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HIGHLIGHTS

« An open loop controller optimises energy consumption of a DX A/C system.

« Indoor air temperature, humidity and CO, concentration are maintained using MPC.

« Both open loop and MPC can potentially lead to 27.2% energy savings.
« MPC robustly deals with disturbances present in the system.

« The control strategy maintains proper indoor thermal comfort and air quality.
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Generally, conventional controllers for comfort are designed by using on/off control or proportional-
integral (PI) control, with little consideration of energy consumption of the system. This paper presents
a multi-input-multi-output (MIMO) model predictive control (MPC) for a direct expansion (DX) air con-
ditioning (A/C) system to improve both indoor thermal comfort and air quality, whereas the energy con-
sumption is minimised. The DX A/C system is modelled into a nonlinear system, with a varying speed of
compressor and varying speed of supply fan and volume flow rate of supply air being regarded as inputs.
We first propose an open loop controller based on an optimisation of energy consumption with the
advantage of a unique set of steady states. The MPC controller is proposed to optimise the transient pro-
cesses reaching the steady state. To facilitate the MPC design, the nonlinear model is linearised around its
steady state. MPC is designed for the linearised model. The advantages of the proposed energy-optimised
open loop controller and the closed-loop regulation of the MIMO MPC scheme are verified by simulation

DX A/C system results.

© 2017 Published by Elsevier Ltd.

1. Introduction

Nowadays, approximately 30-40% of all primary energy in the
world is consumed by the building sector, where a significant por-
tion is used to improve indoor air quality and thermal comfort,
accounting for a large amount of greenhouse gas emissions. When
energy is overused, it would result in a shortage of energy. Mean-
while, the global temperature has steadily increased due to green-
house effects, which in turn makes the use of air conditioning
grow. Therefore, reducing the energy consumption in buildings is
a key factor in reducing national greenhouse gas emissions. Energy
management of building air conditioning systems becomes funda-
mentally necessary to improve the energy efficiency and reduce
the energy cost of buildings. Energy efficiency improvement of
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buildings can also be made through other means of interventions
[1,2] such as hybrid energy supplies [3-9], appliances operation
scheduling [10-15], facility retrofitting and maintenance [16-21],
envelope retrofitting [22], lighting retrofitting [23,24] and
energy-water nexus [25,26].

Reducing energy consumption does not necessarily sacrifice
user welfare or equipment performance [27]; in some aspects, user
health is in accordance with energy efficiency. For example, more
and more people are spending a substantial amount of time
indoors, therefore improving thermal comfort and indoor air
quality for the occupants would contribute to productivity and effi-
ciency. In buildings, controlling indoor humidity at an appropriate
level is crucial since this directly affects building occupants’ ther-
mal comfort and the operating efficiency of building air condition-
ing installations [28]. Various humidity control strategies applied
to large-scale central air conditioning (A/C) systems, such as heat
pipe technology and pre-conditioning outdoor air [29,30], or
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Nomenclature

Aq heat transfer area of the DX evaporator in the
dry-cooling region, m?

A heat transfer area of the DX evaporator in the
wet-cooling region, m?

Ca specific heat of air, k] kg™ °C"!

Ve air volumetric flow rate, m3/s

My 0e¢  moisture load in the conditioned space, kg/s

Mg mass flow rate of refrigerant, kg/s

Qload sensible heat load in the conditioned space, kW

Te temperature of air leaving the DX evaporator, °C

Tes air temperature in the conditioned space, °C

T4 air temperature leaving the dry-cooling region on air
side, °C

Tw temperature of the DX evaporator wall, °C

% volume of the conditioned space, m3

Vom swept volume of the rotor compressor, m>

We moisture content of air leaving the DX evaporator, kg/kg
dry air

Wes moisture content of air-conditioned space, kg/kg dry
air

o heat transfer coefficient between air and the DX
evaporator wall in the dry-cooling region, kWm2 °C™!

ol heat transfer coefficient between air and the DX
evaporator wall in the wet-cooling region, kW m~2 °C”!

o density of moist air, kg/m?

hgy latent heat of vaporisation of water, kJ/kg

hq enthalpy of refrigerant at vaporisation inlet, kJ/kg

hy, enthalpy of refrigerant at vaporisation outlet, kj/kg

kpi coefficient of supply fan heat gain, k]/m3

Vs specific volume of superheated refrigerant, m>/kg

Ve speed of compressor, rpm

Ksan coefficient of supply fan speed, m3/r

Vi air side volume of the DX evaporator in the dry-cooling
region on air side, m3

Via air side volume of the DX evaporator in the wet-cooling
region on air side, m?

2 compressor’s displacement coefficient

BESTEST building energy simulation test

ASHRAE American Society of Heating, Refrigerating, and Air-
Conditioning Engineers

chemical dehumidification desiccant mechanisms [31,32] and
mechanical dehumidification desiccant mechanisms [33,34] are
not applicable to direct expansion (DX) A/C systems. Compared
to central chilled water-based A/C systems, DX A/C systems are
simpler in system configuration, more energy efficient [35] and
cost less to own and maintain. Therefore, DX A/C systems have
been widely used over recent decades in buildings, especially in
small to medium scaled buildings. However, most DX A/C systems
currently are equipped with single-speed compressors and supply
fans by on/off cycling compressors as a low-cost approach only to
maintain indoor air temperature, and this leads to either space
overcooling or uncontrolled equilibrium indoor air humidity.
Therefore, on/off cycling leads to a degraded level of thermal com-
fort for occupants. With the advancement of variable speed drive
technology, it becomes possible for DX A/C systems with the vary-
ing speeds of compressors and supply fans to achieve simultaneous
control of indoor air temperature and humidity [36].

Various control strategies designed and employed for DX A/C
systems are to control indoor air temperature and humidity simul-
taneously. An experimental investigation indicated that a conven-
tional PID control method proposed to maintain indoor air
temperature by varying compressor speed, and indoor air humidity
by varying supply fan speed, separately, may be controlled simul-
taneously [37]. Since the strong cross-coupling between two
decoupled feedback loops (i.e., the control loop for temperature
by varying compressor speed and that for humidity by varying sup-
ply fan speed), the transient performance of the two feedback
loops was inherently inferior. Consequently, this control strategy
remained inadequate.

To overcome the difficulties of the coupling effect, more
advanced control strategies have been reported. A novel direct dig-
ital (DDC)-based capacity controller for a variable speed DX A/C
system to control indoor air temperature and humidity simultane-
ously has been developed in [38,39]. In [40], Qi and Deng presents
a multivariable dynamic model of the variable speed DX A/C sys-
tem taking into account the coupling effects among multiple vari-
ables. The state-space representation was linearised at a particular
operational point, to facilitate developing a multi-input multi-
output (MIMO) controller which is capable of addressing couplings
and is more effective in simultaneously achieving multiple control
objectives, such as temperature, humidity, capacity and efficiency.

The model was experimentally validated. Besides, Qi and Deng [41]
proposed MIMO Linear Quadratic Gaussian (LQG) control strategy
for simultaneously controlling indoor air temperature and humid-
ity by regulating the varying speeds of the compressor and supply
fan in an experimental DX A/C system. The MIMO controller devel-
oped can effectively control indoor air temperature and humidity
simultaneously, with command following and disturbance rejec-
tion capability tests. However, these papers did not discuss indoor
CO, concentration control. In [42], an artificial neural network
(ANN)-based controller is proposed for a variable speed DX A/C
system to control indoor air temperature and humidity simultane-
ously. In [43], a novel hybrid steady-state model based controller
(SSMBC() is proposed to control indoor air temperature and humid-
ity simultaneously. The experiment shows that the novel hybrid
SSMBC is accurate and sensitive. In [44], a novel Proportional-
Derivative (PD) law based fuzzy logic controller for a variable
speed DX A/C system is designed to control indoor air temperature
and humidity simultaneously.

In recent years, indoor air quality is more and more regulated
by A/C system design and control. The CO, concentration, air tem-
perature and humidity have become three major indicators of
indoor comfort and air quality. In [45,46], Zhu et. al., studied indoor
air temperature, humidity and CO, concentration control simulta-
neously, but without consideration the coupling effect. Three cou-
pling effects cannot be ignored in many cases. In fact, the
experimental investigation [47] suggested that the indoor CO, con-
centration affected indoor air temperature. Furthermore, indoor
humidity was correlated with CO, concentration according to mea-
surement results reported in [48]. To our best knowledge, very lit-
tle work exists in the literature to study indoor air temperature,
humidity and CO, concentration control simultaneously with con-
sideration of coupling effects and energy efficiency. This paper
studies the optimisation of DX A/C systems that strikes a balance
of indoor comfort, air quality as well as energy efficiency.

Nonlinear control systems for indoor air temperature, humidity
and CO, concentration in DX A/C system have been modelled with
considering the coupling effects of indoor air temperature, humid-
ity and CO, concentration. The energy consumption model for the
DX A/C system is given. The open loop optimal method is used to
optimise the energy consumption model for the DX A/C system,
such that there would be a unique and optimal steady state for
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the closed-loop system to follow. The nonlinear control system can
be linearised around the steady state. An advanced model predic-
tive control (MPC) strategy is proposed to regulate the indoor air
temperature, humidity and CO, concentration along the steady
state. The energy consumption for different temperature, humidity
and CO, concentration reference following are developed. The sim-
ulation results show that, with the optimal steady state obtained
from open loop optimisation, the integrated scheme could improve
not only the temperature, humidity and CO, concentration level but
also energy efficiency in the DX A/C system. Besides, disturbances
due to other indoor factors can be addressed. The main contribu-
tions of this paper include four main areas. Firstly, a nonlinear
model is proposed for the study of the indoor comfort in terms of
air temperature and humidity, and indoor air quality in terms of
CO, concentration, of a DX A/C system, by taking into consideration
of the coupling effects. Secondly, the open loop method on energy
efficiency is adopted for finding the unique steady state of the DX
A/C system. Thirdly, the indoor air temperature, humidity and
CO, concentration are maintained simultaneously by using the pro-
posed MPC approach in the circumstance of disturbances. Finally,
with the proposed control, the indoor temperature, humidity and
CO, concentration are optimised for superior energy efficiency. This
paper introduces two economical and advanced energy-based opti-
mised open loop controller and the closed-loop regulation of the
MPC method that not only maintains indoor thermal comfort and
air quality but also minimizes the amount of energy consumed.

The paper is organised as follows. The DX A/C system is
described and modelled in Section 2. An open loop optimal con-
troller is proposed by optimising the energy consumption model
to obtain the unique steady state, around which the nonlinear
model of DX A/C system is linearised in Section 3. The discrete-
time system, the objective function for regulating the indoor air
temperature, humidity and CO, concentration and constraints for
states and inputs are presented for the closed-loop MPC controller
in Section 4. The results of the MIMO MPC for maintaining the
indoor air temperature, humidity and CO, concentration are
reported in Section 5.

2. System description
2.1. DX A/C system

A simplified schematic diagram of the system is shown in Fig. 1.
The DX A/C system is mainly composed of two parts, namely, a DX
refrigeration plant (refrigerant side) and air-distribution sub-
system (air side). The major components of the DX refrigeration
plant consist of five parts: a variable speed rotor compressor, an
electronic expansion valve (EEV), a high-efficiency tube-louver-
finned DX evaporator, a variable air volume (VAV) and an air-
cooled tube-plant-finned condenser. The evaporator is placed
inside the supply air duct to work as a DX air cooling coil. The
air-distribution sub-system includes an air-distribution ductwork
with return air dampers, a variable speed centrifugal supply fan
and a conditioned thermal space.

2.2. Air conditioning room

In this paper, a single-zone building model (that has been used
in the building energy simulation test (BESTEST) [49]) is applied to
evaluate the performance of proposed MPC strategy. The structure
of the single-zone building model is displayed in Fig. 2.

2.3. System dynamic model

The dynamical model of the DX A/C system based on energy and
mass conservation principles is highly nonlinear with respect to
temperature, moisture content and CO, concentration. In this
paper, the system is considered to operate in the cooling mode.
The basic operation and assumptions of the system in the cooling
mode are given as follows. These assumptions are standard in
the literature [41] and are sometimes made for simplistic purposes.

(A1) A percentage (denoted by p,0 < p < 1) of fresh air is allowed
into the system and gets mixed with 1 — p of the recirculated
air at the evaporator.

VAV damper
Supply
. air <
Exhausted air <
Return Cooling load | o
. | g
air @ 1___.= S
T, (o, :
! 7
=N
. Air conditioned room
TeoWeis 15, W,
B = R
Fresh airw T, Yokt e e >
Pe - \

h, Evaporator h, Variable speed

Y supply fan

Variable speed @ % —
compressor
Pc .
Condenser
DX A/C unit

Fig. 1. Simplified schematic diagram of the DX A/C system.
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Fig. 2. Building model.

(A2) Sufficient air mixing occurs inside the heat exchangers
where it gets conditioned.

(A3) The air side of the DX evaporator can be divided into two
regions, i.e., the dry-cooling region and wet-cooling region;
the air temperature decreases in the dry-cooling region
and the dehumidification mainly takes place in the wet-
cooling region; the evaporator diagram is shown in Fig. 1;
the dry region b is generally very small and used to keep
the decreased temperature, and the wet-region a is used to
couple air cooling and dehumidification.

(A4) Thermal losses in air ducts are negligible.

(A5) The supply air enters the air-conditioned room to offset the
cooling loads acting upon the system.

(A6) The air in the conditioned room is drawn through a fan, 1 — p
of this air gets recirculated and the rest is exhausted from
the system by a fan.

(A7) The heat transfer coefficients of DX A/C system are constant
values.

In the DX A/C system, T, and W, are the temperature and mois-
ture contents of the air leaving the DX cooling coil respectively, as
shown in Fig. 1. Supposing perfect air mixing, air temperature T
and moisture content W leaving the conditioned space can be
regarded as being equal to these in the conditioned thermal space.
Based on the above assumptions, the energy and mass conserva-
tion equations of DX A/C system can be written as follows.

The dynamic mathematical equation of the energy balance for
the temperature of conditioned space is given by:

chs

CaPVW = Cupvf(Te - Tcs) + Qload + Qsph (1)

where V is the volume of the conditioned space; p is the air mass
density; C, is the specific heat of air. V; is the air volumetric flow
rate, which is described by the following:

vf = kfan Sfan )

where kg, is the coefficient of supply fan speed, and Sy, is the sup-
ply fan speed. Space sensible heat load Qy,,4, Which refers to the dry
bulb temperature of the building, is usually related to occupants
and electrical devices. The heat emitted from electrical devices is
easy to identify based on the electrical characteristics of the
devices; the main uncertainty in identifying the sensible loads are
due to the load associated to occupants, which can be modelled
using the current CO, concentration in the conditioning room.
Therefore, the sensible heat load can be modelled by the following
equation

Qload = ,uCc +, (2)

where C. represents the CO, concentration in the room (ppm). u
and v are the sensible heat gain parameters. The heat gain Qg of
supply fan increased with the air volumetric flow rate as follows:

Qspl = ksplvf7 (3)

where ki is the coefficient of supply fan heat gain.

The dynamic mathematical equation of energy conservation of
the moisture content inside the conditioned space can be
expressed as:

dWcs
pVhy =g = PV (We = Wes) + Mo, (4)

where hg represents the latent heat of vaporisation of water. The
latent heat loads My, ,aq, Which refer to the wet bulb temperature
of the building, are related to occupants and electrical devices.
Therefore, the latent heat loads can be modelled by the following
equation

Mhjoad = ¢Cc + 7, (5)

where ¢ and 7y are the moisture heat gain parameters.
The energy balance principle in the dry-cooling region on the air
side is given as:

a1 1-p)Tes +pTy+T
CapVi d—l'd = Capr(Tfs —Tq) + 1Ay (Tw _ ( p)Tes + pTy d>7

2
(6)

where V), is the air side volume of the DX evaporator in the dry-
cooling region, Ty denotes the air temperature leaving the dry-
cooling region of the DX evaporator. T,, is the temperature of the
DX evaporator wall, A; is the heat transfer area of the DX evaporator
in the dry-cooling region, and o is the heat transfer coefficient; T,
is the temperature of the outdoor air.

Due to the strong coupling between temperature and moisture
content, the energy balance in the wet-cooling region can be writ-
ten in an enthalpy form [40]:

dr, dw,
CapVia g + PViahe =g~ = CapVy(Ta = Te) + pVrhy (1 — P)Wes

Ty +Te
2 )

+ pWO — We) =+ 052A2 (TW —
(7)

where Vy, is the air side volume of the DX evaporator in the wet-
cooling region, o is the heat transfer coefficient. A, is the heat
transfer area of the DX evaporator in the wet-cooling region, W,
is the moisture content of the outdoor air.
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The dynamic mathematical equation of the energy balance for
the evaporator wall is given by:

dTW 1_ Tc5+ T -‘rT
Ca.prVwT — oA (( D) S plg d_ Tw)

Td+Te
2

+ A, < - TW> — Mg (hy2 — hyy), (8)

and the refrigerant mass flow rate M,,; can be determined by [41]:

VSC Vcam

M, =
rmf s

p=Lom (10015 /Po) ),
S

where Cqy, p,, and V,, mean the specific heat of air in the evapora-
tor wall, the density of the evaporator wall and the volume of the
evaporator wall, respectively. V. is the speed of the compressor, /
is the compressor displacement coefficient. V., is the swept
volume of the rotor compressor, v is the specific volume of super-
heated refrigerant, f is the compressor index which is assumed to
be constant at 1.18. h;; and h,, are the enthalpies of refrigerants
at evaporator inlet and outlet, respectively. P. and P, are the
condensing pressure and the evaporating pressure, respectively.

The supply air leaving the DX evaporator is assumed to be
approximately 95% saturated. The relationship between air
moisture content and temperature can be derived by plotting
and curving fitting [41]:

dW. 2x0.0198T, +0.085 dT. _
dt 1000 dt
The dynamic model of indoor CO, concentration can be described

by the following differential equation [50]:

v%: Ve(Co — Cc) + GP, (10)

where V. represents the volume flow rate of supply air; Co denotes
the CO, concentration of supply air; G is the amount of CO,
emission rate of people; P is the number of occupants.

The proposed DX A/C system is described by nonlinear
equations of (1)-(10), which can be written compactly as follows:

x=f(x,u) =D'f1(x,u) + D'f,(2), (11)

where x 2 [TTTaTWwWWeiC™,u 2 [ViM V', and z2 [vyGP",
f1,f, are the functions defined as follows:

filx,u) = [f11f12f13f14f150f17f7
f11 = CapVi(Te = Tes) + UCc + kpi Vs,
fi2 = pheVi(We — Wes) + ¢C,

0. 9)

Fis = CapVi(Te — Tg) + oAy (Tw (0 =PTe £ PTo+ Td),

2
f1a = CapVp(Tq — Te) + pVehg (1 = p)Wes + pWo — We)

2
Ta+ (1 —p)T T
f152061/'\1(d ( 12)) CS+p0—TW>
Tq+T.
+OC2A2< d2 _Tw> _Mrmf(hrZ_hrl),

f17=Ve(Co - Co),

fo@)=[n v 00 0 0 GPJ";

and the coupling matrix D is given by

I 0 CpV 0 0 0 0 o
0 0 0 0 0 pVhg O
0 0 CpVm O 0 0 o
D=| CipVm 0 0 0 pVphg 0 Of.
0 0 0 CuwpyVw O 0 o
~ 200198150085 g 0 1 0 o
I 0 0 0 0 0 0 V]

The system models (1), (4), (6)-(9) were validated in [40] by
experimental data. The model (10) was verified in [50] with an
on-line learning and estimation approach for model parameter
identification with acceptable accuracy.

3. Open loop optimisation
3.1. Open loop controller

An open loop controller is designed to steer the system to
operate around its reference temperature, humidity and CO,
concentration. The energy consumption model is given as an
optimising objective.

The energy consumption of DX A/C system includes the input
power of the evaporator Pe,qn, the input power of the compressor
Pcomp, the input power of the condenser Py, o and the input power
of the ventilation fan P,.,. Therefore, the DX A/C energy consump-
tion is expressed in (12):

Ptotal = Peva,fan + Pcunfan + Pcomp + Pvem (12)

where Py is the energy consumption of the DX A/C system.

The input power of the evaporator fan P, n can be expressed
as a function of the air volumetric flow rate, building cooling load
and supply air temperature as follows [51]:

Peyafan = ao + a1 Vy + azvfz + a3Te + QT2 + 5Q oot + A5Q%
+ a7VfTe + aSVchool + a9Tchoola (13)

where coefficients g;(i=0,1,...,9) are constant, which can be
determined by curve-fitting of experimental data. The building
cooling load Q. is the summation of sensible heat loads and mois-
ture heat loads.

The empirical expression to determine the power consumption
of the compressor Pcomp is proposed as follows [52]:

Peomp = bo + b1Tq + baTe + bsT; + bsTgTe + bsT> + Ty
+ by TAT, 4 bgT4T2 + boT?, (14)

where coefficients b;(i=0,1,...,9) are constant, which can be
determined by curve-fitting of the experimental data. Note that in
[51,52], it was shown that polynomials fit better with experimental
data.

The power consumption of the condenser P fan is [51]:

Pcon.fan =Co+ Cermf + CzMsz, (15)

where coefficients c;(i = 0,1,2) are constant to be determined by
curve-fitting of the experimental data.

The energy consumption of the ventilation fan for controlling
indoor CO, concentration can be modelled to be approximately
proportional to the volume flow rate of supply air. The relationship
between the volume flow rate of supply air and its energy con-
sumption can be fitted with a third-order polynomial as shown
below [53]:

Pven :CUV37 (16)

where w is a coefficient that can be assumed to be constant.
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In this study, the coefficients of the models (13)-(15) are
obtained by the regression technique. The relative error (RE), the
root mean square error (RMSE) and the coefficient of variance
(CV) are used to assess the fitness of the regression models. In this
research, experimental data is taken from [51], and the RE, RMSE
and CV are 13.43%, 7.16% and 12.89%, respectively.

For open loop optimal control, the system is assumed to be in its
steady state with the reference temperature, moisture content and
CO, concentration maintained. Therefore, let T er, Wesrer and Ce ref
be the setpoints of air temperature, moisture content and CO, con-
centration in the conditioning room, respectively. The values of
temperature and humidity setpoint are selected based on thermal
comfort index. The value of CO, concentration setpoint is selected
based on the requirements of occupants. Thermal comfort can be
identified by a comfort zone within a psychometric chart [54].
The ASHRAE comfort zone is shown in Fig. 3. Let Tcsper and W rer
be the two indicators selected from the comfort zone in Fig. 3. A
steady state of the system (11) is such that

D'fy(x,u)+D'f,(2) =0,

Tcs = TCSJ’Efv (17)
Wcs = Wcs,refz
C= Cc,ref .

To minimise the energy consumption of the DX A/C system, the
objective function (12) is minimised while maintaining the value
of indoor temperature, moisture content and CO, concentration
in search of the steady state of the DX A/C system. For convenience,
let x;,i=1,2,...,7, denote each element of x, and let u;,i = 1,2, 3,
denote each element of u. x and u should satisfy:

(C1) Tes € [Tes, Tes), Wes € [Wes, Wes]. The air temperature and
moisture content are within the comfort bounds. Comfort
bounds T, T, Wes and W are design parameters, which
are selected based on the comfort zone in Fig. 3.

(C2) C. € [C,,C,] is the acceptable range of CO, concentration for
occupants in the air conditioned room.

(C3) Te € [Te, Te], We € [We, W,]. The supply air temperature and
moisture content are limited by the air cooling coils and
the physical characteristics of the coils. In addition, it is

Comfort
Zone

Outside

Humidity

Temperature

Fig. 3. ASHRAE comfort zone representation.

considered that the DX A/C is operating in the cooling mode,
the bounds T, and W, are less than T, and W, respectively.

(C4) Ty < T, Ty < T The air temperature across the cooling coil
can only decrease.

(C5) Vi € Vs, V|, My € [Mimg, Mpmy], Ve € [V, V). These denote
the allowed air volumetric flow rate, mass flow rate for
refrigerant and volume flow rate of supply air. The lower
bounds Vy, M, and V. are strictly positive to meet mini-
mum ventilation and operation requirements.

Thus, optimal scheduling is a nonlinear programming (NLP)
problem with the objective function (12), equality constraints
(17) and inequality constraints in (C3)-(C5). Therefore an optimi-
sation problem is formulated as follows:

min Py (18)

subject to:

D 'fy(x,u) + Df]fz(z) =0,

Tcs = Tcs,ref ;
Wcs = Wcs,refz
Cc = Cc,ref ’

Mrmf < Mrmf < Mrmf7

VegVeg Ve

Let Te‘57 Tcs,ref7 Td.57 Tw,s» We,57 Wcs.ref7 Cc.ref and Vf.57 Mrmf,s» Vc denote the
optimal solution to (18).

Remark 1. Eq. (17) have many solutions as steady states. A specific
operating point can be chosen for system analysis and controller
design as was done in [40,41]. In [55], the nonlinear building model
was linearised around an equilibrium point which was obtained by
fixing the input and then solving for the state point. Our proposal is
an optimised open loop controller to steer the system to a setpoint
which minimises an energy consumption model.

3.2. Linearisation for closed-loop controller

Define 0Tes = Tes — Tcs,ref7 Wes = Wes — Wcs,refv 0Cc =Cc — Cc,refv
oTe =T — Te,57 o0Tqg =Ty — Td.,s, 0Tw = Tw — Tws, W, = W, — We,37
5Vf = Vf — Vf,s: 5Mrmf = M,—mf — Mrmf‘s and o6V, =V, — Vs as the
derivations of states and inputs from their steady states. Denote
Xo £ [Te,sTcs‘rede,sTw,sWE,SWcs.refcc,ref]T and up £ [Vf,sMrmf,ch,s]T as
the steady state point of states and inputs, respectively. Therefore,
the dynamic mathematical equation of DX A/C system can be
linearised and written in a linear state-space representation:

{ X = Ac(X07 uO)éx + Bc(x07 u0)5u7

¥ = C(6x + Xo), (19)
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where 6x £ [(3Te5T655Td(STW5W96WCS(3CC]T denotes the state deviation
of the vector x from the steady state xo, ou = [WféMrmféVC}T repre-
sents the input deviation of the vector u from the steady state uo.
yE [TCSWCSCC]T are the original output variables. The coefficient
matrices Ac(Xo, Uo), B:(Xo, Up) can be calculated as follows:

of (x,u of (x,u
Ac(Xo,Up) = f(ax )x:xg,u:uU7BC(X07UO) = ffau )szo.u:uo,
and the output matrix is:
01 00O0O0DO
cC=|/0 000010
0 00 O0O0O01

Remark 2. The first order approximation of the Taylor based
linearisation is a classical method in control systems. It is locally
valid in a neighbourhood of the steady state. The loss of accuracy of
linearisation depends on the size of the local neighbourhood, and is
normally compensated by a closed-loop control for the transient to
reach the steady state which is regulated by the open loop controller.
Our closed-loop control is the MPC as proposed in the next section.

4. Model predictive control (MPC)
4.1. Discrete-time model

Consider the discrete-time version of (19):

ox(k + 1) = Ag(xo, Uo)ox(k) + Ba(Xo, ug)ou(k),
{y(k) = C(ox(k) + o),

where k is the sampling instant; x(k),u(k) and y(k) are the state
vector, input vector and output vector at sampling instant k.
Ad(Xo,Up) = ecoto)Ts By(xo, Up) = (jOTS efcot)tdt)B.(Xp, Up) are the
system state matrix and input matrix, respectively. T; is the
sampling period.

(20)

4.2. Objective function

The objective of the proposed MPC controller is to maintain the
comfortable indoor air temperature, moisture content and CO,
concentration with low energy consumption. To this aim, the cost
function to be minimised can be chosen as

min J = min (, +J; +J5 + 1), 1)

where

1. min J; = min Z,{i"] wi(k+i)— Tcsvref(k))z, which penalises that
the comfortable indoor air temperature should be maintained;

2. min J, = min Z?’:"] o (k+1) — Wmef(k))z, which indicates that
the comfortable indoor air moisture content should be
maintained;

3. min J; = min Z,{i"] sk +i)— Cc_n,f(k))z, which implies that the
comfortable indoor air quality should be maintained;

4. J, = Yo" lou(k + i) ||z, which reflects the consideration given to
the size of u when the objective function J is made to be as small
as possible.

Here, R is a diagonal matrix in the form that R=
rwlsn.x3n. (Tw > 0), where r,, is used as a tuning parameter for the
desired closed-loop performance, and I is the identity matrix.

In the above objective functions, y,(k),y,(k),y;(k) are the kth
step predicted temperature, moisture contents and CO, concentra-

tion, respectively. Define Y = [y, (k + 1]k)y,(k+ 1|k)y;(k+ 1]k)...
y1(k 4+ Nplk)y, (k + Np|k)y; (k + Ny |k))", where y, (k + i|k),y, (k + ilk)
and y;(k +i]k) denote the predicted value of y,(k),y,(k) and
y3(k) at step i(i=1,...,N,) from sampling instant k.
/—L

Define the Ry = [I3.3 ... I33)" r(k), where
[Tcmf(k)Wcs,ref(k)Cc‘ref(k)]T 2 r(k) are kth step setpoints tempera-
ture, moisture contents and CO, concentration. Define the predic-
tive input variable U = [su”(k)ou”(k+ 1|k)...ou"(k+ N, — ]\k)}r.
N, is the prediction horizon, N is the control horizon.

reference vector

4.3. Constraints

The constraints of the control signal, the states can be intro-
duced into the minimisation of the objective function (21). The
constraints are described in (C1)-(C5). The optimisation problem
to minimise the objective function (21) is a quadratic program-
ming (QP) problem, which is a convex problem under the linear
constraints condition.

4.4. MPC algorithm

With the help of the state space model (20), the objective func-
tion (21), and the constraints in (C1)-(C5), a general MPC algo-
rithm is then applied to the DX A/C system. The procedure is

designed as follows:

i. Calculate MPC gain matrices:

Np
—_—
F=[cA (A ca»]'.M=[c c ... C|,
CB 0 0
CAB B ... 0
b =
: : 0
CcA'B cAM 2B CANNep

E=®"®+R, and H = (Fox(k) + Mxo — R;)" .

ii. According to MPC design, the predictive output vector can be
expressed for input series: Y = Mx, + Fox(k) + ®U, and opti-
mising the cost function can be written as:

min J
=min[(Y — R,)" (Y — R,) + U'RU|
= min(U"EU + 2HU). (22)

iii. Optimisation: find optimal U, such that the objective func-
tion given by (22) is minimised, and constraints in (C1)-
(C5) are satisfied:

U =arg mUin(UTEU +2HU), s.t. (C1) — (C5) hold.
iv. Calculate the receding horizon control:
u'(k) = [I543,0,...,0]U".

v. Apply u*(k) to the system (20).

vi. Update time k = k + 1, and update system states, inputs and
outputs with the control u*(k) and state Eq. (20). Repeat
steps i to vi until k reaches its predefined value.

4.5. Features of the proposed MPC

In this paper, the focus is on the energy-efficient open loop opti-
miser and the closed-loop MPC. The overall steps of the proposed
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approach different from previous studies can be simply illustrated
by Fig. 4. The more detailed structure of the proposed MIMO MPC
with open loop optimisation is shown in Fig. 5. This figure
describes the primary process of controlling the indoor air temper-
ature, moisture content and CO, concentration, and open loop opti-
mising energy consumption.

Different situations are simulated in the next section to illus-
trate the performances of the proposed strategy. In the first case,
the proposed MPC control performances under different situations
are discussed in the next section. In the second case, comparison of
energy consumption for the proposed closed-loop MPC with differ-
ent operating points under the same comfort conditions is studied
in the next section. The more detailed analysis will be given after
the simulation results.

5. Results and discussions

In this section, the proposed dynamic DX A/C model and control
method are tested through simulation in a Matlab environment.
Experimental data in [51] presented in Table 1 are used to justify
the validity of the energy consumption model of the DX A/C sys-
tem. The single-zone building as shown by Fig. 2 is used as the con-
ditioning room in this paper. The model parameters of the DX A/C
system given in Table 2 are adopted and validated in [40]. For the
MPC strategy with open-loop optimisation, values of system con-
straints are listed in Table 3. The original nonlinear model (11) is
used as the plant to be controlled in the simulation.

Table 1
Coefficients of the energy consumption models.
ag = 900.5 a = -8.1 a, =6.18 a3 = -0.15 as = —4.61
as = 0.02 a=-02  a;=001 ag =0.12 ag = 0.09
by = —1720 by = 82 by = —0.7 b3 =24 by =25
bs = 2.68 b =0.03 b; = —0.02 bg = 0.04 bg = 0.0001
co=138.1 ¢y =0.52 c=-23
Table 2
Numerical values of the system parameters.
Notations Values Notations Values
Ca 1.005 k] kg ! °C! A 4.414 m?
P 1.2 kg/m? Ay 17.656 m?
hy, 2450 K]/kg Vin 0.04 m?
1% 77 m3 7 0.16 m?
o 0.089 kW m-2°C”! oz 0.103 kW m-2°C!
kspi 0.0251 kJ/m? Kgan 0.0085 m3/r
G 5.6 x 107 m3/s
Table 3
Values of system constraints.
Notations  Values Notations  Values
Tes 26°C Tes 22°C
Wes 12.3/1000 kg/kg dry air Wes 10.4/1000 kg/kg dry air
C. 850 ppm Cec 750 ppm
Te 24°C T, 0°C
W, 11.35/1000 kg/kg dry air W, 0 kg/kg dry air
T, 24°C Ty 0°C
T, 24°C Tw 0°C
Mmf 0.11 kg/s Mimp 0 kg/s
Vi 0.8 m3/s Vs 0m3/s
Mmf 0.1 kg/s Mg 0 kg/s
Ve 3m3/s Ve 0m3/s

5.1. MPC with open loop optimisation

For the MIMO MPC, its control performances are evaluated
based on the following issues:

(1) Setpoint regulation.
(2) Reference following.
(3) Setpoint regulation in existence of load disturbances.

5.1.1. Setpoint regulation

Simulation cases of p=25% exhausted air volume are
investigated in this subsection. For this simulation, the indoor air
temperature, moisture content and CO, concentration setpoints
are selected as Tesper = 24 °C, Wesrr = 11.35/1000 kg/kg and
Ceref = 780.5 ppm, respectively.

In the case of 25% exhausted air volume and from Table 2, we
follow the process as in (18), and the unique set of steady state
is given in Table 4. The state matrix A, and input matrix B, of the
corresponding system (19) are presented in Appendix A. To verify
the closed-loop MPC performance, the following parameters are
given. The prediction horizon N, and control horizon N, are set
to 24 and 24, respectively. The tuning parameter r, = 0.5 is set.
The sampling interval is 2 min, and the total simulation time is
K = 24 h. To optimise the temperature, humidity and CO, concen-
tration level, several types of constraints exist in the DX A/C sys-
tem. To test the robustness of the closed-loop system, the
disturbance vector is included in the simulation. The initial values
of state variables are 23, 23, 23, 15, 12.44/1000, 13.5/1000 and
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Table 4
Operating condition of the DX A/C system in the case of p =25% exhausted air
volume.

Parameter  Description or value  Parameter  Description or value

Tes 11.5°C Wes 8.665/1000 kg/kg dry air
Tes ref 24 °C W ref 11.35/1000 kg/kg dry air
Tas 15°C Tws 12°C

Mo s 0.045 kg/s Vis 0.298 m3/s

Stan.s 2102 rpm Vses 4243 rpm

Ceref 780.5 ppm Ves 0.097 m3/s

v 3.665 kKW Y 1.396 kW

To 30°C Wy 13.5/1000 kg/kg dry air
Co 300 ppm

0.001, respectively. The initial values of input variables are 0.309,
0.0415 and 0.7, respectively. In addition, it is assumed the current
indoor air temperature, moisture content and CO, concentration
are 30°C, 13.5/1000 kg/kg and 1000 ppm, respectively. The unit
of relative humidity (RH) is percent (%). 11.35/1000 kg/kg moisture
content is equivalent to 60% RH in conditioned space.

The performance of the proposed MPC is shown in Figs. 6 and 7.
Fig. 6 depict simultaneous control of the indoor air temperature,
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Fig. 6. Setpoint regulation of indoor air temperature, relative humidity and CO,
concentration in the case of 25% exhausted air volume.
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Fig. 7. Profiles of supply fan speed, compressor speed and volume flow rate of
supply air of the closed-loop system in the case of 25% exhausted air volume.

relative humidity and CO, concentration in a conditioned space
by the DX A/C system. It can be seen from Fig. 6 that, based on
the proposed closed-loop MPC, the indoor air temperature, relative
humidity and CO, concentration can reach their setpoints. As can
be seen from Fig. 7, the MIMO controller corresponding to the set-
ting indoor air temperature, humidity and CO, concentration level
requires simultaneously varying the speed of the supply fan, com-
pressor speed and volume flow rate of supply air for the DX A/C
system. The setpoint is approached, and the indoor temperature,
relative humidity and CO, concentration are maintained around
the setpoint afterwards. It can be observed that with the proposed
strategy, the indoor air temperature, relative humidity and CO,
concentration of the closed-loop system are capable of reaching
their setpoints of 24 °C, 60% and 780.5 ppm after a transient pro-
cess of 20 min. After reaching their setpoints, the variation ranges
of indoor air temperature, relative humidity and CO, concentration
are about 40.5°C, +5% and +9 ppm, respectively. Therefore the
proposed MPC can effectively guarantee setpoint regulation of
indoor air temperature, relative humidity and CO, concentration
simultaneously by varying the compressor speed, supply fan speed
and volume flow rate of the supply air of the DX A/C system.
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5.1.2. Reference following capability test

In the reference following tests, it is expected that when the ref-
erence point changes, the MIMO MPC would react so that the new
reference point can be maintained.

The initial reference points for indoor air temperature, moisture
content and CO, concentration are selected as 24°C,
11.35/1000 kg/kg and 780.5 ppm, respectively. After 12:00 pm,
we change the reference points to 20.5°C, 10/1000 kg/kg and
650 ppm, respectively. Thus, the steady state, variable constraints
and system matrices are changed. The constraints of indoor air
temperature, moisture content and CO, concentration are listed
as follows: The constraints are from 18 °C to 22 °C, 9.5/1000 kg/
kg to 11.5/1000 kg/kg and 600 ppm to 700 ppm, respectively. The
open loop method is repeatedly used around the changing refer-
ence points to optimise the energy consumption model (12).

Figs. 8 and 9 illustrate the results of the proposed MIMO MPC
with respect to the changing reference points of indoor air temper-
ature, relative humidity and CO, concentration. When the refer-
ence indoor air temperature decreases from 24 °C to 20.5 °C, the
reference of indoor air moisture content changes from
11.35/1000 kg/kg to 10/1000 kg/kg, and the reference of indoor
air CO, concentration from 780.5 ppm to 650 ppm, the steady
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Fig. 9. Supply fan speed, compressor speed and volume flow rate of supply air for
closed-loop system based on reference following in the case of 25% exhausted air
volume.

operation point of the DX A/C system’s supply air temperature
and moisture content have to be changed correspondingly from
11.5°C to 10.4 °C and 8.665/1000 kg/kg to 7.5/1000 kg/kg, respec-
tively. During the first 12 h of the simulation, the DX A/C system is
stable, and the indoor air temperature, the moisture content and
the CO, concentration are maintained at their corresponding refer-
ence points. At t =12 h, the change of indoor air temperature,
moisture content and CO, concentration setting from 24 °C to
20.5°C, 11.35/1000 kg/kg to 10/1000 kg/kg and 780.5 ppm to
650 ppm are introduced, then the indoor air temperature, relative
humidity and CO, concentration can follow their reference changes
immediately under the proposed MPC. The change of setpoint is
reached after a transient process of 16 min. From Fig. 8, it can be
seen that the MIMO MPC can well control the indoor air tempera-
ture, humidity and CO, concentration to its reference change.

It can be seen from Fig. 9, after the reference points of indoor air
temperature, relative humidity and CO, concentration are chan-
ged, the steady operation points of the varying speed of the supply
fan, the speed of the compressor and the volume flow rate of sup-
ply air have to be changed correspondingly from 2102 rpm to
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2500.5 rpm, 4243 rpm to 5468.8rpm and 5.8 m?/min to
8.0 m?/ min, respectively. After reaching their setpoints, the varia-
tion ranges of indoor air temperature, relative humidity and CO,
concentration are about +0.5 °C, +£5% and +9 ppm, respectively.
Therefore, the test results shown in Figs. 8 and 9 suggest that the
performance of the proposed MIMO MPC has in terms of the refer-
ence following capability.

5.1.3. Disturbance rejection capability test

The output variables, i.e., the indoor air temperature, the rela-
tive humidity and CO, concentration are to be maintained at their
respective setpoints through simultaneously varying compressor
speed, supply fan speed and volume flow rate of supply air when
the space is subjected to disturbances of space sensible heat load,
latent heat load and CO, emission load. Figs. 11 and 12 show the
test results of disturbance rejection capability of the proposed
MIMO MPC controller. The variation profile of sensible heat load,
latent heat load and CO, emission loads imposed on the whole test
period is shown in Fig. 10. The indoor air temperature, moisture
content and CO, concentration constraints are listed as follows:
The constraints are from 22°C to 26°C, 10.5/1000 kg/kg to
12.5/1000 kg/kg and 700 ppm to 850 ppm, respectively. At
t = 8 h, the sensible heat load, latent heat load and CO, emission
load increase from 4.8 kKW to 5.376 kW, 1.397 kW to 1.607 kW
and 46.4 m3/s to 69.6 m3/s, respectively, as shown in Fig. 10. Then,
the operation points of the DX A/C control system are changed due
to the increased disturbances. The variation profile of indoor air
temperature, relative humidity and CO, concentration are shown
in Fig. 11. During the first 8 h of the test, the indoor air tempera-
ture, relative humidity and CO, concentration are maintained at
24 °C, 60% and 780.5 ppm, respectively, before the disturbance
occurs. Afterward, the change of indoor air temperature, relative
humidity and CO, concentration are slowly increased from
24.5 °C, 60% to 68% and 780.5 ppm to 791 ppm respectively, then
the supply fan speed, compressor speed and volume flow rate of
the supply fan are increasing to maintain the indoor air tempera-
ture, relative humidity and CO, concentration at their setpoints,
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Fig. 10. The variation profile of thermal and CO, emission loads of disturbance
rejection capability test in the case of 25% exhausted air volume.

as shown in Figs. 11 and 12. Fig. 12 presents the variation profiles
of the supply fan speed, compressor speed and volume flow rate of
supply air. The supply fan speed, compressor speed and volume
flow rate of supply air are increased simultaneously for maintain-
ing indoor air temperature, relative humidity and CO, concentra-
tion at their setpoints. The stabilised operation points of the
speed of supply fan, compressor speed and volume flow rate of
supply air are around 2103 rpm, 4243 rpm and 5.82 m?/s at the
end of the test, respectively. It can be seen from Fig. 11, after reach-
ing their setpoints, the variation ranges of indoor air temperature,
relative humidity and CO, concentration are about +0.5 °C, +5%
and +9 ppm, respectively. Therefore, the proposed MIMO MPC
controller can well control the indoor air temperature, relative
humidity and CO, concentration to their respective setpoints,
and in terms of disturbance rejection capability is satisfactory.

5.2. Analysis on energy saving

The control objective is to minimise energy q that is given by
the formula q = Z{;},Pwm,(k)ts, where T is total time; t; is the
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air volume.
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sampling time; Py is described in (12). In this paper, T = 24 h and
t; = 2 min are selected. There are several ways to evaluate the per-
formance of the different controllers. Comparisons are conducted
in the following scenarios.

(1) To illustrate the performance of the proposed MPC with
energy-optimised open loop controller better, comparisons
with other techniques are presented. The energy consump-
tion of the DX A/C system with different techniques is indi-
cated in Table 5. The MPC with a specific operation point
strategy can be described as follows: The nonlinear DX A/C
system is linearised around the specific operation point.
The MPC controller is proposed to regulate the indoor air
temperature, humidity and CO, concentration along the
specific operation point. The MPC with a equilibrium point
is described as below: The equilibrium point is obtained by
fixing the speed of the compressor, speed of the supply fan
and volume flow rate of the supply air, being 50% of their
maximum values respectively, to solve the state point. Then

Table 5
Energy consumption of the closed-loop system for the proposed MPC control with
different operation points.

Control strategy Energy consumption (kW h/day)

Optimised operation point 17.26

Specific operation point 18.65

Equilibrium point by fixing the input 21.96
Table 6

Energy consumption of the closed-loop system with the proposed MPC in different
situations.

Situation Energy consumption
(kKW h/day)

Setpoint regulation 17.26

Reference change following 24.15

Setpoint regulation with load disturbances 19.64

the nonlinear DX A/C system is linearised around the equi-
librium point. The MPC controller is presented to optimise
the transient processes reaching the equilibrium point. It
can be indicated by the results presented in Table 5 that
the robustness of the proposed MPC is superior to that of
the two strategies.

(2) Energy consumption of the proposed energy-based open
loop optimisation and closed-loop MPC in various situations
is displayed in Table 6. The setpoint regulation strategy per-
forms the best energy efficiency. It can be seen from Table 6
that, in the case of load disturbances, energy consumption
increases, because of the necessity to remove more heat.
The DX A/C system consumes more energy in the case of fol-
lowing reference change.

6. Conclusions

In this paper, an MPC strategy is proposed to achieve optimal
indoor temperature, humidity and CO, concentration simultane-
ously by varying speed of the compressor, varying speed of the
supply fan and volume flow rate of supply air for the DX A/C sys-
tem in the perspective of energy-efficiency. The proposed MPC is
designed based on open loop optimisation and closed-loop MIMO
control. The main contributions of this research are fourfold: (1)
by using open loop optimisation, the unique steady state of opti-
mal indoor temperature, humidity and CO, concentration can be
obtained; (2) the indoor air temperature, humidity and CO, con-
centration are maintained simultaneously by using the proposed
MPC technique; (3) the couplings between indoor air temperature,
humidity and CO, concentration are considered, whereas most
other previous works studied energy efficiency in either tempera-
ture control or humidity control or CO, concentration control; and
(4) as is supported by simulation results, energy efficiency has
been improved while keeping optimal indoor temperature, humid-
ity and CO, concentration.

It can be seen from both theoretical and simulation results that
the closed-loop DX A/C system with the proposed MPC displays
satisfactory performances and energy efficiency. As presented in
simulation, the proposed MPC with optimising steady state can
save 1.39 kW h/day more energy (compared with the proposed
MPC with a specific operation point). The results of the proposed
method show that CO, emissions can be reduced by 502.28 kg
per annum (saving 1 kW h can reduce 0.99 kg CO, emissions').
The proposed MPC approach is reasonably effective for saving energy
and CO, emissions.

1 http://www.integratedreport.eskom.co.za/.
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The proposed energy-based optimised open loop controller and
closed-loop regulation of MPC strategy is suitable for residential
and office buildings using DX A/C system. For buildings using
HVAC system, the proposed control method can be also modified
to suit the need. Future works of this research may include a
new approach that can be used to find the optimal time-varying
reference of the DX A/C system to improve thermal comfort and
energy efficiency.

Appendix A. System matrices

The system matrices for the DX A/C system are listed as follows:

[-2.8372 0 —~1.2297 4.0669 -1959.2805 1469.4603 0
0.0039 —0.0039 0 0 0 0 11.3071
0 43962 -11.5218 8.1436 0 0 0
A.=| 00314 0.0051 0.0381 -0.0763 0 0 0 ,
-0.0015 0 —~0.0007 0.0022 -1.0588  0.7941 0
0 0 0 0 0.0039  -0.0039 0.0054
| 0 0 0 0 0 0 ~0.0013
[ 30.6267 0 0 ]
-0.1621 0 0
225 0 0
B. = 0 —4.2254 0
0.0166 0 0
—0.00003 0 0
L 0 0 —0.000006 |
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