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Abstract 

In this paper, we study the consensus tracking control problem of a class of strict-feedback multi- 
agent systems (MASs) with uncertain nonlinear dynamics, input saturation, output and partial state 
constraints (PSCs) which are assumed to be time-varying. An adaptive distributed control scheme is 
proposed for consensus achievement via output feedback and event-triggered strategy in directed net- 
works containing a spanning tree. To handle saturated control inputs, a linear form of the control input 
is adopted by transforming the saturation function. The radial basis function neural network (RBFNN) 
is applied to approximate the uncertain nonlinear dynamics. Since the system outputs are the only avail- 
able data, a high-gain adaptive observer based on RBFNN is constructed to estimate the unmeasurable 
states. To ensure that the constraints of system outputs and partial states are never violated, a barrier 
Lyapunov function (BLF) with time-varying boundary function is constructed. Event-triggered control 
(ETC) strategy is applied to save communication resources. By using backstepping design method, the 
proposed distributed controller can guarantee the boundedness of all system signals, consensus tracking 
with a bounded error and avoidance of Zeno behavior. Finally, the correctness of the theoretical results 
is verified by computer simulation. 
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. Introduction 

Autonomy, allocation and coordination make MASs to have strong reliability and robustness
hen solving practical problems. After the development of recent decades, it has been widely

pplied to unmanned aerial vehicles [1] , mobile robots [2] and sensor networks [3] , for
xample. However, it is worth emphasizing that consensus problem is the key problem in
ASs. The essence of the consensus problem is to construct a suitable distributed controller

or the states of MAS to converge to a same value. Therefore, the consensus problem of
ASs has been studied by many scholars from different research directions, for example, the

nite time consensus problem [4–6] , the adaptive consensus problem [7–9] , the second-order
onsensus problem [9–11] , the event-triggered consensus problem [12–14] , and so on. 

In practical applications, it is always a hard problem to solve due to limitation of the chan-
el bandwidth and computing power. However, the ETC method, which can reduce commu-
ication burden and ensure dependable system performance, has been widely paid attention
o by researchers. The time-triggered controller executes periodically, while the ETC up-
ates it control input only when a given trigger condition is satisfied. The ETC strategy has
een widely used in various applications [15–19] . In [20] , the authors addressed the problem
f quantized ETC for non-affine pure-feedback stochastic MASs by adaptive fuzzy control
ethod. A sampling data based adaptive distributed ETC scheme for MASs with directed

etwork topology was developed in [21] . In [22] , ETC strategy was adopted to study the de-
ense of MASs against false data-injection attack. An adaptive ETC protocol for MASs with
ndirected graphs was proposed in [23] . In [24] , the authors studied the consensus problem
f a class of linear MASs with directed graphs via adaptive ETC method. 

It is worth mentioning that the system state or output may need to be confined to specific
reas duo to physical constraints. In the process of system running, the violation of constraint
onditions may lead to the degradation of system performance and even instability. In recent
ears, the BLF has been adopted to solve the above mentioned problem. In [25] , the state
onstraints problem of strict-feedback switched nonlinear systems was solved by using integral
LF. In [26,27] , the output constraints problem of strict feedback nonlinear systems was

olved by using BLF. In [28] , the adaptive fuzzy control problem of nonlinear systems with
onstant state constraints was studied in finite time. The control problem of nonlinear systems
ith time-varying PSCs and input saturation by adaptive ETC strategy was studied in [29] .
he problem of tracking control for nonlinear systems with full state constraints (FSCs) was

nvestigated in [30] . An adaptive control strategy was proposed in [31] for nonlinear stochastic
ystems with FSCs and unknown parameters. In [32,33] , the authors addressed the tracking
ontrol problem of unknown nonlinear strict-feedback systems and nonlinear pure-feedback
ystems with time-varying FSCs by a neural network adaptive control method. The BLF
s also used in MASs [34–36] . A finite-time distributed tracking control scheme for pure-
eedback MASs with FSCs was developed in [34] . In [35] , the authors proposed an adaptive
onsensus control strategy for non-affine MASs, in which partially unknown control directions
nd FSCs problems were considered simultaneously. In [36] , the authors addressed the fast
onsensus problem of high-order nonlinear non-strict-feedback MASs with asymmetric time-
∗ Corresponding author at: Three Gorges Mathematical Research Center, China Three Gorges University, Yichang 
43002, China. 

E-mail address: yuhui@ctgu.edu.cn (H. Yu). 
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e  
arying FSCs in finite time. In [37] , the authors proposed an ETC method for MASs with
utput constraint. 

Moreover, in some actual physical systems, the problem of input saturation [38–40] is
ften encountered. When system input is limited to a bounded area due to the physical
evice’s limitations, the system performance will become worse, or even causing the system
o be unstable. To overcome this drawback, the input saturation problem is also considered
n this paper and the designed saturated controller can ensure the achievements of the control
bjectives. 

Through the above literature analysis, to reduce communication burden and overcome some
hysical limitations, the adaptive tracking control problem of MASs with input saturation and
artial state constraints via ETC strategy has not been further studied, which motivates the
esearch of this paper. 

This paper studies the consensus tracking control problem for MASs with uncertain non-
inearity and external disturbance in directed networks containing a spanning tree. The output
nd partial states of the MASs are constrained. A novel adaptive distributed ETC scheme is
mployed to solve the consensus tracking problem via output feedback. Because the outputs
f the system are the only available date, a high-gain observer is then designed. Compared
ith the existing works, the contributions of this paper are mainly reflected in the following
oints: i) An adaptive distributed ETC scheme with observer is proposed, which can guarantee
onsensus tracking of the given leader signal with a bounded error, the boundedness of all
ystem signals and avoidance of the Zeno behavior. Compared with time-triggered algorithms
or MASs [34–36] , this paper adopts ETC strategy, which can decrease the communication
urden. ETC strategy for MASs with output constraint was also considered in [37] . However,
ot only output constraints but also partial state constraints and saturated control problem are
aken into account in this paper. Compared with [29] , the dynamic surface control scheme
as used in this paper to reduce computational complexity of the virtual controllers. In ad-
ition, the event-triggered scheme proposed in [29] is based on state feedback. However, an
vent-triggered distributed control scheme is proposed in this paper via output feedback and
hen an observer is designed. ii) In this paper, the model considered is more general. MASs
ith uncertain nonlinearity and external disturbance via output feedback in directed networks

ncluding a spanning tree are considered. The uncertain nonlinear dynamics are approximated
y RBFNN, the unknown parameters are estimated by adaptive control method and the un-
easured states are estimated by a high-gain observer via output feedback. Compared with

29] , the uncertain nonlinear dynamics are assumed to be linearly parameterizable. Compared
ith [37] , only undirected network topologies are considered. iii) BLFs are designed to guar-

ntee that the output and partial states of the system can be constrained by time-varying
oundary functions in this paper. Compared with [34–36] , the time-varying boundary func-
ions are assumed to be constant in [34] , and only FSCs, which is a special case of partial
tate constraints, are considered in these paper. 

The remaining of the work is arranged as below. Preliminaries of algebraical graph theory
nd RBFNN are introduced and the problem formulation is stated in Section 2 . In Section 3 ,
he state observer is constructed. In section 4, the event-triggered controller is designed. In
ection 5 , the stability analysis is given. In Section 6 , a simulation example is given. In
ection 7 , conclusions are drawn. 

N ot at ions : R 

+ = [0, + ∞ ) . λmin (·) and λmax (·) denote the minimum and maximum
igenvalues of a matrix. ‖ · ‖ 2 denotes the 2-norm and ‖ · ‖ ∞ 

the ∞ -norm. min { a i } and
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Fig. 1. Connected graph. 
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ax { a i } , i = 1 , 2, . . . , n, represent the smallest one and the biggest in a i , respectively. For a
atrix A , A > 0 means that A is symmetric positive definite. 

. Preliminaries and problem statement 

.1. Graph theory 

In MASs, the directed graph G is usually employed to describe the relations of in-
ormation transmission among agents. In graph G(V, E, A ) , V = { 1 , 2, . . . , N } , E ⊂ V × V ,
 = [ a i j ] ∈ R 

N×N represent the node set, the directed edge set, and weighted adjacency ma-
rix, respectively. An edge ( j, i) ∈ E means that node i can receive information from node
j and node j is a neighbor of node i. In this case, a i j > 0, otherwise a i j = 0. We assume
hat graph G is simple in this paper, that is, a ii = 0. N i = { j| ( j, i) ∈ E} stands for node i ′ s
eighbors set. The in-degree matrix of graph G is denoted by D = diag { d 1 , d 2 , . . . , d N } , where
 i = � j∈N i a i j . Denoted by L = (l i j ) N×N = D − A the Laplacian matrix of G. 

The leader node is labeled as 0, similar to a i j , if node i can access the leader, then, a i0 > 0
nd a i0 = 0 otherwise. Let B = diag (a 10 , . . . , a N0 ) and Ḡ be a directed graph with node set
 0, 1 , . . . , N } . We say that a directed graph containing a directed spanning tree if there exists
t least a directed path from the root note to all other nodes. 

An example of a digraph including a spanning tree for four agents and a leader is given
n Fig. 1 . Obviously, a i j = 0 except for a 31 = a 42 = a 43 = 1 , d 1 = d 2 = d 3 = 1 and d 4 = 2.
hen, 

 = 

⎛ 

⎜ ⎜ ⎝ 

0 0 0 0 

0 0 0 0 

1 0 0 0 

0 1 1 0 

⎞ 

⎟ ⎟ ⎠ 

, D = 

⎛ 

⎜ ⎜ ⎝ 

1 0 0 0 

0 1 0 0 

0 0 1 0 

0 0 0 2 

⎞ 

⎟ ⎟ ⎠ 

, L = 

⎛ 

⎜ ⎜ ⎝ 

1 0 0 0 

0 1 0 0 

−1 0 1 0 

0 −1 −1 2 

⎞ 

⎟ ⎟ ⎠ 

. 
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ssumption 1. There exists a directed spanning tree in graph Ḡ and the leader is its root
ode. 

emma 1. [41] For graph Ḡ , under Assumption 1 , all eigenvalues of the matrix L + B have
ositive real parts. 

.2. System description 

Consider MASs with input saturation: 
 

 

 

 

 

 

 

 

 

 

 

˙ x iq = x i,q+1 + f iq ( x iq ) + h iq (x i , t ) , 
q = 1 , 2, . . . , n − 1 , 

˙ x in = sat i (u i (t )) + f in ( x in ) + h in (x i , t ) , 
y i = x i1 , i = 1 , 2, . . . , N, 

(1)

here the state vector is denoted by x iq = [ x i1 , x i2 , . . . , x iq ] T ∈ R 

q , q = 1 , 2, . . . , n, and let
 i = x in . y i ∈ R is the output of system. The full states x i = [ x i1 , . . . , x in ] T are divided into two
arts. We assume that the state [ x i1 , . . . , x i�] T is constrained and the state [ x i, �+1 , . . . , x in ] T is
nconstrained, where 1 ≤ � ≤ n. In the special case, when � = 1 , only the output of the sys-
em is constrained; when � = n, the full states of the system are constrained. The constrained
tates x iq , q = 1 , . . . , �, for agent i, are constrained to time-varying regions | x iq | < k c iq (t ) ,
here k c iq (t ) is a boundary function. f iq (·) ∈ R is an unknown smooth function. h iq (x i , t ) ∈ R

s unknown but bounded external disturbance. sat i (u i (t )) ∈ R is the saturated control input,
efined as 

at i (u i (t )) = 

{
sign (u i (t )) u iM 

, if | u i (t ) | > u iM 

, 

u i (t ) , if | u i (t ) | ≤ u iM 

, 
(2)

here u iM 

is a positive constant. It can be rewritten as 

at i (u i (t )) = χi (u i (t )) u i (t ) , (3)

here 

i (u i (t )) = 

{
sign (u i (t )) 

u iM 
u i (t ) 

, if | u i (t ) | > u iM 

, 

1 , if | u i (t ) | ≤ u iM 

. 
(4)

The function χi (u i (t )) ∈ (0, 1] indicates the degree of saturation of u i . In the special case
f χi (u i (t )) = 1 , that means no saturation occurs. Assume that controller u i does not go to
nfinity, which is reasonable for practical applications. Under this assumption, one gets [42] 

 < ı i ≤ min (χi (u i (t ))) ≤ 1 , (5)

here ı i is an unknown constant, which will be estimated later in adaptive law. 
In order to reduce the communication burden, an ETC mechanism is designed as: 
• Control l er : 

 i (t ) = z i (t 
i 
k ) , ∀ t ∈ [ t i k , t 

i 
k+1 ) . (6)

•E T C mechanism : 

 

i 
k+1 = inf { t > t i k || ρi (t ) | ≥ � i | u i (t ) | + πi } , (7)
3337 
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here z i (t ) is an intermediate control function that will be designed later, ρi (t ) = z i (t ) − u i (t ) ,
 < � i < 1 and πi > 0 are design parameters. t i k is update time of the controller. When Eq.
7) is triggered, the next update time t i k+1 will be generated. z i (t i k ) is invariant in [ t i k , t 

i 
k+1 ) .

ccording to the above ETC rules, | z i (t ) − u i (t ) | ≤ � i | u i (t ) | + πi holds in all time. 
Similar to the discussion in [43] , the control function z i (t ) satisfies 

 i (t ) = (1 + � 1 (t ) � i ) u i (t ) + � 2 (t ) πi , (8)

here � 1 and � 2 satisfy |� 1 | ≤ 1 and |� 2 | ≤ 1 , respectively. 
From Eq. (8) , one has 

 i (t ) = 

z i (t ) 

1 + � 1 � i 
− � 2 πi 

1 + � 1 � i 
. (9)

To handle partial state constraints, a BLF candidate is used for control design. Define 

 (t ) = 

1 

2 

log 

	 2 (t ) 

	 2 (t ) − s 2 (t ) 
, (10)

here log is the natural logarithm, s(t ) is restricted by | s(t ) | < 	 (t ) with 	 (t ) > 0, where
 (t ) is a boundary constant function. 

emma 2. [44] For given 	 (t ) > 0 and all s(t ) satisfying | s(t ) | < 	 (t ) , 

og 

	 2 (t ) 

	 2 (t ) − s 2 (t ) 
< 

s 2 (t ) 

	 2 (t ) − s 2 (t ) 
. (11)

Control Ob ject ives : The purpose of this paper is to design an ETC scheme for MASs
1) to achieve the following objectives: i) System outputs y i , i = 1 , . . . , N, can follow the
eader y 0 and tracking errors remain within a small neighborhood of the origin. ii) System
utput and partial state constraints are not violated, ie. | x iq | < k c iq (t ) , q = 1 , 2, . . . , �, ∀ t > 0.
ii) All the resulting closed-loop systems signals are bounded. iv) Zeno behavior [45] can be
voided. 

ssumption 2. For the leader, y 0 (t ) , ˙ y 0 and ÿ 0 are continuous and bounded, ie., there exist
ositive constants a 0 , a 1 and a 2 , such that | y 0 | ≤ a 0 , | ̇  y 0 | ≤ a 1 and | ̈y 0 | ≤ a 2 , ∀ t ≥ 0. 

ssumption 3. For the uncertain and smooth nonlinear function f iq (·) ∈ R, assume that the
ollowing inequality 

 f iq ( y iq ) − f iq ( x iq ) | ≤ L iq (| y i1 − x i1 | + . . . + | y iq − x iq | ) , (12)

olds, where L iq are known positive constants and y 
iq 

= [ y i1 , y i2 , . . . , y iq ] , y iq ∈ R, q =
 , 2, . . . , n. 

ssumption 4. For the bounded external disturbance h i (x, t ) , there exist an unknown constant
¯
 i > 0 such that 

 h i (x, t ) | ≤ h̄ i . (13)

emma 3. [46] For any ϑ > 0 and γ , 

 ≤ | γ | − γ tanh ( 
γ

ϑ 

) ≤ 0. 2785 ϑ. (14)
3338 



Y. Zhao, H. Yu and X. Xia Journal of the Franklin Institute 359 (2022) 3333–3365 

L  

C

y  

w  

t  

p

V  

a

β  

w  

W  

h

2

�  

w  

ψ  

w

 

w  

a

a

ε  

L  

o

s  
emma 4. [29] For any given 	 (t ) > 0, let the sets S := { s ∈ R : | s| < 	 (t ) } and M := R 

r × S.
onsider 

˙  = g(t, y) , (15)

here y = [ ω, s] T ∈ M, and g : R 

+ × M → R 

r+1 is piecewise continuous in t , uniformly in
and locally Lipschitz in s, on R 

+ × M. Assume that exist continuously differentiable and
ositive definite function U : R 

r → R 

+ and V : S → R 

+ , such that 

 (s) → ∞ as 
| s| 
	 (t ) 

→ 1 , (16)

nd 

1 (‖ ω‖ 2 ) ≤ U (ω) ≤ β2 (‖ ω‖ 2 ) , (17)

here β1 and β2 are K ∞ 

function. Let W (y) := V (s) + U (ω) , and s(0) belongs to the interval
(−	 (t ) , 	 (t )) . If the inequality 

˙ 
 = 

∂W 

∂y 
g ≤ −m 1 W + m 2 , (18)

olds for y ∈ M with constants m 1 > 0, m 2 > 0, then −	 (t ) < s(t ) < 	 (t ) for ∀ 0 ≤ t . 

.3. RBFNN 

The uncertain nonlinear functions are approximated by RBFNN [47] 

(x) = θT ψ(x) , (19)

ith l 0 nodes, where θ = (θ1 , . . . , θl 0 ) 
T ∈ R 

l 0 is the weight vector, ψ(x) =
(ψ 1 (x) , . . . , ψ l 0 (x)) T ∈ R 

l 0 is the basis function vector and ψ i (x) is selected as 

 i (x) = exp [ − (x − r i ) T (x − r i ) 

μ2 
i 

] , (20)

ith μi being the width and r i the center. 
Using RBFNN, nonlinear function f iq ( ̂  x iq ) can be approximated by 

ˆ f iq ( ̂  x iq | θiq ) = θT 
iq ψ iq ( ̂  x iq ) , (21)

here ˆ x iq = [ ̂  x i1 , ˆ x i2 , . . . , ˆ x iq ] T , q = 1 , 2, . . . , n, is the estimation of x iq . Defined θ∗
iq =

rg min θiq ∈ �θiq 
[ sup ˆ x iq ∈ �ˆ x iq 

| ̂  f iq ( ̂  x iq | θiq ) − f iq ( ̂  x iq ) | ] as the optimal parameter vector, where �θiq 

nd �ˆ x iq are compact sets corresponding to θiq and ˆ x iq , respectively. 
Then, the minimum approximation error ε iq ( ̂  x iq ) is 

 iq ( ̂  x iq ) = f iq ( ̂  x iq ) − ˆ f iq ( ̂  x iq | θ∗
iq ) . (22)

emma 5. [48] For any given constant ε > 0, there exists a continuous function f (x) defined
n a compact set �, such that 

up 

x∈ �
| f (x) − θT ψ(x) | ≤ ε. (23)
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ssumption 5. ε iq ( ̂  x iq ) is bounded, that is, 

 ε iq ( ̂  x iq ) | ≤ ε̄ iq , (24)

here ε̄ iq > 0 is an unknown constant. 

Taking Eq. (3) into system Eq. (1) , one has 
 

 

 

˙ x i = A i x i + K i y i + f i + Bχi (u i (t )) u i (t ) + h i , 

y i = Cx i , i = 1 , 2, . . . , N, (25)

here 

 i = 

⎛ 

⎜ ⎜ ⎜ ⎝ 

−k i1 1 · · · 0 

. . . 
. . . 

. . . 
. . . 

−k i,n−1 0 · · · 1 

−k in 0 · · · 0 

⎞ 

⎟ ⎟ ⎟ ⎠ 

, B = 

⎛ 

⎜ ⎜ ⎜ ⎝ 

0 

. . . 
0 

1 

⎞ 

⎟ ⎟ ⎟ ⎠ 

, f i = 

⎛ 

⎜ ⎜ ⎜ ⎜ ⎜ ⎜ ⎝ 

f i1 ( x i1 ) 
. . . 
. . . 

f i,n−1 ( x i,n−1 ) 

f in ( x in ) 

⎞ 

⎟ ⎟ ⎟ ⎟ ⎟ ⎟ ⎠ 

, 

 i = 

⎛ 

⎜ ⎜ ⎜ ⎝ 

h i1 
. . . 

h i,n−1 

h in 

⎞ 

⎟ ⎟ ⎟ ⎠ 

, x i = 

⎛ 

⎜ ⎜ ⎜ ⎝ 

x i1 
. . . 

x i,n−1 

x in 

⎞ 

⎟ ⎟ ⎟ ⎠ 

, K i = 

⎛ 

⎜ ⎜ ⎜ ⎝ 

k i1 
. . . 

k i,n−1 

k in 

⎞ 

⎟ ⎟ ⎟ ⎠ 

, 

 = [1 , . . . , 0, 0] and k iq , q = 1 , 2, . . . , n, are cofficients of the Hurwitz polynomial 

p i (s) = s n + k in s 
n−1 + · · · + k i2 s + k i1 . (26)

In system (25) , A i is a Hurwitz matrix by choosing the vector K i . Then, for given Q i > 0,
here exists P i > 0 such that 

 

T 
i P i + P i A i = −Q i . (27)

. Observer design 

In this section, a high-gain state observer is constructed as follows 
 

 

 

 

 

 

 

˙ ˆ x iq = ˆ x i,q+1 + θT 
iq ψ iq ( ̂  x iq ) + k iq g 

q 
i (y i − ˆ x i1 ) , 

q = 1 , 2, . . . , n − 1 , 
˙ ˆ x in = χi (u i (t )) u i (t ) + θT 

in ψ in ( ̂  x i ) + k in g 

n 
i (y i − ˆ x i1 ) , 

ˆ y i = ˆ x i1 , i = 1 , 2, . . . , N, 

(28)

here g i > 1 is the gain, θiq is the RBFNN weight vector. 
Let ˜ x i = x i − ˆ x i = [ ̃  x i1 , ˜ x i2 , . . . , ˜ x in ] T be the observer errors, ξi = [ ̃  x i1 , 

˜ x i2 
g i 

, . . . , ˜ x i2 
g n−1 

i 
] T and

= [ ξT 
1 , ξ

T 
2 , . . . , ξ

T 
N ] 

T . 
Let ˜ f iq = f iq ( x iq ) − f iq ( ̂  x iq ) , q = 1 , 2, . . . , n. From (25) , one gets 

˙ i = g i A i ξi + h̄ i , (29)

here h̄ i = [ ̃  f i1 + 

˜ θT 
i1 ψ i1 ( ̂  x i1 ) + ε i1 + h i1 , 

1 
g i 

( ˜ f i2 + 

˜ θT 
i2 ψ i2 ( ̂  x i2 ) + ε i2 + h i2 ) , . . . , 

1 
g n−1 

i 
( ˜ f in +

˜ T 
in ψ in ( ̂  x in ) + ε in + h in )] T , ˜ θiq = θ∗

iq − θiq , q = 1 , 2, . . . , n. 
3340 



Y. Zhao, H. Yu and X. Xia Journal of the Franklin Institute 359 (2022) 3333–3365 

V  

w

V

 

1

 

 

a

 

w  

ψ  

d

V

 

Constructs a Lyapunov function V 0 as follows 

 0 = �N 
i=1 V 0i = �N 

i=1 
1 

η0 
ξT 

i P i ξi , (30)

here η0 is a positive design parameter. 
From Eqs. (29) and (30) , one has 

˙ 
 0i = 

2 

η0 
ξT 

i P i ̇  ξi = 

1 

η0 
(g i ξ

T 
i (A 

T 
i P i + P i A i ) ξi + 2ξT 

i P i ̄h i ) 

≤ 1 

η0 
(−g i λmin (Q i ) ξ

T 
i ξi + 2ξT 

i P i ̄h i ) . (31)

Under Assumptions 3 –5 , using Cauchy-Schwarz inequality and noting that ψ i ( ̂  x i ) ψ 

T 
i ( ̂  x i ) ≤

 , one has 

2ξT 
i P i [ ̃  f i1 , 

˜ f i2 
g i 

, . . . , 
˜ f in 

g 

n−1 
i 

] T 

≤ 2(ξT 
i P i ξi ) 

1 
2 ([ ̃  f i1 , 

˜ f i2 
g i 

, . . . , 
˜ f in 

g 

n−1 
i 

] P i [ ̃  f i1 , 
˜ f i2 
g i 

, . . . , 
˜ f in 

g 

n−1 
i 

] T ) 
1 
2 

≤ 2λmax (P i )(ξ
T 
i ξi ) 

1 
2 ( ˜ f T i 

˜ f i ) 
1 
2 

≤ 2λmax (P i ) ξ
T 
i ξi �

n 
q=1 qL iq , (32)

2ξT 
i P i [ ̃  θT 

i1 ψ i1 ( ̂  x i1 ) , 
˜ θT 
i2 ψ i2 ( ̂  x i2 ) 

g i 
, . . . , 

˜ θT 
in ψ in ( ̂  x in ) 

g 

n−1 
i 

] T 

≤ λ2 
max (P i ) ξ

T 
i ξi + 

˜ θT 
i ψ i ( ̂  x i ) ψ i ( ̂  x i ) 

T ˜ θi 

≤ λ2 
max (P i ) ξ

T 
i ξi + �n 

q=1 ̃
 θT 
iq ̃

 θiq , (33)

nd 

2ξT 
i P i [ ε i1 + h i1 , 

ε i2 + h i2 

g i 
, . . . , 

ε in + h in 

g 

n−1 
i 

] T 

≤ 2λmax (P i ) ‖ ξi ‖ 2 (‖ [ ε i1 , ε i2 
g i 

, . . . , 
ε in 

g 

n−1 
i 

] ‖ 2 + ‖ [ h i1 , 
h i2 

g i 
, . . . , 

h in 

g 

n−1 
i 

] ‖ 2 ) 
≤ 2λmax (P i ) ‖ ξi ‖ 2 (‖ ε i ‖ 2 + ‖ h i ‖ 2 ) 
≤ λ2 

max (P i ) ‖ ̄ε i ‖ 2 2 + 2ξT 
i ξi + λ2 

max (P i ) ‖ ̄h i ‖ 2 2 , (34)

here ˜ f i = [ ̃  f i1 , . . . , ˜ f in ] T , ε i = [ ε i1 , . . . , ε in ] T , h i = [ h i1 , . . . , h in ] T , ε̄ i = [ ̄ε i1 , . . . , ε̄ in ] T ,
 i ( ̂  x i ) = [ ψ i1 ( ̂  x i1 ) , ψ i2 ( ̂  x i2 ) , . . . , ψ in ( ̂  x in )] 

T , h̄ i = [ ̄h i1 , . . . , ̄h i,n−1 , ̄h in ] T and 

˜ θi =
iag[ ̃  θT 

i1 , 
˜ θT 
i2 , . . . , 

˜ θT 
in ] 

T . 
Substituting Eqs. (32) –(34) into Eq. (31) , one has 

˙ 
 0i ≤ 1 

η0 
(−g i λmin (Q i ) ξ

T 
i ξi + λ2 

max (P i ) ξ
T 
i ξi + �n 

q=1 ̃
 θT 
iq ̃

 θiq + λ2 
max (P i ) ‖ ̄ε i ‖ 2 2 

+2ξT 
i ξi + λ2 

max (P i ) ‖ ̄h i ‖ 2 2 + 2λmax (P i ) ξ
T 
i ξi �

n 
q=1 qL iq ) . (35)
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From Eqs. (30) and (35) , one gets 

˙ 
 0 = �N 

i=1 ̇
 V 0i 

≤ �N 
i=1 [ −(g i λmin (Q i ) − 2 − 2λmax (P i )�

n 
q=1 qL iq − λ2 

max (P i )) 
1 

η0 
ξT 

i ξi 

+ 

1 

η0 
(λ2 

max (P i )(‖ ̄ε i ‖ 2 2 + ‖ ̄h i ‖ 2 2 ) + �n 
q=1 ̃

 θT 
iq ̃

 θiq )] . (36)

. Backstepping design 

An adaptive ETC scheme is designed in this section to solve the control problem considered
n the paper. 

Let 

 i1 = � j∈ N i a i j (y i − y j ) + a i0 (y i − y 0 ) , (37)

 iq = ˆ x iq − βiq , (38)

nd 

 iq = βiq − αi,q−1 , q = 2, . . . , n, (39)

here s i1 is the local consensus error, s iq and αiq , q = 2, . . . , n, are the error variable and the
irtual control function, respectively, βiq evolves according to the following first-order filter 

iq ˙ βiq + βiq = αi,q−1 , βiq (0) = αi,q−1 (0) , q = 2, . . . , n, (40)

here κiq > 0 is a constant. 
Let s 1 = [ s 11 , s 21 , . . . , s N1 ] T , y = [ y 1 , y 2 , . . . , y N ] T and ȳ = y − 1 N y 0 = [ ̄y 1 , ȳ 2 , . . . , ȳ N ] T .

hus, 

 1 = (L + B)(y − 1 N y 0 ) . (41)

Remark 1 : Similar to Wang et al. [37] , a first-order filter Eq. (40) is introduced. Compare
ith the traditional backstepping method, the problem of complexity explosion resulting from

epeatedly differentiating virtual control signal αi,q−1 can be avoided. 
Step 1 : From Eqs. (1) , (21) –(22) and (37) –(39) , one has 

˙  i1 = (� j∈ N i a i j + a i0 ) ̇  y i − � j∈ N i a i j ̇  y j − a i0 ̇  y 0 

= (d i + a i0 )(s i2 + w i2 + αi1 + ˜ x i2 + 

˜ θT 
i1 ψ i1 ( ̂  x i1 ) + θT 

i1 ψ i1 ( ̂  x i1 ) + ε i1 

+ h i1 ) − � j∈ N i a i j ( ̂  x j2 + ˜ x j2 + ε j1 + 

˜ θT 
j1 ψ j1 ( ̂  x j1 ) + θT 

j1 ψ j1 ( ̂  x j1 ) + h j1 ) 

−a i0 ̇  y 0 . (42)

here d i = � j∈ N i a i j . 
The following Lyapunov function is given 

 1 = V 0 + �N 
i=1 V 1 i 

= V 0 + �N 
i=1 ( 

1 

2 

log 

	 i1 (t ) 2 

	 i1 (t ) 2 − s 2 i1 

+ 

1 

2γi1 

˜ θT 
i1 ̃

 θi1 + � j∈ N i 
a i j 

2η j1 

˜ θT 
j1 ̃

 θ j1 ) , (43)
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here ˜ θi1 = θ∗
i1 − θi1 , η j1 and γi1 are positive design parameters. 	 i1 (t ) > 0 is a boundary

unction satisfying | s i1 | < 	 i1 (t ) and will be given later. 
It follows from Eqs. (42) and (43) that 

˙ 
 1 i = 

s i1 ̇  s i1 
	 2 i1 − s 2 i1 

− s 2 i1 ̇
 	 i1 

	 i1 (	 
2 
i1 − s 2 i1 ) 

+ 

1 

γi1 

˜ θT 
i1 ̇

 ˜ θi1 + � j∈ N i 
a i j 

η j1 

˜ θT 
j1 ̇

 ˜ θ j1 

= 

s i1 
	 2 i1 − s 2 i1 

[(d i + a i0 )(s i2 + αi1 + ˜ x i2 + θT 
i1 ψ i1 ( ̂  x i1 ) + w i2 + ε i1 + h i1 

+ ̃

 θT 
i1 ψ i1 ( ̂  x i1 )) − a i0 ̇  y 0 − � j∈ N i a i j ( ̂  x j2 + ˜ x j2 + ε j1 + θT 

j1 ψ j1 ( ̂  x j1 ) 

+ ̃

 θT 
j1 ψ j1 ( ̂  x j1 ) + h j1 )] − s 2 i1 ̇

 	 i1 

	 i1 (	 
2 
i1 − s 2 i1 ) 

+ 

1 

γi1 

˜ θT 
i1 ̇

 ˜ θi1 

+� j∈ N i 
a i j 

η j1 

˜ θT 
j1 ̇

 ˜ θ j1 . (44)

Under Assumptions 4 - 5 and using Young’s inequality, one has 

(d i + a i0 ) 
s i1 

	 2 i1 − s 2 i1 

( ̃  x i2 + h i1 + ε i1 ) 

≤ 3 

2 

(d i + a i0 ) 
2 ( 

s i1 
	 2 i1 − s 2 i1 

) 2 + 

g 

2 
i 

2 

ξT 
i ξi + 

1 

2 

h̄ 

2 
i1 + 

1 

2 ̄

ε 2 i1 , (45)

− s i1 
	 2 i1 − s 2 i1 

� j∈ N i a i j ( ̃  x j2 + h j1 + ε j1 ) 

≤ 3 

2 

( 
s i1 

	 2 i1 − s 2 i1 

) 2 + 

ḡ 

2 

2 

λmax (L 

T L ) ξT ξ + 

1 

2 

(� j∈ N i a i j ̄h j1 ) 
2 

+ 

1 

2 

(� j∈ N i a i j ̄ε j1 ) 
2 , (46)

nd 

s i1 
	 2 i1 − s 2 i1 

(d i + a i0 )(s i2 + w i2 ) 

≤ (d i + a i0 ) 
2 ( 

s i1 
	 2 i1 − s 2 i1 

) 2 + 

1 

2 

s 2 i2 + 

1 

2 

w 

2 
i2 , (47)

here ḡ = max { g 1 , g 2 , . . . , g N } . 
Substituting Eqs. (45) –(47) into Eq. (44) , one gets 

˙ 
 1 i ≤ s i1 

	 2 i1 − s 2 i1 

[(d i + a i0 )(αi1 + θT 
i1 ψ i1 ( ̂  x i1 )) − a i0 ̇  y 0 − � j∈ N i a i j ( ̂  x j2 

+ θT 
j1 ψ j1 ( ̂  x j1 )) + 

5(d i + a i0 ) s i1 
2(	 2 i1 − s 2 i1 ) 

+ 

3 s i1 
2(d i + a i0 )(	 

2 
i1 − s 2 i1 ) 

− s i1 ̇  	 i1 
(d i + a i0 ) 	 i1 

] + 

g 

2 
i 

2 

ξT 
i ξi + 

1 

2 

h̄ 

2 
i1 + 

1 

2 ̄

ε 2 i1 + 

1 

2 

s 2 i2 + 

1 

2 

w 

2 
i2 

+ ̄

g 

2 

2 

λmax (L 

T L ) ξT ξ + 

1 

2 

(� j∈ N i a i j ̄h j1 ) 
2 + 

1 

2 

(� j∈ N i a i j ̄ε j1 ) 
2 
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+� j∈ N i 
a i j 

η j1 

˜ θT 
j1 (−( 

s i1 
	 2 i1 − s 2 i1 

) η j1 ψ j1 ( ̂  x j1 ) − ˙ θ j1 ) 

+ 

1 

γi1 

˜ θT 
i1 ((d i + a i0 )( 

s i1 
	 2 i1 − s 2 i1 

) γi1 ψ i1 ( ̂  x i1 ) − ˙ θi1 ) . (48)

Select the virtual controller αi1 as 

i1 = − c i1 s i1 
d i + a i0 

− θT 
i1 ψ i1 ( ̂  x i1 ) + 

s i1 ̇  	 i1 
	 i1 (d i + a i0 ) 

+ 

1 

d i + a i0 
� j∈ N i a i j ( ̂  x j2 + θT 

j1 ψ j1 ( ̂  x j1 )) 

+ 

a i0 ̇  y 0 
d i + a i0 

− 5(d i + a i0 ) s i1 
2(	 2 i1 − s 2 i1 ) 

− 3 s i1 
2(d i + a i0 )(	 

2 
i1 − s 2 i1 ) 

, (49)

nd design the adaptive law 

˙ θi1 and 

˙ θ j1 as 

˙ i1 = (d i + a i0 ) 
s i1 

	 2 i1 − s 2 i1 

γi1 ψ i1 ( ̂  x i1 ) − σi1 θi1 , (50)

˙ j1 = − s i1 
	 2 i1 − s 2 i1 

η j1 ψ j1 ( ̂  x j1 ) − σ j1 θ j1 , (51)

here σi1 > 0, σ j1 > 0 and c i1 > 0 are design parameters. 
Taking Eq. (49) –(51) into Eq. (48) , one has 

˙ 
 1 i ≤ − c i1 s 2 i1 

	 2 i1 − s 2 i1 

+ 

g 

2 
i 

2 

ξT 
i ξi + 

1 

2 

h̄ 

2 
i1 + 

1 

2 ̄

ε 2 i1 + 

1 

2 

s 2 i2 + 

ḡ 

2 

2 

λmax (L 

T L ) ξT ξ

+ 

1 

2 

w 

2 
i2 + 

1 

2 

(� j∈ N i a i j ̄h j1 ) 
2 + 

1 

2 

(� j∈ N i a i j ̄ε j1 ) 
2 + 

σi1 

γi1 

˜ θT 
i1 θi1 

+� j∈ N i 
a i j σ j1 

η j1 

˜ θT 
j1 θ j1 . (52)

From Eqs. (43) and (52) , we have 

˙ 
 1 = 

˙ V 0 + �N 
i=1 ̇

 V 1 i 

≤ �N 
i=1 [ −M 

(1) 
i 

1 

η0 
ξT 

i ξi + M 

(2) 
i − c i1 s 2 i1 

	 2 i1 − s 2 i1 

+ 

1 

2 

(s 2 i2 + w 

2 
i2 ) + 

σi1 

γi1 

˜ θT 
i1 θi1 

+ 

1 

η0 
�n 

q=1 ̃
 θT 
iq ̃

 θiq + � j∈ N i a i j 
σ j1 

η j1 

˜ θT 
j1 θ j1 ] , (53)

here M 

(1) 
i = (g i λmin (Q i ) − 2 − g i 

2 − 2λmax (P i )�
n 
q=1 qL iq − λ2 

max (P i ) − ḡ 2 η0 

2 λmax (L 

T L )) > 0

nd M 

(2) 
i = 

1 
η0 

λ2 
max (P i )(‖ ̄ε i ‖ 2 2 + ‖ ̄h i ‖ 2 2 ) + 

1 
2 ( ̄h 

2 
i1 + ε̄ 2 i1 + (� j∈ N i a i j ̄h j1 ) 

2 + (� j∈ N i a i j ̄ε j1 ) 
2 ) . 

Step 2 : From Eqs. (28) , (38) and (39) , we have 

˙  i2 = 

˙ ˆ x i2 − ˙ βi2 

= s i3 + w i3 + αi2 + θT 
i2 ψ i2 ( ̂  x i2 ) + k i2 g 

2 
i (y i − ˆ x i1 ) − ˙ βi2 . (54)

The Lyapunov function V 2 is chosen as 

 2 = V 1 + �N 
i=1 V 2i 
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a
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s
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α

 

a

θ  
= V 1 + �N 
i=1 ( 

1 

2 

log 

	 i2 (t ) 2 

	 i2 (t ) 2 − s 2 i2 

+ 

1 

2γi2 

˜ θT 
i2 ̃

 θi2 + 

1 

2 

w 

2 
i2 ) , (55)

here ˜ θi2 = θ∗
i2 − θi2 , | s i2 | < 	 i2 (t ) and γi2 is a positive design parameter. 

From Eqs. (54) and (55) , one has 

˙ 
 2i = 

s i2 
	 2 i2 − s 2 i2 

[(s i3 + 

˜ θT 
i2 ψ i2 ( ̂  x i2 ) + w i3 + αi2 − ˜ θT 

i2 ψ i2 ( ̂  x i2 ) 

+ θT 
i2 ψ i2 ( ̂  x i2 ) + k i2 g 

2 
i (y i − ˆ x i1 ) − ˙ βi2 ] − s 2 i2 ̇

 	 i2 

	 i2 (	 
2 
i2 − s 2 i2 ) 

+ 

1 

γi2 

˜ θT 
i2 ̇

 ˜ θi2 + w i2 ˙ w i2 . (56)

According to Young’s inequality and ψ i2 ( ̂  x i2 ) ψ 

T 
i2 ( ̂  x i2 ) ≤ 1 , one has 

s i2 
	 2 i2 − s 2 i2 

˜ θT 
i2 ψ i2 ( ̂  x i2 ) ≤

1 

2 

( 
s i2 

	 2 i2 − s 2 i2 

) 2 + 

1 

2 

˜ θT 
i2 ̃

 θi2 , (57)

nd 

s i2 
	 2 i2 − s 2 i2 

(s i3 + w i3 ) ≤ ( 
s i2 

	 2 i2 − s 2 i2 

) 2 + 

1 

2 

w 

2 
i3 + 

1 

2 

s 2 i3 . (58)

Based on the above calculation, one has 

˙ iq = ς iq (s i1 , . . . , s iq , y 0 , ˙ y 0 , ÿ 0 , w i2 , . . . , w iq ) , q = 2, 3 , . . . , n, (59)

here ς iq is continuous and then there exists a constant δ̄i,q+1 > 0 such that | ς iq | ≤ δ̄i,q+1 in
ome compact set. Therefore, from Eqs. (39) and (40) , one can obtain that 

˙  iq = −w iq 

κiq 
+ ς i,q−1 ≤ −w iq 

κiq 
+ δ̄iq , q = 2, 3 , . . . , n. (60)

Substituting Eqs. (57) , (58) and (60) into Eq. (56) , one gets 

˙ 
 2i ≤ s i2 

	 2 i2 − s 2 i2 

(αi2 + θT 
i2 ψ i2 ( ̂  x i2 ) + k i2 g 

2 
i (y i − ˆ x i1 ) − ˙ βi2 ) + 

1 

2 

s 2 i3 

+ 

1 

2 

w 

2 
i3 + 

3 

2 

( 
s i2 

	 2 i2 − s 2 i2 

) 2 + 

1 

2 

˜ θT 
i2 ̃

 θi2 − s 2 i2 ̇
 	 i2 

	 i2 (	 
2 
i2 − s 2 i2 ) 

− w 

2 
i2 

κi2 
+ δ̄i2 | w i2 | 

+ 

1 

γi2 

˜ θT 
i2 ( 

s i2 
	 2 i2 − s 2 i2 

γi2 ψ i2 ( ̂  x i2 ) − ˙ θi2 ) . (61)

Select the virtual controller αi2 as 

i2 = −c i2 s i2 − k i2 g 

2 
i (y i − ˆ x i1 ) − θT 

i2 ψ i2 ( ̂  x i2 ) −
3 s i2 

2(	 2 i2 − s 2 i2 ) 

+ 

s i2 ̇  	 i2 
	 i2 

+ 

˙ βi2 − s i2 (	 2 i2 − s 2 i2 ) 

2 

, (62)

nd design 

˙ θi2 as 

˙ i2 = 

s i2 
	 2 i2 − s 2 i2 

γi2 ψ i2 ( ̂  x i2 ) − σi2 θi2 , (63)
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here σi2 > 0 and c i2 > 0 are design parameters. 
By Young’s inequality, we have 

¯i2 | w i2 | ≤ 1 

2 

δ̄2 
i2 + 

1 

2 

w 

2 
i2 . (64)

Taking Eqs. (62) , (63) and (64) into Eq. (61) , one has 

˙ 
 2i ≤ − c i2 s 2 i2 

	 2 i2 − s 2 i2 

− 1 

2 

s 2 i2 + 

1 

2 

s 2 i3 + 

1 

2 

w 

2 
i3 + 

1 

2 

˜ θT 
i2 ̃

 θi2 

+ 

σi2 

γi2 

˜ θT 
i2 θi2 + 

1 

2 

δ̄2 
i2 − ( 

1 

κi2 
− 1 

2 

) w 

2 
i2 . (65)

From Eqs. (55) and (65) , we have 

˙ 
 2 = 

˙ V 1 + �N 
i=1 ̇

 V 2i 

≤ �N 
i=1 [ −M 

(1) 
i 

1 

η0 
ξT 

i ξi − �2 
q=1 

c iq s 2 iq 

	 2 iq − s 2 iq 

+ �2 
q=1 

σiq 

γiq 

˜ θT 
iq θiq + 

1 

2 

˜ θT 
i2 ̃

 θi2 

+ M 

(2) 
i + 

1 

η0 
�n 

q=1 ̃
 θT 
iq ̃

 θiq + 

1 

2 

s 2 i3 + 

1 

2 

�3 
q=2 w 

2 
iq + 

1 

2 

δ̄2 
i2 − ( 

1 

κi2 
− 1 

2 

) w 

2 
i2 

+� j∈ N i a i j 
σ j1 

η j1 

˜ θT 
j1 θ j1 ] . (66)

Step q, q = 3 , . . . , � : From Eqs. (28) , (38) and (39) , we have 

˙  iq = s i,q+1 + w i,q+1 + αiq + θT 
iq ψ iq ( ̂  x iq ) + k iq g 

q 
i (y i − ˆ x i1 ) − ˙ βiq . (67)

The Lyapunov function V q is chosen as 

 q = V q−1 + �N 
i=1 V qi 

= V q−1 + �N 
i=1 ( 

1 

2 

log 

	 iq (t ) 2 

	 iq (t ) 2 − s 2 iq 

+ 

1 

2γiq 

˜ θT 
iq ̃

 θiq + 

1 

2 

w 

2 
iq ) , (68)

here ˜ θiq = θ∗
iq − θiq , | s iq | < 	 iq (t ) and γiq is a positive design parameter. 

From Eqs. (67) and (68) , one has 

˙ 
 qi = 

s iq 
	 2 iq − s 2 iq 

[(s i,q+1 + 

˜ θT 
iq ψ iq ( ̂  x iq ) + w i,q+1 + αiq − ˜ θT 

iq ψ iq ( ̂  x iq ) + θT 
iq ψ iq ( ̂  x iq ) 

+ k iq g 

q 
i (y i − ˆ x i1 ) − ˙ βiq ] −

s 2 iq ̇
 	 iq 

	 iq (	 
2 
iq − s 2 iq ) 

+ 

1 

γiq 

˜ θT 
iq ̇

 ˜ θiq + w iq ˙ w iq . (69)

According to Young’s inequality and ψ iq ( ̂  x iq ) ψ 

T 
iq ( ̂  x iq ) ≤ 1 , one has 

s iq 
	 2 iq − s 2 iq 

˜ θT 
iq ψ iq ( ̂  x iq ) ≤

1 

2 

( 
s iq 

	 2 iq − s 2 iq 

) 2 + 

1 

2 

˜ θT 
iq ̃

 θiq , (70)

nd 

s iq 
	 2 iq − s 2 iq 

(s i,q+1 + w i,q+1 ) ≤ ( 
s iq 

	 2 iq − s 2 iq 

) 2 + 

1 

2 

w 

2 
i,q+1 + 

1 

2 

s 2 i,q+1 . (71)
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Substituting Eqs. (60) , (70) and (71) into Eq. (69) , one gets 

˙ 
 qi ≤ s iq 

	 2 iq − s 2 iq 

(αiq + θT 
iq ψ iq ( ̂  x iq ) + k iq g 

q 
i (y i − ˆ x i1 ) − ˙ βiq ) + 

1 

2 

s 2 i,q+1 

+ 

1 

2 

w 

2 
i,q+1 + 

3 

2 

( 
s iq 

	 2 iq − s 2 iq 

) 2 + 

1 

2 

˜ θT 
iq ̃

 θiq −
s 2 iq ̇

 	 iq 

	 iq (	 
2 
iq − s 2 iq ) 

+ 

1 

γiq 

˜ θT 
iq ( 

s iq 
	 2 iq − s 2 iq 

γiq ψ iq ( ̂  x iq ) − ˙ θiq ) + 

1 

2 

δ̄2 
iq − ( 

1 

κiq 
− 1 

2 

) w 

2 
iq . (72)

Select the virtual controller αiq as 

iq = −c iq s iq − k iq g 

q 
i (y i − ˆ x i1 ) − θT 

iq ψ iq ( ̂  x iq ) −
3 s iq 

2(	 2 iq − s 2 iq ) 

+ 

s iq ̇  	 iq 
	 iq 

+ 

˙ βiq −
s iq (	 2 iq − s 2 iq ) 

2 

, (73)

nd design 

˙ θiq as 

˙ iq = 

s iq 
	 2 iq − s 2 iq 

γiq ψ iq ( ̂  x iq ) − σiq θiq , (74)

here σiq > 0 and c iq > 0 are design parameters. 
Taking Eqs. (73) and (74) into Eq. (72) , one has 

˙ 
 qi ≤ − c iq s 2 iq 

	 2 iq − s 2 iq 

− 1 

2 

s 2 iq + 

1 

2 

s 2 i,q+1 + 

1 

2 

w 

2 
i,q+1 + 

1 

2 

˜ θT 
iq ̃

 θiq 

+ 

σiq 

γiq 

˜ θT 
iq θiq + 

1 

2 

δ̄2 
iq − ( 

1 

κiq 
− 1 

2 

) w 

2 
iq . (75)

From Eqs. (68) and (75) , we have 

˙ 
 q = 

˙ V q−1 + �N 
i=1 ̇

 V qi 

≤ �N 
i=1 [ −M 

(1) 
i 

1 

η0 
ξT 

i ξi − �
q 
l=1 

c il s 2 il 

	 2 il − s 2 il 

+ �
q 
l=1 

σil 

γil 

˜ θT 
il θil + 

1 

2 

�
q 
l=2 ̃

 θT 
il 

˜ θil 

+ M 

(2) 
i + 

1 

η0 
�n 

q=1 ̃
 θT 
iq ̃

 θiq + 

1 

2 

s 2 i,q+1 + 

1 

2 

�
q+1 
l=2 w 

2 
il − �

q 
l=2 ( 

1 

κil 
− 1 

2 

) w 

2 
il 

+ 

1 

2 

�
q 
l=2 ̄δil + � j∈ N i a i j 

σ j1 

η j1 

˜ θT 
j1 θ j1 ] . (76)

Step � + 1 : From Eqs. (28) , (38) and (39) , we have 

˙  i, �+1 = s i, �+2 + w i, �+2 + αi, �+1 + θT 
i, �+1 ψ i, �+1 ( ̂  x i, �+1 ) 

+ k i, �+1 g 

�+1 
i (y i − ˆ x i1 ) − ˙ βi, �+1 . (77)

The Lyapunov function V �+1 is chosen as 

 �+1 = V � + �N 
i=1 V �+1 ,i 

= V � + �N 
i=1 ( 

1 

2 

s 2 i, �+1 + 

1 

2γi, �+1 

˜ θT 
i, �+1 ̃

 θi, �+1 + 

1 

2 

w 

2 
i, �+1 ) , (78)
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here ˜ θi, �+1 = θ∗
i, �+1 − θi, �+1 , and γi, �+1 is a positive design parameter. 

From Eqs. (77) and (78) , one has 

˙ 
 �+1 ,i = s i, �+1 (s i, �+2 + w i, �+2 + αi, �+1 + 

˜ θT 
i, �+1 ψ i, �+1 ( ̂  x i, �+1 ) 

− ˜ θT 
i, �+1 ψ i, �+1 ( ̂  x i, �+1 ) + θT 

i, �+1 ψ i, �+1 ( ̂  x i, �+1 ) − ˙ βi, �+1 

+ k i, �+1 g 

�+1 
i (y i − ˆ x i1 )) + 

1 

γi, �+1 

˜ θT 
i, �+1 ̇

 ˜ θi, �+1 + w i, �+1 ˙ w i, �+1 . (79)

Since ψ i, �+1 ( ̂  x i, �+1 ) ψ 

T 
i, �+1 ( ̂  x i, �+1 ) ≤ 1 , thus 

s i, �+1 ̃  θT 
i, �+1 ψ i, �+1 ( ̂  x i, �+1 ) ≤

1 

2 

s 2 i, �+1 + 

1 

2 

˜ θT 
i, �+1 ̃

 θi, �+1 , (80)

nd 

 i, �+1 (s i, �+2 + w i, �+2 ) ≤ s 2 i, �+1 + 

1 

2 

s 2 i, �+2 + 

1 

2 

w 

2 
i, �+2 . (81)

Substituting Eqs. (60) , (80) and (81) into Eq. (79) , one gets 

˙ 
 �+1 ,i ≤ s i, �+1 ( 

3 

2 

s i, �+1 + αi, �+1 + k i, �+1 g 

�+1 
i (y i − ˆ x i1 ) 

+ θT 
i, �+1 ψ i, �+1 ( ̂  x i, �+1 ) − ˙ βi, �+1 ) + 

1 

2 

s 2 i, �+2 + 

1 

2 

w 

2 
i, �+2 

+ 

1 

2 

˜ θT 
i, �+1 ̃

 θi, �+1 + 

1 

2 

δ̄2 
i, �+1 − ( 

1 

κi, �+1 
− 1 

2 

) w 

2 
i, �+1 

+ 

1 

γi, �+1 

˜ θT 
i, �+1 (s i, �+1 γi, �+1 ψ i, �+1 ( ̂  x i, �+1 ) − ˙ θi, �+1 ) . (82)

Select the virtual controller αi, �+1 as 

i, �+1 = −(c i, �+1 + 2) s i, �+1 − k i, �+1 g 

�+1 
i (y i − ˆ x i1 ) + 

˙ βi, �+1 

−θT 
i, �+1 ψ i, �+1 ( ̂  x i, �+1 ) , (83)

nd design the adaptive law 

˙ θi, �+1 as 

˙ i, �+1 = s i, �+1 γi, �+1 ψ i, �+1 ( ̂  x i, �+1 ) − σi, �+1 θi, �+1 , (84)

here σi, �+1 > 0 and c i, �+1 > 0 are design parameters. 
Taking Eqs. (83) and (84) into Eq. (82) , one has 

˙ 
 �+1 ,i ≤ −c i, �+1 s 

2 
i, �+1 −

1 

2 

s 2 i, �+1 + 

1 

2 

w 

2 
i, �+2 + 

1 

2 

˜ θT 
i, �+1 ̃

 θi, �+1 

+ 

1 

2 

s 2 i, �+2 + 

σi, �+1 

γi, �+1 

˜ θT 
i, �+1 θi, �+1 + 

1 

2 

δ̄2 
i, �+1 − ( 

1 

κi, �+1 
− 1 

2 

) w 

2 
i, �+1 . (85)

From Eqs. (78) and (85) , we have 

˙ 
 �+1 = 

˙ V � + �N 
i=1 ̇

 V �+1 ,i 

≤ �N 
i=1 [ −M 

(1) 
i 

1 

η0 
ξT 

i ξi − ��
q=1 

c iq s 2 iq 

	 2 iq − s 2 iq 

− c i, �+1 s 
2 
i, �+1 + ��+1 

q=1 

σiq 

γiq 

˜ θT 
iq θiq 
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w

V

 

−  

a

s  

V

 

α  

a

θ  

w

V

+ M 

(2) 
i + 

1 

2 

��+1 
q=2 δ̄

2 
iq + 

1 

2 

��+1 
q=2 

˜ θT 
iq ̃

 θiq + 

1 

η0 
�n 

q=1 ̃
 θT 
iq ̃

 θiq + 

1 

2 

s 2 i, �+2 

+ 

1 

2 

��+2 
q=2 w 

2 
iq − ��+1 

q=2 ( 
1 

κiq 
− 1 

2 

) w 

2 
iq + � j∈ N i a i j 

σ j1 

η j1 

˜ θT 
j1 θ j1 ] . (86)

Step q, q = � + 2, . . . , n − 1 : From Eqs. (28) , (38) and (39) , we have 

˙  iq = s i,q+1 + w i,q+1 + αiq + θT 
iq ψ iq ( ̂  x iq ) + k iq g 

q 
i (y i − ˆ x i1 ) − ˙ βiq . (87)

The Lyapunov function V q is chosen as 

 q = V q−1 + �N 
i=1 V qi = V q−1 + �N 

i=1 ( 
1 

2 

s 2 iq + 

1 

2γiq 

˜ θT 
iq ̃

 θiq + 

1 

2 

w 

2 
iq ) , (88)

here ˜ θiq = θ∗
iq − θiq , and γiq is a positive design parameter. 

From Eqs. (87) and (88) , one has 

˙ 
 qi = s iq (s i,q+1 + αiq + 

˜ θT 
iq ψ iq ( ̂  x iq ) − ˜ θT 

iq ψ iq ( ̂  x iq ) + θT 
iq ψ iq ( ̂  x iq ) 

− ˙ βiq + w i,q+1 + k iq g 

q 
i (y i − ˆ x i1 )) + 

1 

γiq 

˜ θT 
iq ̇

 ˜ θiq + w iq ˙ w iq . (89)

According to Young’s inequality and ψ iq ( ̂  x iq ) ψ 

T 
iq ( ̂  x iq ) ≤ 1 , one has 

s iq ̃  θT 
iq ψ iq ( ̂  x iq ) ≤

1 

2 

s 2 iq + 

1 

2 

˜ θT 
iq ̃

 θiq , (90)

nd 

 iq (s i,q+1 + w i,q+1 ) ≤ s 2 iq + 

1 

2 

s 2 i,q+1 + 

1 

2 

w 

2 
i,q+1 . (91)

Substituting Eqs. (60) , (90) and (91) into Eq. (89) , one gets 

˙ 
 qi ≤ s iq ( 

3 

2 

s iq + αiq + θT 
iq ψ iq ( ̂  x iq ) + k iq g 

q 
i (y i − ˆ x i1 ) − ˙ βiq ) 

+ 

1 

2 

s 2 i,q+1 + 

1 

2 

w 

2 
i,q+1 + 

1 

2 

˜ θT 
iq ̃

 θiq + 

1 

2 

δ̄2 
iq − ( 

1 

κiq 
− 1 

2 

) w 

2 
iq 

+ 

1 

γiq 

˜ θT 
iq (s iq γiq ψ iq ( ̂  x iq ) − ˙ θiq ) . (92)

Select the virtual controller αiq as 

iq = −(c iq + 2) s iq − k iq g 

q 
i (y i − ˆ x i1 ) + 

˙ βiq − θT 
iq ψ iq ( ̂  x iq ) , (93)

nd design the adaptive law 

˙ θiq as 

˙ iq = s iq γiq ψ iq ( ̂  x iq ) − σiq θiq , (94)

here σiq > 0 and c iq > 0 are design parameters. 
Taking Eqs. (93) and (94) into Eq. (92) , one has 

˙ 
 qi ≤ −c iq s 

2 
iq −

1 

2 

s 2 iq + 

1 

2 

w 

2 
i,q+1 + 

1 

2 

˜ θT 
iq ̃

 θiq 
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o

V

 

−  

V

 

V

+ 

1 

2 

s 2 i,q+1 + 

σiq 

γiq 

˜ θT 
iq θiq + 

1 

2 

δ̄2 
iq − ( 

1 

κiq 
− 1 

2 

) w 

2 
iq . (95)

From Eqs. (88) and (95) , one has 

˙ 
 q ≤ �N 

i=1 [ −M 

(1) 
i 

1 

η0 
ξT 

i ξi − ��
l=1 

c il s 2 il 

	 2 il − s 2 il 

− �
q 
l=�+1 c il s 

2 
il + �

q 
l=1 

σil 

γil 

˜ θT 
il θil 

+ M 

(2) 
i + 

1 

2 

�
q 
l=2 ̃

 θT 
il 

˜ θil + 

1 

η0 
�n 

q=1 ̃
 θT 
iq ̃

 θiq + 

1 

2 

s 2 i,q+1 + 

1 

2 

�
q+1 
l=2 w 

2 
il 

+ 

1 

2 

�
q 
l=2 ̄δ

2 
il − �

q 
l=2 ( 

1 

κil 
− 1 

2 

) w 

2 
il + � j∈ N i a i j 

σ j1 

η j1 

˜ θT 
j1 θ j1 ] . (96)

Step n : We will structure a real controller in this step. From Eqs. (28) , (38) and (39) , we
ave 

˙  in = χi (u i (t )) u i (t ) + θT 
in ψ in ( ̂  x in ) + k in g 

n 
i (y i − ˆ x i1 ) − ˙ βin . (97)

Chose Lyapunov function V n as 

 n = V n−1 + �N 
i=1 V ni 

= V n−1 + �N 
i=1 ( 

1 

2 

s 2 in + 

1 

2γin 

˜ θT 
in ̃

 θin + 

ı i 
2 ̄γi 

˜ ε2 
i + 

1 

2 

w 

2 
in ) , (98)

here ˜ θiq = θ∗
iq − θiq and εi = 

1 
ı i 

, ı i is a constant satisfying Eq. (5) . Let ˆ εi be the estimation
f εi and ˜ εi = εi − ˆ εi . γ̄i and γin are positive design parameters. 

It follows from Eqs. (97) and (98) that 

˙ 
 ni = s in (χi (u i (t )) u i (t ) + 

˜ θT 
in ψ in ( ̂  x in ) − ˜ θT 

in ψ in ( ̂  x in ) + θT 
in ψ in ( ̂  x in ) 

− ˙ βin + k in g 

n 
i (y i − ˆ x i1 )) + 

1 

γin 

˜ θT 
in ̇

 ˜ θin + 

ı i 
γ̄i 

˜ εi ̇
 ˜ εi + w in ˙ w in . (99)

According to Young’s inequality and ψ in ( ̂  x in ) ψ 

T 
in ( ̂  x in ) ≤ 1 , one has 

s in ̃  θT 
in ψ in ( ̂  x in ) ≤

1 

2 

s 2 in + 

1 

2 

˜ θT 
in ̃

 θin . (100)

Substituting Eqs. (60) and (100) into Eq. (99) , one gets 

˙ 
 ni ≤ s in (χi (u i (t )) u i (t ) + θT 

in ψ in ( ̂  x in ) + k in g 

n 
i (y i − ˆ x i1 ) − ˙ βin ) + 

1 

2 

s 2 in 

+ 

1 

2 

˜ θT 
in ̃

 θin + 

1 

2 

δ̄2 
in − ( 

1 

κin 
− 1 

2 

) w 

2 
in + 

1 

γin 

˜ θT 
in (s 

3 
in γin ψ in ( ̂  x in ) − ˙ ˜ θin ) 

+ 

ı i 
γ̄i 

˜ εi ̇
 ˜ εi . (101)

Form Eqs. (98) and (101) , one gets 

˙ 
 n = 

˙ V n−1 + �N 
i=1 ̇

 V ni 

≤ �N 
i=1 [ −M 

(1) 
i 

1 

η0 
ξT 

i ξi − ��
q=1 

c iq s 2 iq 

	 2 iq − s 2 iq 

− �n−1 
q=�+1 c iq s 

2 
iq + �n−1 

q=1 

σiq 

γiq 

˜ θT 
iq θiq 
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w
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V
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a
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a

ε  
+ M 

(2) 
i + 

1 

2 

�n 
q=2 ̃

 θT 
iq ̃

 θiq − �n 
q=2 ( 

1 

κiq 
− 1) w 

2 
iq + 

1 

2 

�n 
q=2 ̄δ

2 
iq + 

1 

η0 
�n 

q=1 ̃
 θT 
iq ̃

 θiq 

+ s in (χi (u i (t )) u i (t ) + θT 
in ψ in ( ̂  x in ) − ˙ βin + k in g 

n 
i (y i − ˆ x i1 )) + s 2 in 

+ 

1 

γin 

˜ θT 
in (s 

3 
in γin ψ in ( ̂  x in ) − ˙ θin ) + 

ı i 
γ̄i 

˜ εi ̇
 ˜ εi + � j∈ N i a i j 

σ j1 

η j1 

˜ θT 
j1 θ j1 ] . (102)

Design the intermediate continuous control function z i (t ) in Eq. (6) as 

 i (t ) = −(1 + � i )(αin ̂  εi tanh ( 
s in αin ̂  εi 

ϑ i 
) + 

πi 

1 − � i 
tanh ( 

s in πi 

(1 − � i ) ϑ i 
)) , (103)

here ϑ i > 0, i = 1 . . . , N, are constants. 
By Lemma 3 and Eq. (9) , one has 

s in χi (u i (t )) z i (t ) 

1 + � 1 (t ) � i 
≤ −s in αin + ı i ̃  εi | s in αin | + 0. 2785 ϑ i 

− s in χi (u i (t )) πi 

1 − � i 
tanh ( 

s in πi 

(1 − � i ) ϑ i 
) , (104)

nd 

s in χi (u i (t )) � 2 (t ) πi 

1 + � 1 (t ) � i 
≤ | s in | χi (u i (t )) |� 2 (t ) | πi 

1 + � 1 (t ) � i 
≤ | s in | χi (u i (t )) πi 

1 − � i 
. (105)

From Eqs. (9) , (104), (105) and Lemma 3 , we have 

 in χi (u i (t )) u i (t ) ≤ −s in αin + ı i ̃  εi | s in αin | + 0. 557 ϑ i . (106)

Substituting Eq. (106) into Eq. (102) , then, one has 

˙ 
 n ≤ �N 

i=1 [ −M 

(1) 
i 

1 

η0 
ξT 

i ξi − ��
q=1 

c iq s 2 iq 

	 2 iq − s 2 iq 

− �n−1 
q=�+1 c iq s 

2 
iq + �n−1 

q=1 

σiq 

γiq 

˜ θT 
iq θiq 

+ 

1 

2 

�n 
q=2 ̃

 θT 
iq ̃

 θiq − �n 
q=2 ( 

1 

κiq 
− 1) w 

2 
iq + 

1 

2 

�n 
q=2 ̄δ

2 
iq + 

1 

η0 
�n 

q=1 ̃
 θT 
iq ̃

 θiq 

+0. 557 ϑ i + M 

(2) 
i + s in [ −αin + θT 

in ψ in ( ̂  x in ) − ˙ βin + k in g 

n 
i (y i − ˆ x i1 )] 

+ s 2 in + 

ı i 
γ̄i 

˜ εi ( ̄γi | s in αin | + 

˙ ˜ εi ) + 

1 

γin 

˜ θT 
in (s in γin ψ in ( ̂  x in ) − ˙ θin ) 

+� j∈ N i a i j 
σ j1 

η j1 

˜ θT 
j1 θ j1 ] . (107)

Select the virtual controller αin as 

in = (c in + 1) s in + k in g 

n 
i (y i − ˆ x i1 ) + θT 

in ψ in ( ̂  x in ) − ˙ βin , (108)

nd design the adaptive law 

˙ θin and 

˙ ˆ εi as 

˙ in = s in γin ψ in ( ̂  x in ) − σin θin , (109)

nd 

˙ ˆ i = γ̄i | s in αin | − σ̄i ̂  εi . (110)
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Substituting Eqs. (108) –(110) into Eq. (107) , one gets 

˙ 
 n ≤ �N 

i=1 [ −M 

(1) 
i 

1 

η0 
ξT 

i ξi − ��
q=1 

c iq s 2 iq 

	 2 iq − s 2 iq 

− �n 
q=�+1 c iq s 

2 
iq + �n 

q=1 
σiq 

γiq 

˜ θT 
iq θiq 

+ M 

(2) 
i + 0. 557 ϑ i + 

1 

2 

�n 
q=2 ̃

 θT 
iq ̃

 θiq + 

1 

η0 
�n 

q=1 ̃
 θT 
iq ̃

 θiq + 

ı i ̄σi 

γ̄i 
˜ εi ̂  εi + 

1 

2 

�n 
q=2 ̄δ

2 
iq 

−�n 
q=2 ( 

1 

κiq 
− 1) w 

2 
iq + � j∈ N i a i j 

σ j1 

2η j1 

˜ θT 
j1 θ j1 ] . (111)

By completing square, one has 
σiq 

γiq 

˜ θT 
iq θiq ≤ − σiq 

2γiq 

˜ θT 
iq ̃

 θiq + 

σiq 

2γiq 
θ∗T 

iq θ
∗
iq , (112)

σ j1 

η j1 

˜ θT 
j1 θ j1 ≤ − σ j1 

2η j1 

˜ θT 
j1 ̃

 θ j1 + 

σ j1 

2η j1 
θ∗T 

j1 θ
∗
j1 , (113)

nd 

ı i ̄σi 

γ̄i 
˜ εi ̂  εi ≤ − ı i ̄σi 

2 ̄γi 
˜ ε2 
i + 

ı i ̄σi 

2 ̄γi 
ε2 

i = − ı i ̄σi 

2 ̄γi 
˜ ε2 
i + 

σ̄i 

2 ̄γi ı i 
. (114)

Taking Eqs. (112) –(114) into Eq. (111) and from Lemma 2 , one gets 

˙ 
 n ≤ �N 

i=1 [ −M 

(1) 
i 

1 

η0 
ξT 

i ξi − ��
q=1 c iq log 

	 2 iq 

	 2 iq − s 2 iq 

− �n 
q=�+1 c iq s 

2 
iq 

−( 
σi1 

2γi1 
− 1 

η0 
) ̃  θT 

i1 ̃
 θi1 − �n 

q=2 ( 
σiq 

2γiq 
− 1 

2 

− 1 

η0 
) ̃  θT 

iq ̃
 θiq − � j∈ N i a i j 

σ j1 

2η j1 

˜ θT 
j1 ̃

 θ j1 

−�n 
q=2 ( 

1 

κiq 
− 1) w 

2 
iq −

ı i ̄σi 

2 ̄γi 
˜ ε2 
i + 

σ̄i 

2 ̄γi ı i 
+ 

1 

2 

�n 
q=2 ̄δ

2 
iq + 0. 557 ϑ i 

+ M 

(2) 
i + � j∈ N i a i j 

σ j1 

2η j1 
θ∗T 

j1 θ
∗
j1 + �n 

q=1 
σiq 

2γiq 
θ∗T 

iq θ
∗
iq ] . (115)

Select parameters η0 , σi1 , γi1 , σiq , γiq , κiq , q = 2, . . . , n, such that σi1 η0 − 2γi1 > 0, σiq η0 −
iq (η0 + 2) > 0 and 

1 
κiq 

> 0. Let 

= min { M 

(1) 
i 

λmax (P i ) 
, c i1 , c iq , σ̄i , σi1 η0 − 2γi1 , σiq η0 − γiq (η0 + 2) , 

2 

κiq 
− 2} , (116)

or i = 1 , . . . , N, q = 2, . . . , n. 

 

(3) 
i = M 

(2) 
i + �n 

q=1 
σiq 

2γiq 
θ∗T 

iq θ
∗
iq + 

σ̄i 

2 ̄γi ı i 
+ 0. 557 ϑ i + 

1 

2 

�n 
q=2 ̄δ

2 
iq 

+� j∈ N i a i j 
σ j1 

2η j1 
θ∗T 

j1 θ
∗
j1 , (117)

nd 

 

(3) = �N 
i=1 M 

(3) 
i . (118)

The following inequality holds 

˙ 
 ≤ −νV + M 

(3) . (119)
n n 
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. Stability analysis and parameter design 

.1. Stability analysis 

heorem 1. For the MASs Eq. (1) with input saturation, under Assumptions 1 –5 , state ob-
erver Eq. (28) , and the ETC scheme Eqs. (6) , (7) , (103) , associated with adaptive laws Eqs.
50) , (51) , (63) , (74) , (84) , (94) , (109) and (110) , the intermediate control functions Eqs. (49) ,
62) , (73) , (83) , (93) and (108) , consensus tracking can be achieved with consensus errors
emaining within small neighborhoods of the origin. Moreover, the following goals can be
nsured. 

i) Error signals s iq , observer errors ˜ x iq , adaptive parameter errors ˜ θiq and ˜ εi are bounded
nd satisfy 

 s iq | ≤ 	 iq (t )(1 − e −2V n (0) − 2M (3) 

ν ) 
1 
2 , q = 1 , 2, . . . , �, 

 s iq | ≤ (2V n (0) + 

2M 

(3) 

ν
) 

1 
2 , q = � + 1 , . . . , n, 

˜  iq ≤ g 

q−1 
i 

√ 

η0 (V n (0) + 

M 

(3) 

ν
) /λmin (P i ) , q = 1 , . . . , n, 

 ̃  εi | ≤ ( 
2 ̄γi 

ı i 
(V n (0) + 

M 

(3) 

ν
)) 

1 
2 , 

nd 

 ̃

 θiq | ≤ (2γiq V n (0) + 

2γiq M 

(3) 

ν
) 

1 
2 , q = 1 , . . . , n, 

or i = 1 , . . . , N . 
ii) Output and PSCs are ensured, ie., | x iq | < k c iq (t ) , q = 1 , 2, . . . , �, ∀ t > 0. 
iii) All resulting systems signals are bounded. 
iv) Zeno behavior can be avoided. 

roof. It follows from Eq. (119) and applying Comparison principle, we have 

 ≤ V n ≤ (V n (0) − M 

(3) 

ν
) e −νt + 

M 

(3) 

ν
, (120)

nd then 

 n (t ) ≤ M 

(3) 

ν
, t → ∞ . (121)

�

From Eqs. (98) and (120) , one has 

1 

2 

log 

	 2 iq 

	 2 iq − s 2 iq 

≤ V n ≤ V n (0) + 

M 

(3) 

ν
, q = 1 , . . . , �. (122)
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Then, we have 

 s iq | ≤ 	 iq (t )(1 − e −2V n (0) − 2M (3) 

ν ) 
1 
2 < 	 iq (t ) , q = 1 , . . . , �. (123)

Let 	̄ 1 (t ) = max i=1 , ... ,N { 	 i1 (t ) } . From Lemma 1 , L + B is invertible. It follows
rom Eq. (41) that | y i − y 0 | ≤ ‖ ̄y ‖ ∞ 

≤ ‖ (L + B) −1 ‖ ∞ 

‖ s 1 ‖ ∞ 

≤ ‖ (L + B) −1 ‖ ∞ ̄

	 1 (t )(1 −
 

−2V n (0) − 2M (3) 

ν ) 
1 
2 . Therefore, consensus tracking can be achieved with consensus errors remain-

ng within small neighborhoods of the origin. i) From Eqs. (98) and (120) , one has 

1 

2 

s 2 iq ≤ V n ≤ V n (0) + 

M 

(3) 

ν
, q = � + 1 , . . . , n. (124)

Then, we have 

 s iq | ≤ (2V n (0) + 

2M 

(3) 

ν
) 

1 
2 , q = � + 1 , . . . , n. (125)

Similarly, we have 

˜  iq ≤ g 

q−1 
i 

√ 

η0 (V n (0) + 

M 

(3) 

ν
) /λmin (P i ) , q = 1 , . . . , n, (126)

 ̃  εi | ≤ ( 
2 ̄γi 

ı i 
(V n (0) + 

M 

(3) 

ν
)) 

1 
2 , (127)

nd 

 ̃

 θiq | ≤ (2γiq V n (0) + 

2γiq M 

(3) 

ν
) 

1 
2 , q = 1 , . . . , n. (128)

rom Eqs. (123) , (125), (126), (127) and (128) , s iq , ˜ x iq , ˜ εi and 

˜ θiq are bounded. ii) From
ssumption 2 , one has | y 0 | ≤ a 0 . Thus | x i1 | ≤ ‖ y‖ ∞ 

≤ ‖ (L + B) −1 ‖ ∞ 

‖ s 1 ‖ ∞ 

+ a 0 ≤ ‖ (L +
) −1 ‖ ∞ ̄

	 1 (t ) + a 0 . Choose 	 i1 (t ) ≤ k c i1 (t ) −a 0 
‖ (L + B) −1 ‖ ∞ 

. Then, we can obtain that | x i1 | < k c i1 (t ) . 
Since s i2 = ˆ x i2 − βi2 = x i2 − ˜ x i2 − w i2 − αi1 , thus | x i2 | ≤ | ̃  x i2 | + | αi1 | + | s i2 | + | w i2 | . Be-

ause αi1 is continuous in some compact set, thus | αi1 | ≤ ā i1 with ā i1 > 0 being a constant,

 = 1 , . . . , N . From Eq. (120) , one has | w i2 | ≤ ‖ (w i1 , w i2 , . . . , w in ) ‖ 2 ≤
√ 

2(V n (0) + 

M 

(3) 

ν
) and

q. (126) . Let 

¯ i = g 

�−1 
i 

√ 

η0 (V n (0) + 

M 

(3) 

ν
) /λmin (P i ) , (129)

nd 

¯ i = 

√ 

2(V n (0) + 

M 

(3) 

ν
) , (130)

hoose 	 i2 (t ) = k c i2 (t ) − c̄ i − ā i1 − r̄ i , we can obtain | x i2 | < k c i2 (t ) . Similar to x i2 and choos-
ng 	 iq (t ) = k c iq (t ) − c̄ i − ā i,q−1 − r̄ i , we can obtain | x iq | < k c iq (t ) for q = 3 , . . . , �. There-
ore, output and partial states constraints are never violated. iii) Since s i, �+1 = ˆ x i, �+1 −
i, �+1 = x i, �+1 − ˜ x i, �+1 − w i, �+1 − αi�, thus | x i, �+1 | ≤ | ̃  x i, �+1 | + | αi�| + | s i, �+1 | + | w i, �+1 | .
rom the boundedness of ˜ x i, �+1 , αi�, s i, �+1 and w i, �+1 , we can obtain that x i, �+1 are
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d  
ounded. Similar to x i, �+1 , x iq , q = � + 2, . . . , n, are bounded. From Eq. (126) and ˆ x iq =
 iq − ˜ x iq , q = 1 , . . . , n, we can obtain that ˆ x iq are bounded. Therefore, the unconstrained
tates are also bounded. In addition, from Eqs. (127) and (128) , one has | ̂  εi | ≤ εi +
 ̃  εi | ≤ εi + ( 

2 ̄γi 

ı i 
(V n (0) + 

M 

(3) 

ν
)) 

1 
2 and | ̂  θiq | ≤ | θiq | + | ̃  θiq | ≤ | θiq | + (2γiq V n (0) + 

2γiq M 

(3) 

ν
) 

1 
2 , q =

 , . . . , n, respectively. Then, all systems signals are bounded. iv) Now, let’s prove that the
eno behavior does not occur. It needs to prove that t i k+1 − t i k ≥ t ∗ for all i with t ∗ > 0 and
 k ∈ z + . Since ρi (t ) = z i (t ) − u i (t ) , ∀ t ∈ [ t i k , t 

i 
k+1 ) , thus 

d 

dt 
| ρi | = 

d 

dt 
(ρ2 

i ) 
1 
2 = sgn (ρi ) ̇  ρi ≤ | ̇  z i | . (131)

rom Eqs. (103) and (108) , ˙ z i is a function of bonded signals. Thus, | ̇  z i | ≤ c with c > 0
eing a constant. Note that ρi (t i k ) = 0 and lim t → t i k+1 

ρi = � i | u i (t ) | + πi . Integrating both sides

f Eq. (131) from t i k to t i k+1 and letting t ∗ = 

� i | u i (t ) | + πi 

c > 0, the lower bound t ∗ of inter-
xecution interval is obtained such that t i k+1 − t i k ≥ t ∗ > 0. Therefore, the Zeno behavior does
ot occur. �

.2. Parameter design 

In this subsection, we discuss the parameter design method to ensure correct operation of
he proposed algorithm. 

For given interconnected graph G with adjacency matrix A , B and Laplacian matrix L ,
he bound a 0 of the reference signal y 0 (t ) , the bound a 1 of ˙ y 0 (t ) , the saturated bound u iM 

nd the time-varying boundary function k c iq (t ) , i = 1 , . . . , N, q = 1 , . . . , �, the parameter de-
ign process is given as follows: i) Set the initial value of x iq (0) , ˆ x iq (0) , θiq (0) , and ˆ εi (0) ,
 = 1 , 2, . . . , N , q = 1 , . . . , n, where the constrained states x iq and its estimate ˆ x iq should
atisfy x iq (0) < k c iq (0) and ˆ x iq (0) < k c iq (0) , q = 1 , . . . , �. The initial value of the filter out-
ut βiq (0) = αi,q−1 (0) , i − 1 , . . . , N, q = 2, . . . , n, in Eq. (40) is calculated according to Eqs.
49) , (62), (73), (83) and (93) . ii) Select appropriate center r k iq and width μk 

iq , k = 1 , . . . , l ,
o construct RBFNN such that f iq ( x iq ) = θT 

iq ψ iq ( ̂  x iq ) , i = 1 , . . . , N, q = 1 , . . . , n. iii) Select
he Hurwitz polynomial coefficients k iq , q = 1 , . . . , n, in Eq. (26) such that the matrix A i is
urwitz. For given matrix Q i > 0, solve Lyapunov Eq. (27) to obtain positive definite ma-

rix P i and then calculate the maximum and minimum eigenvalues of matrices Q i and P i .
v) For i, j = 1 , . . . , N, select high gain parameters g i > 1 , positive design parameters η0 , γ̄i ,
¯i , η j1 , c iq , γiq , σiq , q = 1 , . . . , n, and κiq , q = 2, . . . , n, such that M 

(1) 
i > 0, σi1 η0 − 2γi1 > 0,

iq η0 − γiq (η0 + 2) > 0, and 

2 
κiq 

− 2 > 0. v) Select appropriate boundary function 	 iq (t ) , q =
 , . . . , �, satisfying 	 i1 (t ) ≤ k c i1 (t ) −a 0 

‖ (L + B) −1 ‖ ∞ 

and 	 iq (t ) = k c iq (t ) − c̄ i − ā i,q−1 − r̄ i , q = 2, . . . , �,
here c̄ i and r̄ i are defined in Eqs. (129) and (130) , respectively. vi) Solve differential equa-

ions subject to system Eq. (1) , observer Eq. (28) , adaptive system Eqs. (50) , (51), (63), (74),
84), (94), (109) and (110) , and the first-order filter Eq. (40) , in which the virtual controller
iq is calculated according Eqs. (49) , (62), (73), (83) and (93) , the intermediate control func-

ion z i (t ) according to Eq. (103) , and the saturated controller sat i (u i (t )) according to Eq.
2) associated with the ETC mechanism Eqs. (6) and (7) . 

Remark 2 : By selecting appropriate parameters, stability of closed-loop system is ensured
y Eq. (119) . From Eq. (119) , we know that larger ν and smaller M 

(3) lead to faster con-
ergence and smaller error bounds. From Eq. (116) , increasing c i1 , c iq , σi1 , σ̄i and σiq , and
ecreasing η0 , γi1 , γiq and κiq , q = 2, . . . , n, lead to faster convergence but may lead to lager
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rror bound duo to Eqs. (117) and (118) . Therefore, we need to find a balance between a
aster convergence speed and an appropriate error bound. Moreover, smaller parameters � i

nd πi in the ETC mechanism Eq. (7) lead to better system performance but may increase
nnecessary communication burden. Obviously, when � i and πi are equal to zero, it becomes
ime-triggered scheme as the special case of ETC scheme. As a result, several attempts are
eeded to obtain better system performance. 

. Numerical example 

In this section, an example is given to verify the correctness of the theoretical results. 
The consensus control problem of four one-link manipulators tracking a reference signal

 0 = sin (t ) is considered. The communication relationship among four manipulators and the
eference signal can be modeled by a digraph including a spanning tree shown in Fig. 1 . The
our manipulators are given as follows 

 

(1) 
i p̈ i + � 

(2) 
i ˙ p i + � 

(3) 
i sin (p i ) = sat i (u i ) + τi , i = 1 , 2, 3 , 4, (132)

here p i is the angle of the rigid link, ˙ p i the angular velocity and p̈ i the link acceleration;
at i (u i ) is the saturated control input given in Eq. (3) ; τi is the torque disturbance; � 

(1) 
i , � 

(2)
i 

nd � 

(3) 
i are unknown constants. 

Letting x i1 = p i and x i2 = ˙ p i . Equation (132) can be rewritten as 
 

 

 

 

 

˙ x i1 = x i2 , 

˙ x i2 = 

1 
� 

(1) 
i 

sat i (u i (t )) + 

1 
� 

(1) 
i 

τi − � 

(2) 
i 

� 

(1) 
i 

x i2 − � 

(3) 
i 

� 

(1) 
i 

sin (x i1 ) , 

y i = x i1 , 

(133)

here � 

(1) 
i = � 

(2) 
i = 1 , � 

(3) 
i = 2, τi = 0. 1 cos (10t ) . The states x i1 , i = 1 , 2, 3 , 4, are

onstrained by k c i1 . The main parameters are chosen as k i1 = 10, k i2 = 15 , g i = 10,
 11 = c 21 = 15 , c 31 = 10, c 41 = 5 , c 12 = c 22 = c 32 = c 42 = 30, k c 11 = k c 21 = 2e −t + 1 . 2, k c 31 =
e −t + 2. 4, k c 41 = 4e −t + 2. 6 , κi2 = 0. 05 , � i = 0. 1 , u iM 

= 8 , Q i = diag [1 , 1] , πi = 1 . 5 ,
 1 = ϑ 2 = 1 , ϑ 3 = ϑ 4 = 0. 5 , γ11 = γ21 = γ12 = γ22 = 0. 005 , γ31 = γ41 = γ32 = γ42 = 0. 002,
11 = σ21 = σ12 = σ22 = 25 , γ̄i = 0. 5 , σ31 = σ41 = σ32 = σ42 = 8 , σ̄i = 1 , for 1 < i < 4. Set
 i1 (0) = 0. 1 and other initial states are set to 0. The basis functions of the RBFNN with 5
odes are chosen as follows: 

 

1 
i (x iq ) = exp [ − (x iq − 2) 2 

2 

2 
] , ψ 

2 
i (x iq ) = exp [ − (x iq − 1) 2 

2 

2 
] , 

 

3 
i (x iq ) = exp [ −x 2 iq 

2 

2 
] , ψ 

4 
i (x iq ) = exp [ − (x iq + 1) 2 

2 

2 
] , 

 

5 
i (x iq ) = exp [ − (x iq + 2) 2 

2 

2 
] , i = 1 , 2, 3 , 4, q = 1 , 2. 

The simulation is conducted in 20 s time, and the simulation results are shown in Figs. 2–
2 . The trajectories of the states x i1 , i = 1 , 2, 3 , 4, are shown in Fig. 2 and we can see that the
rajectories do not violate the restricted bounds. Figure 3 depicts the trajectories of reference
ignal y 0 and outputs y i , i = 1 , 2, 3 , 4. The trajectories of reference signal y 0 and outputs ˆ y i ,
re shown in Fig. 4 . From Figs. 3 and 4 , we can see that system output and observer output
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Fig. 2. The constrains on state x 11 , x 21 , x 31 and x 41 . 

Fig. 3. The trajectories of y 0 , y 1 , y 2 , y 3 , and y 4 with ETC scheme. 

c  

o  

t  

t  

b  

i  

o  
an track the reference signal well and tracking errors remain within a small neighborhood
f the origin. Figure 5 shows the trajectories of observer errors ˜ x i1 , and we can see that the
rajectories of ˜ x i1 , i = 1 , 2, 3 , 4, fluctuate very little in a certain range. Figure 6 shows the
rajectories of the local consensus error s i1 , i = 1 , 2, 3 , 4, which does not violate the restricted
ounds. The trajectories of the states x i2 and the observer states ˆ x i2 , i = 1 , 2, 3 , 4, are shown
n Fig. 7 and we can see that the observer states ˆ x i2 , i = 1 , 2, 3 , 4, are reasonable estimates
f the states x i2 with small errors. Figures 8–11 show the trajectories of control inputs u i (t )
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Fig. 4. The trajectories of y 0 , ̂  y 1 , ̂  y 2 , ̂  y 3 , and ˆ y 4 with ETC scheme. 

Fig. 5. The trajectories of ˜ x i1 with ETC scheme. 

a  

w  

(
 

a  

o  

c

nd saturated input sat i (u i (t )) . As can be seen from the detail magnification in Figs. 8–11 ,
hen the system needs a larger control input (blue line), the actual saturated control input

red line) can still achieve better control effect. Figure 12 shows the trigger time instants t i k
nd inter-event time t i k+1 − t i k for agent i, i = 1 , 2, 3 , 4. The event-triggered controller updates
nly at time instant t i k and remains constant within time interval [ t i k , t 

i 
k+1 ) , thus reducing the

ommunication burden. 
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Fig. 6. The constrains on error variable s 11 , s 21 , s 31 and s 41 . 

Fig. 7. The trajectories of x i2 , and ˆ x i2 with ETC scheme. 

 

[  

w  

a  

b  

1  

m  
Compared with related works for MASs, the cases of FSCs [34–36] , constant boundary
34] with time-triggered scheme and output constraint with ETC scheme in undirected net-
orks [37] are special cases of this paper. In the related works such as [29,37] and this paper,

lmost the same ETC mechanism is used. To highlight the advantages of the proposed event-
ased control strategy, a comparison with time-based control strategy is given. Figures 13 and
4 show the tracking performance and tracking error trajectories with time-triggered control
ethod, respectively. For time-triggered control scheme, the sampling period is selected as
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Fig. 8. Input u 1 (t ) and saturated input sat 1 (u 1 (t )) . 

Fig. 9. Input u 2 (t ) and saturated input sat 2 (u 2 (t )) . 

T  

m  

m  

m

 = 0. 01 s. The other design parameters are chosen to be the same as event-triggered control
ethod. A comparison considering the number of transmissions generated by the triggering
echanism is given in Table 1 . Obviously, the triggering number for event-based method is
uch smaller than time-based one. 
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Fig. 10. Input u 3 (t ) and saturated input sat 3 (u 3 (t )) . 

Fig. 11. Input u 4 (t ) and saturated input sat 4 (u 4 (t )) . 

Table 1 
Triggering numbers for agents. 

control method agent 1 agent 2 agent 3 agent 4 

Time-triggered 2000 2000 2000 2000 
Event-triggered 590 611 324 200 
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Fig. 12. The trigger time instants t i k and inter-event time t i k+1 − t i k for agent i. 

Fig. 13. The trajectories of y 0 , y 1 , y 2 , y 3 , and y 4 with time-triggered control scheme. 
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Fig. 14. The trajectories of ȳ i , i = 1 , 2, 3 , 4, with time-triggered control scheme. 
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. Conclusion 

In this paper, an adaptive distributed ETC strategy with observer has been presented.
BFNN is used to handle the nonlinearity of the system, and the unmeasured states are
andled by designing a high gain state observer. A new saturation controller is proposed
or MAS, which is more suitable for practical applications. Besides, time-varying barrier
yapunov functions are introduced, which can ensure that the partial states do not violate the
onstraint conditions. Considering the benefit of communication resource saving, an adaptive
TC strategy has been proposed to guarantee consensus tracking of MASs. The proposed
TC strategy can ensure the boundedness of all system signals, each agent being able to

rack the given leader signal within a bounded error and avoiding Zeno behavior successfully.
inally, the correctness of the theoretical results is verified by computer simulation. 
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