundwater and surface water from a reservoir that considers reservoir decision rules,
and detailed simulation of groundwater flow has been proposed (Belaineh et al. 1999). An
optimisation model based on a genetic algorithm under a fuzzy environment to maximise
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irrigation releases, hydropower production and level of satisfaction has also been developed
(Regulwar and Raj 2009), and this model considers only reservoir decisions in its formulation.
An optimisation model for allocating water resources was developed by Abdulbaki et al.
(2017) to minimise the total water cost. The uniqueness of the model developed in Abdulbaki
et al. (2017) lies in its ability to consider the spatially distributed water supply and demand
nodes, and multiple water supply (seawater, surface, ground and wastewater) and demand
types and qualities. Davijani et al. (2016) proposed a multi-objective socio-economic model to
optimise the allocation of water resources to agriculture, industry, and municipal water sectors.
Zhou et al. (2017) proposed a smart inter-basin water allocation methodology that allows for
the establishment of optimal water allocation solutions under socio-economic development
and mitigates the negative impacts of the inter-basin water transfer. Several mathematical
models for the optimisation of the water irrigation allocation to maximise the economic benefit
while satisfying the water demand and planted area constraints are presented in the literature
(Kuo et al. 2000, 2003; Raju and Kumar 2004; Khare et al. 2006; Sahoo et al. 2006; Galán-
Martín et al. 2015; Nguyen et al. 2017).

In addition, water and energy are inextricably linked and both are precious resources with
limited availability (Wanjiru and Xia 2017; Kitessa et al. 2020; Wu et al. 2020). Water is
needed for energy production and energy is needed for water production and supply (Sharif
et al. 2019). Water supply systems are among the largest infrastructure assets of the industrial
society (Sarbu 2016). Some researchers have indicated that 7% of the global energy is
consumed for water distribution (Coelho and Andrade-Campos 2014). Water-related energy
consumption can represent up to 12.6% of the national primary energy consumption
(Sanders and Webber 2012). Energy security in countries amidst an electricity crisis can
be severely affected due to the introduction of these alternative water sources. For instance,
the introduction of seawater desalination, potable water recycling, network integration, and
rainwater tanks during a decade of drought in South East Queensland (Australia) indicated
an increase of 24% life cycle energy consumption of the existing water supply system (with
surface water sources). Hence, this situation leads developing nations to seek for efficient
energy demand management (Setlhaolo and Xia 2015; Nwulu and Xia 2015), water
demand and supply management strategies (Cai et al. 2016), and efficient management
strategies that co-ordinate the management of the two resources. Management of both
resources together decreases the ancillary impact of one resource on the other (Engström
et al. 2017). For this reason, several optimisation models have been developed in order to
optimally analyse water and energy systems from a nexus approach under various sets of
criteria (Li et al. 2018; Tsolas et al. 2018; Fuentes-Cortés et al. 2019a, 2019b; Oke et al.
2019; Mehrjerdi 2020). However, until now, to the best of the authors’ knowledge, no work
in the literature has conclusively dealt with the allocation problem of multiple water sources
in arid/semiarid regions. The modelling and optimizations done to date do not simulta-
neously take into account the management of aquifer recharge, seasonal changes in
electricity price, the availability of surface water and groundwater sources and at the same
time incorporating rainfall patterns and water demand variations depending on climatic
seasons as well as population growth. This paper deals with the aspects highlighted above.

The contribution of this study is the development of a novel optimal water resource
management model which decision-makers can use to allocate the water resources in arid/
semiarid regions with minimum cost and more sustainability. The developed model determines
the optimal amount of water that each source should supply every period to meet the water
demand, taking into account the parameters that affect the cost of water and the availability of
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groundwater and surface water sources and also considering the time trend of the water
demand. These parameters are the periodic and artificial recharge to the aquifer, the rainfall,
the temperature, and the electricity price. The developed model avoids the fall of the aquifer
water table because of its utilisation and keeps it in a state, allowing future users to use it as
current users do. The model presented in this work will enable aquifers to recharge, return to
their initial level, or even exceed it at the end of each year. Furthermore, the strategy developed
ensures efficient use of the energy associated with the water supply system, allowing for a shift
in the energy demand associated with the water supply system from on-peak season to off-
peak season.

The paper is structured as follows: the first section gives a brief overview of the previous
research; the second section presents the mathematical formulation of the developed optimi-
sation model and the algorithm used to solve it; a case study is used in the third section to
verify the effectiveness of the developed model, followed by the conclusions in the last
section.

2 Mathematical Formulation

Figure 1 displays a water supply system that can get water from aquifers, surface water
sources, desalination plants, and recycled water plants. This water supply system has two
water distribution networks: one for recycled water and the other for potable water. The
recycled water is only used for artificial recharge, industrial and irrigation purposes. In
contrast, the surface water sources and aquifers can supply the demand for potable water
and that for industrial and irrigation purposes. The desalination plant supplies water only to the
distribution network for potable water. A part of the water pumped from aquifers returns to the
aquifers after its utilisation by infiltration. There is also a quantity of water that is lost from the
water distribution networks due to leaks.

2.1 Hydrology

The state equation of the aquifer y is given by the following equation (Hansen 2012):

Hy
tþ1 ¼

Ry
t þ αt−1ð Þgyt

AySy
þ Hy

t ; αt∈ 0; 1½ �; ð1Þ

where t is the index of the tth month, y is the index of the yth aquifer, H
y
tþ1 is the height in

metres of the water table y at the end of the tth period, g
y
t is the volume in cubic metres of water

pumped from the water table y during the tth period, R
y
t is the recharge to the yth aquifer during

the period t in cubic metres, αt is the flow coefficient that measures the fraction of water
pumped from a water table y that returns to the same water table. Ay and Sy are reservoir
parameters: Ay is the geographic study area of concern in square metres covering the ground
aquifer and Sy is the specific yield coefficient without units that measures the porous space
where water exists in the water table aquifer y. Hy

t is the height in metres of the water table
aquifer y at the beginning of the tth month. Groundwater recharge occurs when water infiltrates
at the land surface, flows through the unsaturated zone, and crosses the water table to enter the
aquifer (Anderson et al. 2015). Temporal variations in recharge largely depend on climate and
precipitation patterns (Fitts 2002). Several methods of measuring and estimating recharge, are
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largely discussed in Healy and Bridget (2010). Recharge can be expressed as a fraction of the
local annual precipitation. For instance, the recharge of the Table Mountain aquifer in the
Western Cape Province has been evaluated to vary between 1% and 55% of the mean annual
precipitation (MAP) (Duah 2010). In the Western Cape Province, the major recharge source of
aquifers is rainfall (Department of Water Affairs and Forestery 2008). However, artificial
groundwater recharge is used to improve the efficiency of aquifers as the natural groundwater
yield is insufficient to meet the long-term demand (Bugan et al. 2016). Artificial recharge is
done with treated domestic wastewater blended with low-salinity urban runoff stormwater.
Thus, Ry

t can be calculated as:

Ry
t ¼ Uy

t þ ∑
R

r¼1
uyr;t; ð2Þ

with Uy
t the recharge to the yth aquifer due to the rainfall (direct precipitation) during the tth

period, R the total number of water recycling plants in the region, r the index of the rth water
recycling plant, and uyr;t the water from the wastewater treatment plant r used to recharge the yth
aquifer during the tth period.

2.2 Dynamics of Water Balance

Water balance is defined as the cumulative differences between net supply and demand
(Zarghami and Akbariyeh 2012). Water balance is determined in the recycled water distribu-
tion network and the potable water distribution network as indicated in Eqs. (3) and (4),

Fig. 1 Water supply system
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respectively, by the groundwater, surface water, desalinated water, recycled water, water loss,
and water demand:

Vr
tþ1 ¼ Vr

t þ ∑
R

r¼1
ztt−l

r
t−Dr;t; ð3Þ

Vp
tþ1 ¼ Vp

t þ ∑
M

x¼1
sxp;t þ ∑

N

y¼1
gyp;t þ ∑

De

d¼1
Qd

t −l
p
t − 1−ηtð ÞDt; ð4Þ

where Vr
t and Vp

t are quantities of water in the recycled and potable water distribution
networks, respectively, at the beginning of the tth month, Vr

tþ1 and Vp
tþ1 are volumes of water

present in the recycled and potable water distribution networks, respectively, at the end of the
tth month or at the beginning of the (t + 1)th month. The second term in Eq. (3) represents the
wastewater supplied by water recycling plants to the recycled water distribution network
during the tth month, zrt is the amount of water supplied to the recycled water distribution
network by the rthwater recycling plant during the tthmonth, lrt and l

p
t are the water losses from

the recycled and potable distribution networks, respectively, in the tthmonth, Dr, t is the amount
of water from the recycled water distribution network used for irrigation and industrial
purposes during the tth month. The second, the third and the fourth term in Eq. (4) represent
the water supplied to the potable water distribution network from dams in the tth month, the
amount of groundwater supplied to the potable distribution network during the tth month, and
the water supplied in cubic metres from the desalinated water sources in the tth month,
respectively, x is the index of the xthdam, sxp;t is the amount of water supplied to the potable
distribution network by the xth dam during the tth month, M is the total number of dams, gyp;t is
the amount of water supplied to the potable water distribution network by the yth aquifer during
the tthmonth, N is the total number of aquifers, d is the index of the dth desalination plant,Qd

t is
the amount of water supplied by the dth desalination plant during the tth month, De is the total
number of desalination plants, Dt is the total volume of water in cubic metres allocated to the
demands during the tth period. Industrial demand, domestic demand, landscape demands, and
other demands are the components of the total demand. ηt is a coefficient representing the
percentage of the total water demand Dt used for irrigation and industrial purposes in the tth
month. ηt is determined from historical data of the water demand. The rate of leakage that can
be managed is considered to be approximately 13% as in Zarghami and Akbariyeh (2012).
Also:

sxp;t ¼ sxt −s
x
r;t; ð5Þ

where sxt is the volume of water pumped from the dam x during the tth sampling interval, and
sxr;t is the portion of sxt that is used for irrigation and industrial purposes, and.

zrt ¼ qrt− ∑
M

r¼1
uyr;t; ð6Þ

where qrt is the volume of water supplied by the water recycling plant r during the tth sampling
interval.
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2.3 Water Losses in Reservoirs by Evaporation

Water losses in dam x by evaporation (Vx
e;t) during the tth period is computed from the average

dam areas (Jain et al. 2005):

Vx
e;t ¼ ai þ af

� �
et=2; ð7Þ

where ai and af are surface areas (m2) at the beginning and the end of the period, and et is the
evaporation depth (m) in the period t.

In South Africa, evaporation is measured at over 750 stations using the standard US
Weather Bureau Class A (USWB Class A) evaporation pan. The USWB Class A evaporation
pan is currently the most popular evaporation pan in usage, and it is universally adopted as the
standard evaporation pan. To determine the daily evaporation, the change in water level from
the previous day is recorded after taking into account the precipitation (Schulze and Maharaj
2006). Based on the data recorded from 570 South Africa stations, Schulze and Maharaj
(2006) developed for each month a temperature-based equation of an A-pan equivalent
evaporation for each of the 12 evaporation regions mapped in South Africa. The general form
of the developed equation is given as follows:

et ¼ b0TmaxRa;t þ b1z−b2Pmd;t þ b3 ð8Þ
where et is the A-pan equivalent reference evaporation estimate (mm/month), Tmax is the
monthly mean of daily maximum air temperature (°C), Ra, t is the mean extra-terrestrial solar
radiation for the month, z is the altitude (m), Pmd, t is the median monthly precipitation (mm), t
is the month of the year and b0-b3 are regression constants.

2.4 Dynamics of Population

The demographic model that quantifies the anthropogenic influence of the current population,
its expected changes, as well as the impact of population growth on water demand is expressed
by Eq. (9) as:

Dj ¼ P j Pcd; j; ð9Þ
with:

P j ¼ P0 eδj; ð10Þ
and

Pcd; j ¼ Pcd;0 eβj; ð11Þ

where P0 is the initial population at the beginning of the time horizon, Pj is the expected
population in year j, δ is the rate of population change based on past population growth rates
with j the elapsed time (in years), Pcd, j is the expected annual per capita demand, Pcd, 0 is the
initial annual per capita demand, β is the rate of per capita demand change. This exponent is
obtained by inverting the exponential relationship to fit per capita demand in the last year of
the time horizon. The per capita demand of water follows an exponential relationship based on
the initial demand in the first year and that expected in the last year of the time horizon. The
use of an exponential growth rate is based on the assertion by Kremer (1993) that an increase
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in population would lead to an increase in technological change, driving water increase
demand at a similar rate.

From Eqs. (9) and (11), the annual water demand Dj can be determined as: The water
demand Dt of a specific month t is calculated in function of the annual demand as follows:

Dt ¼ γtD j ð12Þ
where γt is a coefficient representing the percentage of the annual water demand consumed in
the month t.γt of a specific month is determined from historical data of the monthly water
demands of previous years.

2.5 Objective function

In this paper, four water sources are considered, namely: groundwater, surface water,
desalinated water, and recycled water. The objective is to minimise the water cost by
choosing among groundwater pumping, surface water, seawater desalination, and water
recycling. This objective is subjected to the aquifer’s equation of motion, surface water
availability and future seasonal energy price projections. The aquifer must be kept in a state
which allows prospective users to use it like current users while considering the impact of
the seasonal hydro-climatic variables on the water demand and the increase of water
demand due to population growth:

min ∑
T

t¼1
∑
De

d¼1
Cd Qd

t ; ρt; t
� �þ ∑

N

y¼1
Cy

g Hy
t ; g

y
t ; ρt; tð Þ þ ∑

M

x¼1
Cx

s sxt ; ρt; t
� �þ ∑

R

r¼1
Cr qrt ; ρt; t

� �" #
ð13Þ

where ρt is the electricity price during the tth month, T is the total number of months that
constitutes the time horizon, Cy

g is the cost of the water pumped from the aquifer y during the

tth sampling interval, Cx
s is the pumping cost of the water from the dam x, Cd is the cost of the

supplied desalinated water during the tth sampling interval, and Cr is the cost of the recycling
water from the water recycling plant r.

The cost of the water pumped from an aquifer y is calculated as follows:

Cy
g Hy

t ; g
y
t ; ρt; tð Þ ¼ ρt k g

y
t
Ry
t þ αt−1ð Þgyt

Ay Sy
þ Hy

t

� �
; ð14Þ

where k is a constant given by:

k ¼ ρw g
3:6� 106

; ð15Þ

with ρw the density of water [kg/m3] and g the gravitational acceleration [9.81m/s2].
The costs of water from dams, desalination plants and water recycling plants during the tth

period are determined respectively by Eqs. (16), (17) and (18), as follows:
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Cx
s sxt ; ρt; t
� � ¼ ρtkbq

x
t ; ð16Þ

Cd Qd
t ; ρt; t

� � ¼ ρt kd Q
d
t ; ð17Þ

Cr qrt ; ρt; t
� � ¼ ρt kr q

r
t ; ð18Þ

where: kb, kd and kr are coefficients representing the amount of energy used for supplying one
cubic metre of water from a surface water source, desalination plant, and water recycling plant,
respectively.

2.6 Constraints

The volumes of water Vr
t and V

p
t in the distribution networks of the recycled water and that of

potable water during every period t are constrained by:

Vr;max≥Vr
t ≥Vr;min; ð19Þ

Vp;max≥Vp
t ≥Vp;min; ð20Þ

where Vr, max and Vp, max represent the maximal volumes of water that can be stored in the
reservoirs and pipes of the distribution networks of recycled and potable water, respectively, at
every time t, Vr, min and Vp, min represent the minimal volumes of water in the distribution
networks of recycled and potable water, respectively, that can prevent the outside untreated
water from entering the pipes at the leak locations. Indeed, this could happen if the pipes are
empty at the end of the sampling time.

The continuity of water supply in the recycled water distribution network must be ensured
every time. This constraint is given by the water balance Eq. (3). Due to the dynamic demand
of water for irrigation and industrial uses, Eq. (3) can be expressed as:

Vr
h¼t ¼ Vr

0 þ ∑
t−1

h¼0
∑
R

r¼1
zrh−l

r
h−Dr;h

� �
; ð21Þ

with:

h∈N jh ¼ 0;…; tf g; ð22Þ

where Vr
0 is the volume of water initially in the recycled water distribution network, and Vr

h¼t

is the volume of water at the end of the tth month in the recycled water distribution network.
The continuity of water supply in the potable water distribution network must be ensured

every time. This constraint is given by the water balance Eq. (4). Due to the dynamic demand
of potable water, Eq. (4) can be expressed as:

Vp
h¼t ¼ Vp

0 þ ∑
t−1

h¼0
∑
M

x¼1
sxp;h þ ∑

N

y¼1
gyp;h þ ∑

De

d¼1
Qd

h−l
p
h− 1−ηhð ÞDh

" #
; ð23Þ
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where Vp
0 is the volume of water initially in the potable water distribution network, and Vp

h¼t is
the volume of water at the end of the tth month in the potable water distribution network.
Equation (23) expresses the water balance at the tth time interval as a function of the volume of
water in the potable water distribution network at the beginning of the time horizon.

The total water supplied by aquifers, reservoirs, and recycled water plants for irrigation and
industrial purposes should meet the no-potable water demand every month. This constraint is
expressed as follows:

∑
N

y¼1
gyr;t þ ∑

M

x¼1
sxr;t þ Dr;t ¼ ηtDt: ð24Þ

To prevent the water table from reaching a threshold level, the water table Hy
t is restricted by

an hmin:

Hy
t ≥hmin: ð25Þ

Inequality (25) can also be written as:

Ry
t þ αt−1ð Þgyt

AySy
þ Hy

t ≥hmin: ð26Þ

The dynamic variation of the height of the water table implies that inequality (26) can be
written as shown by inequality (27):

Hy
0 þ ∑

t−1

h¼0

Ry
h þ ηh−1ð Þgyh

AySy
≥hmin; ð27Þ

where Hy
0 is the height of the water table y at the beginning of the time horizon.

To prevent the spillage of dams, the volume Vx
t of water in a dam x during each period t is

restricted to the variation between a minimal volume Vx
min and a maximum volume Vx

max:

Vx
min≤V

x
t ≤V

x
max ð28Þ

In discretised time, the dynamic variation of Vx
t can be determined as follows:

Vx
tþ1 ¼ Vx

t þ Vx
p;t−V

x
e;t−V

x
q;t; ð29Þ

or:

Vx
h¼t ¼ Vx

0 þ ∑
t−1

h¼0
Vx

p;h−V
x
e;h−V

x
q;h

� �
; ð30Þ

with Vx
tþ1 the volume of water in the xth dam at the end of the tth time or at the beginning of the

following time t + 1, Vx
0 the volume of water initially in the xth dam, Vx

e;t the volume of water

lost from dam x by evaporation during the tth period, Vx
q;t the volume of water pumped from

the dam x during the tth period, Vx
p;t the volume of water caught in dam x due to the rainfall

during the tth period. Vx
t , V

x
tþ1, V

x
p;t and V

x
q;t are expressed in cubic metres, Vx

p;t for each period

is calculated as follows:

Vx
p:t ¼ 10−3Ax λx; ð31Þ
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where Ax is the catchment area in square metres for the dam x, namely the area from which
rainfall flows into the dam x, and λt is the precipitation in millimetres during the tth month.

To leave future users the capacity to function as well as the current users do, the
aquifer level is constrained to be higher or equal to its initial level after each year.
This constraint prevents the level of the aquifer from decreasing year to year due to
its utilisation:

Hx
j ≥H

y
0 with j ¼ 1;…; J ; ð32Þ

where j is the year index,Hy
j is the height of the water table y at the end of the jth year,H

y
0 is the

height of the water table y at the beginning of the time horizon, and J = T/12 is the time
horizon in years.

The water supplied by each recycled water plant and each desalination plant during each tth
period cannot exceed their capacities. This constraint is expressed by the following inequal-
ities:

0≤qrt ≤RWPr; ð33Þ

0≤Qd
t ≤DWPd ; ð34Þ

where RWPr and DWPd are the capacities of the rth recycled water plant and of the dth
desalination plant, respectively.

2.7 Algorithms

Several optimisation algorithms can be used to solve the nonlinear problem developed in this
study. Since the water resource and energy optimisation problem has a nonlinear objective
function, the “OPTI Toolbox” in MATLAB is used. This algorithm solves problems in this
form:

min f Xð Þ; ð35Þ

subject to:

AX ≤b linear inequality constraintð Þ
AeqX ¼ beq linear equality constraintð Þ
C Xð Þ≤0 nonlinear inequality constraintð Þ
Ceq ¼ 0 nonlinear equality constraintð Þ
Lb≤X ≤Ub lower and upper boundsð Þ

8>>>><
>>>>:

ð36Þ

For the water resources and energy management model, the vector X contains the cost of water
supplied by every source for all the months. The linear inequality constraints (19), (20), (28)
and (32) are integrated into A and b and the linear equality constraints (21), (23) and (24) are
integrated into Aeq and beq. The upper and lower boundary constraints (33) and (34) are
incorporated into Lb and Ub.
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3 Case Study and Data

3.1 Study Area and Context

TheWestern Cape Province is the third most populated province of South Africa after Gauteng
and Kwazulu-Natal (Stats SA 2018). The province has a Mediterranean climate, with warm
summers averaging a maximum of 26 °C, and a cool winter averaging a minimum of 7 °C
(Olivier and Xu 2019). The majority of the annual rainfall occurs in winter, from June to
August, while other seasons experience little rainfall. Analysis of precipitation data from 1841
to 2005 has indicated a mean annual rainfall of 619 mm (Adelana et al. 2006). However, in
2016 and 2017, only 221 mm and 154 mm of precipitation fell, respectively (CSAG 2020),
which resulted in a lower level of water in dams. After the 2016 winter, dam levels were 15%
lower than those expected at that period of the year. This situation led to the provincial
government introducing a level-two water restriction (20% savings) (Olivier and Xu 2019) as
the Western Cape water supply system relies predominantly on surface water, which entirely
depends on rainfall. To cater for the water deficit caused by this drought and improve the
reliability of the water supply system, the National Department of Water and Sanitation
(NDWS) proposed the utilisation of additional water sources (City of Cape Town 2018).
Among the responses advocated by the NDWS were the construction of a seawater desalina-
tion plant, the increase of groundwater pumping, and the increased capacity of the recycled
water plant. These measures are not alien to the Western Cape (Sorensen 2017), however, the
use of these alternative measures was negligible compared to surface water sources. For
instance, only 2% of the water demand was covered by groundwater (City of Cape Town
2018), and 8% of domestic wastewater was recycled and reused for irrigation and industrial
purposes (City of Cape Town 2018).

In the Western Cape Province, among all alternative water sources to surface water,
groundwater abstraction is the most cost effective because of the presence of a number of
aquifers (which include the Atlantis aquifer, the Cape Flats aquifer and the Table Mountain
aquifer) (City of Cape Town 2018; Olivier and Xu 2019). The capital and operating costs
related to groundwater abstraction are significantly lower than those of wastewater reuse and
desalinated water because of the simplicity of the technology and the low energy required
(City of Cape Town 2018). Groundwater abstraction cost is sensitive to water quality, borehole
depth, yield and location. Groundwater abstraction plays a significant role in the Western
Cape’s water supply system. Due to the extreme drought, plans have been put in place to
progressively increase its use from 12 to 100 million litres per day (City of Cape Town 2018;
Olivier and Xu 2019).

However, in coastal aquifers such as in the Western Cape, excessive use of aquifers can
result in salinity intrusion and ecological damage. To mitigate this risk, the Department of
Water Affairs and Forestry (DWAF), with support from the Water Research Commission
(WRC), has produced a strategy on artificial recharge, where surplus surface water is trans-
ferred underground to be stored in an aquifer for later abstraction or use (Department of Water
and Sanitation 2017). Despite this strategy, some aquifers in the Western Cape have shown
natural fluctuations in levels. Furthermore, groundwater recharge and the availability of
surface water are highly dependent on seasonal rainfall patterns. Therefore, there is a need
to monitor the fluctuation of the water tables and control the groundwater pumping, taking into
account the recharge of aquifers. Groundwater pumping must be done to avoid excessive
draw-down of the water tables and their dewatering, because their dewatering can modify the
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soil water saturation and lead to disastrous consequences for agriculture and the environment.
Thus, the strategy developed in this work will define an optimal pumping strategy to avoid the
aquifers’ dewatering and environmental damage. Irrespective of the water desalination process
being expensive compared to other alternative water sources, the City of Cape Town (the
biggest city in the Western Cape Province) is considering the development and commissioning
of a permanent desalination plant with a capacity of 120 million litres per day (MLD) within
the next five years to mitigate the water crisis due to the persistent drought. The desalination
costs primarily depend on the scale, water salinity quality, temperature, marine works require-
ments, procurement methodology, and network integration costs. Water desalination is the
most energy intensive among other options, having its energy cost evaluated to be double that
needed for wastewater reuse (City of Cape Town 2018).

This diversification of water sources in the Western Cape has led to a problem in allocating
the use of these sources. In the Western Cape Province, agriculture and tourism are major
sources of income and are growing exponentially each year. Water represents an important
catalyst and driver of socio-economic development. Poor management in allocating these
resources will result in an expensive water cost, which can harm the growth of these two
economic sectors. It may also hamper water access for the most vulnerable parts of the
population.

3.2 Western Cape Water Supply System

The developed model was applied to the Western Cape Water Supply System (WCWSS) in
South Africa. The WCWSS is a suitable case study because it can access water from dams,
aquifers, water recycling plants, and desalination plants. The cost of water and the energy
needed per thousand litres of water differ from one source to the another. The energy required
for desalination (kd) has been estimated to be twice that for recycled water (kr), 3.5–4 kWh/m3

and 2 kWh/m3, respectively (City of Cape Town 2018). 1 kWh (kb) is needed to supply one
cubic metre of water from dams. In South Africa, the electricity tariff differs from winter to
other seasons and increases annually. An electricity tariff of R 228.38 cents/kWh in winter, R
221.95 cents/kWh (1 Rand equals 0.067 US Dollars) in other seasons, and an annual electricity
price increase of 5% are considered in this work.

The WCWSS has three aquifers and six major dams. The three aquifers are the
Table Mountain aquifer (TM), the Cape Flats aquifer (CF), and the Atlantis aquifer (AT).

The characteristics of aquifers and dams, aquifer recharge (U1
t , U

2
t , and U 3

t ) and the monthly
precipitation (λt) were obtained from different governmental organisations (South African
Department of Water Affairs and Forestry 2006; South African Weather Service 2020) and
published articles (Adelana et al. 2010; Duah 2010; Jovanovic et al. 2017). Aquifer cover areas
(A1, A2, and A3), initial height (Hy

0) and their specific porous coefficient (Sy), the maximal

capacities (V1
max, V

2
max, V

3
max, V

4
max, V

5
max, and V6

max) and catchment areas (A1, A2, A3, A4, A5,
and A6) of dams are given in Table 1. The minimal volume of water admissible (Vx

min) in each
dam x is fixed at 15% of its maximal capacity (Vx

max). The initial volume of water into the dams
Vx
0 is estimated to be 30% of their Vx

max.
Other assumptions and parameters used in the simulation are given in Table 2. In 2018, the

population of the Western Cape Province was estimated at 6,025,888 and the annual rate of
population change was estimated δ at 0.006 (Stats SA 2018). The annual per capita water
demand was estimated at 92.76 [m3/year/capita]. The monthly percentages (γt) of the annual
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water demand that represent the total monthly water demands (Dt), and the monthly percent-
ages (ηt) of Dt that represent the monthly non-potable water demands were obtained from
historical data provided by the Department of Water and Sanitation (2017). The flow coeffi-
cient αt that measures the fraction of water pumped from an aquifer that returns to the same
aquifer is assumed to be 8% of the water pumped from the considered aquifer. 13% of the
water supplied by each source to the distribution network is lost due to the leakages. The
monthly mean value of A-pan equivalent potential evaporation (et) for the Western Cape
Province are those calculated by Eq. (8) (Schulze and Maharaj 2006). Artificial recharge is
only practised at the Atlantis and Cape Flats aquifers.

3.3 Simulation Results and Discussion

The optimal scheduling of water sources utilisation obtained while using the developed water
resource management model for a typical two year period is shown in Figs. 2, 3 and 4.
Figure 2 shows the optimal quantity of water that each source supplies every month as a
percentage of the monthly water demand Dt. For instance, in March of the first year, dam
supply was 86%, aquifers 15%, desalination plant 6%, and the water recycling plant 8% of the
Dt. The total quantity of water supplied by all sources represents 116% of the Dt in March.
Figure 3 displays the quantity of water supplied by dams, aquifers and water recycling plants
every month for irrigation and industrial uses as a percentage of the monthly non-potable water
demand (MNPWD). For instance, in June of the first year, dams supplied 49%, aquifers 28%,
and the recycled water distribution network supplied only 13% of the MNPWD. The water
supplied by water recycling plants in June to the recycled distribution network represents 26%
of the MNPWD. Lastly, Fig. 4 shows the quantity of water supplied by dams, aquifers, and the

Table 1 Parameters used in the simulation

Characteristics Notations Values Units

Aquifers
Area of Table Mountain Aquifer A1 24,300,000 [m2]
Area of Atlantis Aquifer A2 130,000,000 [m2]
Area of Cape Flat Aquifer A3 630,000,000 [m2]
Initial height of aquifers Hy

0 25 [m]
Coefficient Sy 0.02
Dams
Volume maximal of dam 1 V1

max 480,250×103 [m3]
Volume maximal of dam 2 V2

max 164,122×103 [m3]
Volume maximal of dam 3 V3

max 130,000×103 [m3]
Volume maximal of dam 4 V4

max 58,644×103 [m3]
Volume maximal of dam 5 V5

max 33,517×103 [m3]
Volume maximal of dam 6 V6

max 31,767×103 [m3]
Volume initial of water in dams Vx

0 30%Vx
max [m3]

Volume minimal of water admissible in dams Vx
min 15%Vx

max [m3]
Catchment area for dam 1 A1 5×107 [m2]
Catchment area for dam 2 A2 30.608×107 [m2]
Catchment area for dam 3 A3 7.715×107 [m2]
Catchment area for dam 4 A4 2.96×106 [m2]
Catchment area for dam 5 A5 6.67×107 [m2]
Catchment area for dam 6 A6 2.17×107 [m2]
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desalination plant every month to the potable water distribution network as a percentage of the
monthly potable water demand.

3.4 Monthly Cost of Water Supply

Figure 5 displays the trend of the monthly cost of water supply. It can be seen from this figure
that the monthly cost of water from January to May of each year is relatively high compared to
other months, with the highest cost in March. Water cost decreases gradually from June to
August and reaches its minimum in August. From September to December, it increases and
remains relatively low compared to the period from January to May. Indeed, the water demand
is higher during the period from January to May while the rainfall is lower. Therefore, to meet
the water demand, more water is pumped from dams during this period. The other sources are
used to supply the deficit to avoid the water levels in dams reaching the limit of the non-
brackish water supply. The period from June to August corresponds to the winter season, with
lower water demand and higher rainfall. The amount of water in dams during this period is
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enough to meet the demand. The water level increases significantly and reaches its highest
level at the end of August. Therefore, the backstop sources are less used during this period.
These observations are shown in Fig. 6 and justify why the water levels in dams become
lowest in the period from February to May and increase from June to August (see Fig. 7).
During the period following winter, the period from September to December, priority is given
to dams to supply the major part of the water demand as surface water availability is high.

The optimal scheduling of the water resources utilisation, as depicted in Fig. 6, shows that
the desalination plant does not supply water in winter, and it is less utilised the second year.
This result has two advantages: Firstly, it decreases the overall cost of energy used for water
production. Indeed, the results obtained with the developed model show a 3% reduction in the
cost of water production. This is so because the electricity price is higher in winter (the period
from June to August) than in other seasons, and it is subject to increase by 5% the second year.
The desalination process is the most energy-intensive process, followed by the recycled water
plant, compared to the other two water sources. Thus, the use of the desalination plant in
winter or its high utilisation the second year can increase the energy cost. Secondly, not using
the desalination plant in winter is also beneficial for the company which supplies the
electricity, as it shifts a considerable load from an on-peak season (winter) to off-peak season
(other seasons).
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3.5 Water Trend in the Potable Water Distribution Network

Figure 8 displays the amount of water (Vp
t ) at the end of each month in the potable water

distribution networks (PWDN). The water levels in the distribution network fluctuate during
the month. This is caused by fluctuations in water demand, which is managed by a consistent
water supply that is continuously fed into the network and water reservoirs that act as buffers;
this implies that the water in the distribution network is always renewed. The following
observations are made: From January to March of the first year, a large reserve of water
accumulates in the potable water distribution network despite a large consumption of drinking
water during this period. This reserve of water comes mainly from dams. About 96% of the
potable water demand (PWD) from January to March is supplied by dams. Aquifers and
desalination plants supply 10% and 11% of the PWD respectively from January to March. The
volume of water accumulated in the potable water distribution network supplements the water
supplied by all the sources to meet the PWD in April. Indeed, in April, the PWD is higher than
the water supplied by all the water sources minus the water losses, as displayed in Fig. 9. Thus,
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Vp
t declines significantly in April. In May, the water supplied by all the sources represents

124% of the Dt of May. A major part of supplied water is from dams. The water supplied by
dams to the potable water distribution network represents 108% of the PWD. Aquifers and
desalination plants each supply 9% of the PWD. Thus, the surplus of the supplied water is
saved in the potable distribution network, which increases the Vp

t . The V
p
t in May, June and

July is high whereas in the month of August it is low. In August, the total water supplied by
dams and aquifers to the potable water distribution network cannot cover the water losses and
meet the PWD, as shown in Fig. 9. Thus, to cover the losses and meet the PWD, the Vp

t of July
supplements the water supplied by dams and aquifers. In September, October and November,
the Vp

t is high, and in the month of December Vp
t is low. The total water supplied by all the

sources in December is not enough to cover the losses lpt and the PWD. All the sources supply
about 105% of the PWDwhile the lpt is about 13% of the water supply by all the sources. In the
second year, similar observations can be made as for the first year.

3.6 Water Trend in the Recycled Water Distribution Network

Figure 10 displays the amount of water (Vr
t ) at the end of each month in the recycled water

distribution network (RWDN). From January of the first year to April of the second year, Vr
t

remains at low level. During this period, the water supplied by water recycling plants covers
the losses and the water consumed from the RWDN, as shown in Fig. 11. In May, the amount
of water supplied to the RWDN is enough to cover the water consumed from it and the losses,
and to increase the Vr

t . The Vr
t at the end of May supplements the water supplied by water

recycling plants to meet the water consumed from the RWDN in June. Thus, Vr
t decreases

significantly in June. From July until the end of November, Vr
t increases gradually, as the water

supplied by water recycling plants to the RWDN each month during this period is higher than
the monthly water consumption and losses (see Fig. 11). The Vr

t at the end of November
supplements the water supplied by water recycling plants to meet the water consumed from the
RWDN in December.
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Fig. 8 Amount of water in the potable water distribution network at the end of each month
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3.7 Artificial Groundwater Recharge

Figure 12 displays the water supplied by water recycling plants for groundwater recharge. The
main part of water supplied by water recycling plants in the first year is used for artificial
groundwater recharge, which explains why the water table levels of aquifers are high through-
out the first year (Fig. 13). In the second year, from January to June, the water recycling plants
are less utilised for artificial groundwater recharge. The main part of the water from water
recycling plants is sent into the non-potable water distribution network. During this period, the
water demand is high, and groundwater is used extensively to meet the demand, which leads to
a significant decrease in the level of aquifers (Fig. 13). From July to December, water recycling
plants are highly utilised for artificial groundwater recharge to increase their levels. Thus, at
the end of December of each year, the water table level of each aquifer is high or equals to their
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Fig. 9 Monthly water supply trend in the potable water distribution network and monthly potable water demand
trend
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Fig. 10 Amount of water in the recycled water distribution network at the end of each month
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initial levels. Therefore, using the developed water resource management strategy keeps
aquifers in the same states, avoids their dry-out, and makes their utilisation sustainable.
Figure 13 displays the variations of the water table levels of aquifers.

4 Conclusions

This paper introduces the first attempt to design a novel, cost-effective, and advanced optimal
controller to operate a water supply system with multiple water sources in arid/semiarid
regions. The developed strategy determines the optimal amount of water that each source
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Fig. 11 Monthly water supply trend in the recycled water distribution network and monthly water consumed
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Fig. 12 Water supplied by water recycling plants for groundwater recharge
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should supply every month while considering the availability of the source, the weather
variability, the seasonal variation of the freshwater demand, as well as the seasonal and annual
electricity price variation. The strategy also ensures efficient use of the energy associated with
the system. The strategy developed herein allows for shifting of the energy demand associated
with the water supply system from the on-peak season to the off-peak season. Furthermore,
this model avoids the falling of water table and prevents it from drying out. It controls the
aquifer recharge, allows aquifers to recharge, return to their initial levels, or exceed them at the
end of each year. The use of the developed strategy makes the groundwater pumping more
sustainable and enhances the planning efficiency of the pumping operations.

Although this strategy improves the management of water sources and makes the use of
aquifers more sustainable as it allows aquifers to remain intact, it is only suitable when the
water demand, the rainfall, the periodic recharge of aquifers, and temperature can be predicted
accurately. However, this is not the case in practice. In practice, the water supply system is
subject to external disturbances such as the dynamic variation of the weather prediction.
Therefore, a management strategy that considers the dynamic variations of all parameters
should be adopted as it is closer to reality. This reality will be addressed in future studies. In
futures studies, diverse management strategies based on model predictive control strategies
will be developed because of their predictive nature, ability to deal with disturbances and
dynamic constraints inherent in the present problem.
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