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This paper presents an optimal control strategy for a hydropower plant retrofitted with a hydrokinetic-
powered cascaded pumpback system in dry season. Pumpback operation aims at recycling a part of the
down-stream discharge back to the main dam to maintain a high water level to optimise the energy value
of the available water. The problem is formulated as a multi-objective optimisation problem to simulta-
neously minimise the grid pumping energy demand, minimise the wear and tear associated with the
switching frequency of the pumps, maximise the restoration of the volume of the dam through pump-
back operation and maximise the use of on-site generated hydrokinetic power for pumping operation.
The performance of the proposed cascaded model is compared with the classical single pump pumped
storage model. Simulation results based on a practical case study shows that the cascaded pumpback
model can reduce the pumping energy demand by up to 48.18% and increase the energy yield of the
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resultant system by up to 47.10% in dry season.
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1. Introduction

Coping with the intermittent nature of hydropower generation
is one of the main challenges faced by hydropower system opera-
tors. In the rainy season, the system operators are faced with a del-
uge of floods leading to excess power generation and spillage. The
situation reverses in dry seasons with low in-stream flows where
plant operators are compelled to curtail generation due to low
water levels in the dams. The effects of this fluctuating nature of
hydropower is more pronounced in predominantly hydropower
systems in drought prone regions such as Southern Africa. Pro-
longed droughts experienced in the region in recent years have
resulted in acute power shortages in many countries with Tanza-
nia, Zimbabwe and Zambia worst affected because of their high
reliance on hydropower.! The projected decrease in rainfall in
Southern Africa underscores that the problem will become more
pronounced [1-3]. This problem underscores the need to re-model
the existing hydropower plants in the region to maximise the eco-
nomic value of the available water. To this end, substantive
researches on optimal control of hydropower systems have been
accomplished in the current literature [4,5]. The main research focus
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is optimal planning and water resource allocation [6,7], optimal stor-
age and scheduling of hydropower generators [8-11]. Optimal con-
trol of pumped storage (PS) systems in deregulated energy
markets has also been studied extensively in the current literature
[12-15]. In this case, the cheap-to-buy off-peak energy is used for
pumping operation and later recovered and sold at peak prices to
generate profits [13].

In systems with big disparities between peak and off-peak
power demand, pumpback operation during off-peak hours to
maintain a high reservoir water level for peak generation has been
proposed by some researchers [16,17]. In [16], a pumpback opera-
tion to optimise energy yield of the plant over a 12-month control
period with seasonal changes in instream flows as a sources of un-
certainty is proposed. However, the author does not consider min-
imisation of pumping energy resulting in high pumping energy
demand over the control period. In [17], a pumpback retrofit is pro-
posed for a high head application to maximise the energy output
and revenue of a hydropower plant in a market with deterministic
time-varying energy prices over a 24-h control horizon with a con-
stant in-stream flow. In this case, the high head losses associated
with a single high lift pump has the potential to degrade the eco-
nomic viability of the model. For instance, the model in [17] is pro-
posed by the authors as effective for application to the 150 m head
Eugenia Fall hydropower plant in Ontario. Pumping losses associ-
ated with such a high head can derail the economic viability of
the model.
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Nomenclature

Npy a control variable denoting the number of hydrokinetic
generators

Ug, Uy state of switches for the pumps

Ph nom the rated power output of a single hydrokinetic genera-
tor (MW)

Py hydrokinetic generator power output (MW)

Phg¢ excess hydrokinetic power exported to the grid (MW)

Prit hydrokinetic power supplied to meet the pumping
power demand (MW)

Py ¢ total pumping power demand of the pumpback system
(Mw)

Px1¢ power demand by pump K1 (MW)

Pia ¢ power demand by pump K2 (MW)

Pg; hydroelectric plant power output (MW)

Ho¢ the hydraulic head of the dam (m)

Qo turbine flow rate of the dam via the penstock (m3/s)

Pgy s pumping power demand imported from the grid (MW)

hy depth of the main dam (m)

hy ¢ depth of the intermediate reservoir (m)

e the combined efficiency of the hydro turbine and the
generator

P;"m,Pga" minimum and maximum power output of a hydroelec-
tric plant (MW)

Qin upper reservoir in-stream flow rate (m?3/s)

Q1,Q, discharge rate of pumps K1 and K2 respectively (m3/s)

ts and k sampling period (h) and k;, sampling interval

A base area of the upper reservoir (m?2)

u .

Ry hi™ minimum and maximum water levels in the upper
(dam) reservoir (m)

Ar base area of intermediate reservoir (m?)

k™" h™ minimum and maximum water levels in the intermedi-
ate reservoir (m)

H{,H, net head of pump K1 and K2 respectively (m) respec-
tively
N N efficiency of pumps K1 and K2 respectively

Ppin PN minimum and maximum pumping power demand

(Mw)
Nes Mg the hydrokinetic turbine and generator efficiency
Cp coefficient of performance of the hydrokinetic turbine
At cross sectional area of the hydrokinetic turbine (m?)

v ~ river current velocity (m/s)
P PR minimum and maximum hydrokinetic generator power
output (MW)

N total number of sampling intervals

] the objective function

Py, total grid load demand (MW)

Resopt the optimal change in the intermediate reservoir water
level due to pumping operation (m)

Hiq change in the intermediate reservoir water level due to
K1 operation (m)

Hyo change in the intermediate reservoir water level due to
K2 operation (m)

Hqgo change in the main dam water level due to Q, (m)

Hiyiow  change in the main dam water level due to the
combined state inflows (m)

Hopt optimal change in the main dam water level due to the
combined state inflows and outflows (m)

Eg total energy produced by the hydro-turbine generator
over the 24-h control period (MW h)

Ep total energy produced by the hydrokinetic system over
the 24-h control period (MW h)

Enk total hydro-turbine energy consumed by pumping
system over the 24-h control period (MW h)

Epg total hydrokinetic energy exported to the grid over the
24-h control period (MW h)

Eg total grid energy supplied to the pumping system over
the 24-h control period (MW h)

Eopt total optimal energy output of the system over the 24-h

control period (MW h)

In this paper, unlike in the cited works, we seek to simultane-
ously minimise the pumping energy demand and the wear and tear
associated with the switching frequency of the pumping system.
We further propose an on-site hydrokinetic energy conversion
(HEC) system for powering the pumpback system instead of full
reliance on grid power. To minimise pumping power demand for
high head applications, we further propose a cascaded pumpback
model with two pumps inter-staged with an intermediate reser-
voir to reduce the hydraulic head to be bridged by a single high
power high lift pump. A cascaded model reduces the overall pump-
ing problem into a multi-pump operation problem which can be
solved to minimise the pumping power demand of the resultant
system. Defining a pump switch as a state transition of a pump
from off to on state [18], the problem of optimal switching control
of a pumping system to minimise the pumping energy demand has
been solved in [19,20]. Since pumping energy demand over a given
control period is proportional to the number of switches or the
cumulative operating hours, a pumping optimisation problem
can be formulated to minimise the number of pump switches
[21] as well as the cumulative number of operating hours [18].
The main contribution of this work include: (1) The use of alterna-
tive hydrokinetic (HK) energy for pumping operation, (2) cascading
pumpback operation to minimise pumping power and energy
demand for high head applications and (3) minimisation of the
wear and tear costs of the pumps by minimising the number of
switches of each of the pumps. This paper is organised as follows:
Sections 2 and 3 present the mathematical formulation and

discrete time modelling of the system respectively. Section 4
presents the simulation results and discussion while the last part,
Section 6, concludes the paper.

2. Mathematical model formulation
2.1. Schematic model layout

Fig. 1 shows the schematic layout of the proposed hydropower
model with a cascaded pumpback retrofit. In the figure, Hy(m) is
the system head while h,.(m) is the height (depth) of water in
the dam at any given time t. The system comprises the conven-
tional hydropower system, the HEC system and the cascaded
pumpback system. The conventional hydropower system com-
prises the main dam and the hydro-turbine generator in the power
house. The HEC system comprises n, hydrokinetic generators
installed in the tail-race of the power plant to harness a part of
the kinetic energy of free-flowing water to power the pumpback
system. The pumpback system comprises pumps K1 and K2 pow-
ered through their respective switches u; and u, and the interme-
diate reservoir R.

In the proposed model, the pumping power demand will be met
primarily by the on-site generated HK power. In cases when the
on-site generated HK power is more than the pumping power
demand, the surplus will be exported to the grid. Conversely, when
the HK power output is less than the pumping power demand, the
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Fig. 1. Schematic layout of the hydropower system with cascaded HK-powered pumpback system.

deficit will be offset by grid power import, Pg. In Fig. 1, Pg; and Py
are respectively, the hydro-turbine generator and the HK power
output. The fraction of HK power supplied to meet the pump load
is denoted by Py, while Py, is the excess on-site generated HK
power exported to the grid. The notations Py, and Py, are respec-
tively, the pumping power demand for pumps K1 and K2. The
quantities Q;,, Q,;, Q; and Q, are respectively, the constant in-
stream flow rate, the turbine discharge rate and the flow rates of
pumps K1 and K2 expressed in m3/s. The speed of water down-
stream, v (m/s), is assumed to be constant over the 24-h control
period in this paper. It is also assumed that down-stream river flow
is un-regulated and the dam is a single purpose dam for hydro-
power generation only. In this model, the control variables include
Qors Mty Poke, Phke, Prge and the state of the pump switches, u;,
and u,,. The water level in the main dam, h,,, and the level in
the intermediate reservoir, h,;, form the state variables of the
system.

2.2. Sub models

2.2.1. Conventional hydropower model

Given the density of water, p = 1000 kg/m? and gravitational
acceleration, g = 9.81 m/s?, theoretical power output of a hydro-
turbine generator, P;; (MW), can be expressed as a non-linear
function of the net head of the system, H,, (m), and the turbine
flow rate, Q,, (m3/s), as follows [22]:

Pge =9.811,Ho Qo x 107, 0 < Q, < Apy/2gH)™ (1)

where 7,, A,(m?) and H™ (m) are respectively, the overall effi-
ciency of the hydro-turbine generator, the cross-sectional area of
the penstock and the maximum head of the system.

If a cylindrical model with a base area, A,(m?), is assumed for
the main dam and the precipitation to and evaporation losses from
the water surface is neglected for a short scheduling period, the
water mass balance of the dam can be expressed by a first order
differential equation as follows [16]:

hu,t+1 = hu,t +1§_5 [Qin + u2‘tQ2 - Qo.t}v (2)
u
where h,; and h,., are respectively, the dam water level at the end
of time t and the next time period, t + 1. The notation u,, is a binary
variable [0,1] denoting the on/off state of the switch of pump K2
while t; is the sampling time. For optimal operation, the water level
in the dam must not exceed its dimensions and must not fall below
the minimum operational limit. Therefore, the dam level is

restricted to lie within hy, € [hI™ hT®] where hI"™ and h['"™ are
respectively, the minimum and maximum operational bounds of
the dam.

Similarly, if we assume a cylindrical model with a base area,
A;(m?) and zero evaporation and precipitation effects for a short
scheduling period, the water mass balance of the intermediate
reservoir can be expressed in terms of reservoir height as
follows:

ts
hr‘t+1 = hr.t +A— [ul‘th - u2,tQ2]7 (3)

where h;, (m) and h; 1 (m) are respectively, the height of water in
the reservoir at the end of time t and at the end of the next time
phase, t + 1. Similarly, the water level in the intermediate reservoir

at any given time is constrained to lie within h,; € [h;"i”, h"™] where

h™ and h™™ are respectively, the minimum and the maximum
operational bounds of the intermediate reservoir.

2.3. Cascaded pumping model

The pumpback operation conserves water by recycling a part of
the down-stream discharge back to the main dam to maintain a
high level for optimal hydropower generation; the amount of
water discharged for each unit of hydropower generated increases
with a decrease in the level of water in the dam. The proposed
model employs constant speed pumps assumed to work at their
full rated capacity and controlled by on/off switches. Therefore,
the pumping power demand of each pump depends only on the
status of the on/off switches expressed as follows [23]:
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9.81H;Q;u;;

ki

Pyi¢ = x107°, i=1,2, (4)
where Py, (MW), H;, Q; and u; are respectively, the power demand,
the hydraulic head, the flow rate and the control switch of pump Ki
at time t. The coefficient #,; denotes the combined efficiency of
pump Ki and its drive motor. In the proposed model, the pumping
power demand is met primarily by the power flow from the HEC
system, Py.. In cases when the on-site generated power is less than
the pumping power demand, grid power, Py, will be imported to
off-set the deficit. Therefore, the power balance of the pumpback
system can be expressed as follows:

Pht + Porr = Pra Uiy + Pro el (5)

2.3.1. HEC system

Unlike the conventional hydro turbine generator that requires a
water head, a HK generator is designed to extract the Kkinetic
energy of the run-off water at low to zero hydraulic head and con-
vert it into electrical energy [24]. The operation principle of a HK
turbine is similar to that of a wind turbine and thus, the power out-
put of a HEC system can be expressed by Eq. (6) adopted from [25].
Phs = Gl Aupv” x 10°, 6)
where C,, A((m?) and v(m/s) are respectively, the coefficient of per-
formance of the HEC system limited by Betz law [26], the area
swept by the HK turbine rotor and the after-bay speed of water.
The coefficients #, and 5, are respectively, the efficiencies of the
HK turbine and the generator while p is the density of water
expressed in kg/m3. In general, the power output of the HEC sys-
tem,P,, (MW), depends on the number of HK generators in parallel
operation, n,,, and the nominal power rating of each of the HK gen-
erators, Py, .om, €xpressed by Eq. (7).

Ph.t = nh‘tPh,nom~ (7)

Therefore, the power balance of the HEC system is expressed as
follows:

Py¢ = Phie + Prgy, (8)

3. Discrete model formulation of the system

The state dynamics of the dam Eq. (2) can be re-expressed in
discrete time domain by a first order differential equation as
follows:
hu k+1 = hu Kk + [Qm + Uy, kQZ - Qo k} (9)

which can be expressed iteratively as follows:

ts u t t
k 0 hU1_huo+Qms+%in&%iS7
Qunts | U21Qats  Qoits
R VR P W
inls U ts e

2 M37hM+Q' +z§§__9%;7 (10)

t:Q: 0 t
hu.k*hu()'f‘ 2 m s ZZuZJ SZQU]» \ \ )7
where k is the sampling interval and h,¢ is the initial water level in
the dam at time k = 0. Therefore, the water level constraint of the
main dam can be expressed in discrete time domain as follows:

min ts in ts max
R <y 52 szz, ZQW <h ()

Similarly, the intermediate reservoir water mass balance Eq. (3) can
be re-expressed in discretised form as follows:

ts
hr.k+1 = hrk +A [ul kQ] — U sz]
t
k=0; h.=hy +Ks[u1,oQ1 — U0Q,],
T
k=1; hy=h; + [Ul 1Q1 — U21Q,],
(12)
k=2, hs=h, + [Lh 2Q1 — 122Q7],

1<j<k),

t k t k
hry=hro+ %Zuu - SAQr'Z j;uzp

=

where h,, is the water level in the intermediate reservoir when
k = 0. The constraint of water level in the intermediate reservoir
is expressed in discrete form as follows:

) t L t k
0 < o0 Sy, - B0, < 13
ri Toj=1

3.1. Objective function

The problem is formulated as a multi-objective optimisation
problem given by Eq. (14). The first performance index,

tsz,( Pgx minimises the grid pumping energy demand. The sec-

ond part, Zk:l(s”< +5,,) minimises the switching frequency of
the two pumps, K1 and K2, to reduce wear-and-tear. The third
objective, tSZLQZuZ_k maximises the restoration of the water vol-
ume in the main dam through pumpback operation while the
fourth objective, tSZLV:]Phk‘k maximises the use of hydrokinetic
energy to power the pumpback system. Finally, the overall perfor-
mance index is written as follows:

N N N N
J=Wits) Py +Watsy (S1k+520) —Wstsy Qolla —Wats Phi,
k=1 k=1 k=1 k=1
(14)

The control horizon is 24 h with a sampling time, t; = 0.25h.
k=1,...,N is sampling interval and N is the total number of
intervals.

In general, the maintenance cost of a pump relates to wear and
tear costs associated with the number of switching times [27].
Therefore, minimisation of the switching times of a pump reduces
its associated wear and tear costs. In this paper, the Pretorian
method used in [27] is used to minimise the switching frequency
of the pumps. This method introduces an auxiliary variable, s, rep-
resented by a value of 1 whenever a transition from off to on state
of the pump occurs. Minimising the state transitions of the auxil-
iary variable, s, reduces the switching frequency of the pump by
augmenting the adjacent on/off switches and consequently reduc-
ing the overall number of switches of each of the pumps over the
24 h control horizon.

The objective function Eq. (14) is solved subject to the following
constraints:



442 F. Wamalwa et al. / Energy Conversion and Management 132 (2017) 438-451

min tsQin tsQZ k tS k max
< — PR - <

hu X hu,O + Au + Au j:Z]qu Au ;QOJ = hu ) (15)

min tsQ] k tSQZ k max
hr < ho+ A jzzllh‘j —A—rjzzluz,j < hr s (16)
Pg i + Pg = P, (17)
Py = Prig 4 Prg s (18)
Py + P = g1 Px1 + Uz 1Pxa, (19)
PI™ < Pgi < PJ™, 0< Qop < Apy/28H)™ (20)
PI™ < Py < PP (21)
P;fgm < Phgi < Pg™ (22)
Pz;(m < Phl(.k < P;;nkax (23)
Pi" < Pgeye < P (24)
Ui — Six <0,i=1,2 s, €[0,1] (25)
Ui — Uig—1 —Six <0, 1=1,2 (26)
Uy €[0,1], i=1,2, (1<k<N), (27)

where Zlewj =1 is the weighting factors that determine the rela-
tive importance of each of the objective vectors. Inequalities (15)
and (16) are respectively, the state constraints of the dam and the
intermediate reservoir bounded by their respective minimum and
maximum allowable limits. The equalities (17) and (18) are the grid
and the HK power balances respectively. Equality (17) shows that
the power supplied to the grid is the sum of the hydro turbine gen-
erator output and the excess HK power. Equality (19) shows that
the total power demand by the pumpback system is the sum of
the HK power supplied to the pumps and the supplementary grid
power import. Inequalities (20)-(24) are respectively, the control
variable bounds for: the hydro-turbine generator power output
which depends on the turbine flow rate bounds, the total HK power
output, the surplus HK power exported to the grid, the HK power
supplied to meet the pumping power demand and the supplemen-
tary grid power imported to offset pumping power deficit. The
inequality (25) initialises the auxiliary variable s;, as the initial sta-
tus of u;, while the inequality (26) favours the control with less
switching frequency. These auxiliary constraints allow the objective
function (14) to simultaneously minimise the grid pumping energy
demand, minimise the wear and tear costs by minimising the num-
ber of on/off switching of the pumpback system, maximise restora-
tion of the volume of the main dam through pumpback operation
and maximise the use of HK energy for pumping operation. Eq.
(27) is a binary control variable constraint for the switches, u;
and u,, which control pumps K1 and K2 respectively.

3.2. Algorithm formulation and implementation in MATLAB

The proposed model yields a constrained mixed integer non-
linear problem solvable by the OPTI toolbox SCIP algorithm in
MATLAB. The control variables are as follows: binary variables,
u x and u, g, real number variables; Q, y, Phkk, Phgx and Pgy k., an inte-
ger variable, npy, and the auxiliary variable, s;;,i = 1, 2. The objec-
tive function Eq. (14) is expressed in canonical form by Eq. (28).

X (28)
subject to
AX<b
AcqX = big (29)
Lg < X < Lg.

where AX < b denotes the inequality constraints, AeqX = beq the
equality constraints and Lz < X < Lz denotes the lower and the
upper bounds of the control variables.

The vector X contains all the control variables of the model
expressed by Eq. (30).

,
X=[u1.n U21n, Mrans Qorny Prkiny Poer ns Phgtony Stany 218 gy,

(30)
From the objective function Eq. (14):

fT:[Ol,,,Na ~W3Qa1.n, O, Onny Winn, Winn, Onn,Wai N, Wi ,N}lng-
(31)

The lower and the upper bounds of the control variables are
expressed by Egs. (32) and (33).
Lower bounds

le:[Ol...M 01~y O1n, O1n, Oin, O, 018,01 8,01 N]on, -
(32)
Upper bounds

2 2
ub" = | 11.n. li.n, 321, 4510, ZPKj.l.”N-, ZPKj.l Ny WPhans 1o, Tin
=1 = 1x9N

(33)

The detailed formulation of the inequality and equality constraints
of the problem are attached to Appendix A.

3.3. Case study

The case study is based on Pangani fall hydropower plant (HPP),
one of the three HPPs that form a cascade of the Pangani Hydro-
power system located on Pangani River in Tanzania. The first one
is Nyumba ya mungu (NyM) plant, a 2 x 4 MW hydropower plant
located at NyM dam which discharges into the 2 x 10.5 MW Hale
HPP. From the Hale power plant, water flows into the Pangani fall
dam that feeds the 2 x 34 MW Pangani fall HPP which drains into
the Indian Ocean 64 km downstream. The Pangani hydropower
system has a total installed capacity of 91.5 MW. However, the
generation capacity drops to 30% during dry seasons due to low
water levels in the dams; a situation which has worsened in recent
years due to prolonged droughts? caused by the on-going climate
change. Hydropower generation of the Pangani fall HPP has declined
in the last 10 years [28] and reached the lowest point in 2014 with a
production of 25 MW; a situation that threatened its shutdown.? In
this work, we propose a pumpback retrofit to recycle a part of the
after-bay water back to the main dam to maintain a high level in
the dam to optimise its energy yield. We propose a cascaded pump-
back system to minimise the pumping energy demand of the system
through optimal scheduling and operation of the pumps. To validate
the economic advantages of the proposed cascaded pumpback model
over the classical single pump pumpback model, the performance of
the hydropower plant is simulated over a control period of 24 h for
each of the models. The simulation assumes a normal average day in
dry and rainy seasons with a constant river discharge. However, in
practice, the river discharge may vary if the system is modelled for
a longer horizon such as for a month or a year depending on precip-
itation patterns of the region.

3.3.1. Pangani fall hydropower plant
Pangani fall HPP is fed by Pangani fall dam with a live capacity

of 0.8 x 10° m3. The reservoir has a maximum and minimum
hydropower operating level by volume of 1.7 x 10°m3 and

2 http://www.iucn.org/dbtw-wpd/edocs/2007-002.pdf.
3 http://www.theeastafrican.co.ke/news/Tanzania-to-switch-off-all-hydropower-
stations/-/2558/2905900/-/ep5kq9/-/index.html.
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Table 1
Salient features of Pangani fall hydropower plant.
Res-vol (m3) h™* (masl) h™™ (masl) H, (masl) Pg (rated) (MW) Qg™ (m3/s) QMM (m3/s) Qin (m3/s) e
1.4 % 10° 177.50 176.00 170.00 68.00 45.00 9.00 12.50 0.93
Table 2
Design specifications of the intermediate reservoir.
Design shape Design capacity m3 Radius (m) Design height (m) h™* (m) B0 (m)
Cylindrical 2.40 x 10° 35.60 60.00 60.00 10.00
Table 3
Design specifications of the pumping system.
Q; (m3/s) Q, (m3/s) H; (m) Hy (m) Head range (m) Pressure (bar) 1y
5.50 5.50 85.00 85.00 up to 110.00 up to 64.00 0.90

0.9 x 10° m? respectively. The plant is installed with 2 x 34 MW
SAV340/110/14 generators with a nominal capacity of
2 x 40 MVA and a power factor of 0.85. The plant turbines’ speed
is 428 rpm (rpm) [29]. In this case study, an initial volume of
1.1 x 10° m? is assumed, which is a typical average capacity of
Pangani fall dam in dry season. For ease of modelling and control
of the available capacity, a cylindrical model with a base radius
of 71.36 m which gives the dam model a design depth of
68.75 m. Table 1 shows the salient features of Pangani fall HPP
with the height given in meters above sea level (masl) [29].

3.3.2. Intermediate reservoir parameters

The intermediate reservoir, R, proposed in this model is used to
create an intermediate pumping stage for operation of pumps K1
and K2 in cascade as shown in Fig. 1. This reservoir is sized by rule
of thumb to ensure 12-h continuous outward pumping by K2 with-
out restorative inward pumping by K1 and 12-h inward pumping
by K1 without outward pumping by K2. Since the two pumps K;
and K, are sized equally, the maximum capacity of the intermedi-
ate reservoir can be approximated to 2.4 x 10°m? with a design
radius of 35.60 m and a height of 60.0 m. Table 2 shows the design
specifications of the intermediate reservoir.

3.3.3. Cascaded pumping system parameters

The pumps used in the case study are the SJT vertical turbine
pumps from Sulzar Ltd with a performance range of up to
17.30 m3/s, maximum head of 110 m and pressure of up to
64 bar.* Table 3 shows the specifications of the pumps used in the
case study.

3.3.4. Hydrokinetic generator parameters

The hydrokinetic energy conversion system used in the case
study comprise of the CCO35A river-in-stream turbine models
developed by the Clean Current Renewable Energy Systems Inc®
and the flooded, permanent magnet generators. The CCO35A turbine
has a rotor diameter of 3.50 m and requires a minimum river depth
of 7.00 m for effective deployment. The technical specifications of
the HK turbines used in this paper are given in Table 4. #, denotes
the efficiency of the mechanical gear box of the turbine. However,

4 https://www.sulzer.com/en/Products-and-Services/Pumps-and-Systems/Verti-
cal-Pumps/Vertical-Wet-Pit-Pumps/SJT-Vertical-Turbine-Pumps.
5 http://www.cleancurrent.com/river-turbines.

the Betz limit, C, is factored in the power output model given in
Eq. (6).

The CCO35A HK turbine model has a rated power output of
65 kW and a nominal revolution per minute (rpm) of 75. It oper-
ates optimally in a current speed range of 1.50-3.70 m/s. The
hydrokinetic generator has a nominal output of 65 kW.

3.3.5. Uncertainty analysis of the demand load

There are several techniques used in sensitivity (uncertainty)
analysis in a given model to determine its viability and reliability
at design stage. In this paper we adopted the methodology used
in [30] to ascertain the confidence level of the load demand in
the case study. The random error (noise) in addition to the instru-
ment’s absolute uncertainty is introduced in the load demand
which in this case is the recorded load profile of the hydropower
plant referred to as the measured value. The true (accepted) values
are then estimated from the measured (corrupted) values. The
resulting difference between measured and true values is due to
random errors. For analysis purposes, random errors are generated
in MATLAB software with a distribution mean of 0 and standard
deviation of 1 which is then multiplied by the absolute uncertainty
of the watt-meter 0, mess = +0.01; a value which is often given by
the manufacturer of the demand measuring instrument.

Zm = Am + RANDy, % G meas- (34)
where Z,,,Amn,RAND;, and O, meqs are respectively, the measured
value of mth measurement, the true value, the random noise and
the standard deviation of the mth measurement while
m=1,...,24 is the number of measurements. The Pangani fall
hydropower load demand profile is analysed for sensitivity and
the results are shown in Table 5. Further analysis is done to deter-
mine the relative uncertainty of each given measurement.

Absolute uncertainty
Measured value

Relative uncertainty (%) = (35)
In this case, the weakest link rule® is applied where the measure-
ment with the largest relative uncertainty is picked from Table 5.
In this case, the largest relative uncertainty is 0.022% which is used
to determine the absolute uncertainty of the final objective function.

The simulation is performed for both measured and true values,
A, to compare the confidence level of the results of the proposed

5 http://www?2.fiu.edu/dbrookes/ExperimentalUncertaintiesCalculus.pdfDateac-
cessed10.10.2016.
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Table 4
Hydrokinetic turbine specifications.
Model iy Py, (kW) A (m?) Vigtea (m/s) e (%) g (%) Pw (kg/m?) S
CCO35A 26.00 65.00 9.60 3.00 0.90 0.85 1000 0.45
Table 5
Uncertainty analysis of the Pangani fall HPP on load demand profile.
Measured values (MW) Rand error Om,meas True values (MW) Absolute uncertainty Relative uncertainty (%)
50 0.534 0.01 49.995 (50+0.01) 0.020
50 0.885 0.01 49.991 (50 +0.01) 0.020
50 0.899 0.01 49.991 (50+0.01) 0.020
50 0.626 0.01 49.994 (50+0.01) 0.020
60 0.138 0.01 59.999 (60 +0.01) 0.017
60 0.218 0.01 59.998 (60 +0.01) 0.017
60 0.182 0.01 59.998 (60 +0.01) 0.017
60 0.042 0.01 60.000 (60+0.01) 0.017
60 0.107 0.01 59.999 (60 +0.01) 0.017
60 0.616 0.01 59.994 (60 +0.01) 0.017
60 0.940 0.01 59.991 (60+0.01) 0.017
60 0.355 0.01 59.996 (60 +0.01) 0.017
65 0411 0.01 64.996 (65+0.01) 0.015
65 0.984 0.01 64.990 (65+£0.01) 0.015
65 0.946 0.01 64.991 (65+0.01) 0.015
65 0.677 0.01 64.993 (65+0.01) 0.015
45 0.988 0.01 44.990 (45 +0.01) 0.022
45 0.767 0.01 44,992 (45 +0.01) 0.022
45 0.337 0.01 44.997 (45 +0.01) 0.022
45 0.662 0.01 44.993 (45 +0.01) 0.022
45 0.244 0.01 44,998 (45 +£0.01) 0.022
45 0.296 0.01 44.997 (45 +0.01) 0.022
45 0.680 0.01 44.993 (45 +0.01) 0.022
45 0.528 0.01 44.995 (45 +0.01) 0.022
model. The measured and true value simulation results are pre- Scenario I

sented in Figs. 4 and 5 respectively in Section 4.3.

4. Simulation results and discussion

The optimal control is modelled for two scenarios. The first sce-
nario simulates a typical day in a dry season when there is low
river inflow, modelling a drought season case. The second scenario
simulates the performance of the model on a typical day in the
rainy season with high in-stream discharge. To validate, the perfor-
mance advantages of the cascaded pump-back model, simulation
for a single pump classical PS model is also carried out for the
two scenarios. The comparison of the performance of the two mod-
els is presented in Section 5.

4.1. Optimal switching operation of the pumpback system

Fig. 2 shows the results of the optimal switching of the cascaded
pumpback model and the resultant change in water level of the
intermediate  reservoir obtained for the case when
w; =Wy = w3 = wy = 0.25. The minimum operation level of the
intermediate reservoir is set at 10.00 m while the initial water level
is set at 15.00 m. As a result, the OC switches on pump K1 between
00:00 and 11:00 to raise the water level of the intermediate reser-
voir before bringing in pump K2 for onward pumping to the main
dam. As shown in Fig. 2, the OC switches off pump K1 at 11:00 and
switches on K2 for the remainder of the control horizon to keep a
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Fig. 2. Optimal pump switching and corresponding intermediate reservoir water levels.
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high water level in the main dam in order to optimise the perfor-
mance index of the hydropower plant. The top row graphs in
Fig. 2 shows the power demand of each of the two pumps, which
is 4.82 MW whenever in operation, otherwise it is zero. As shown,
the OC switches on K1 to raise the water level of the intermediate
reservoir to 50.0 m before bringing in K2 for outward pumping to
the main dam. The reservoir water level would fall below its min-
imum level at 13:00 if pump K2 was operated before K1. The water
level drops to the minimum level of 10.0 m at the end of the day.
The second row graph shows; the change in water level of the
intermediate reservoir as a result of the pumping actions of pumps
K1, Hx1, and pump K2, H,. Res,; (m) is the optimal change in the
intermediate reservoir water level due to the combined pumping
actions of the two pumps. The water level due to the pumping
action of K1, Hy, rises steadily to 50.0 m by 11:00. During this per-
iod, the overall water level, Res,, is equal to Hx; because pump K2
is off. However, as the OC switches on pump K2 after 11:00, the
water level in the intermediate reservoir drops as depicted by
Hy,. At the end of the control horizon, the intermediate reservoir
water level falls to a minimum of 10.0 m, proving that the OC
meets all the operational constraints of the model. In addition,
the OC scheduling strategy is observed to alternate the pump’s
operation time in order to minimise the pumping energy. This is
one of the main advantages of the cascaded pumpback model over
the classical single pump PS model which often consumes a huge
amount of energy due to the pump’s net hydraulic head for a clas-
sical scenario.

4.2. Optimal water level and flow rates of the main dam

The optimal flow rates and the corresponding change in water
level of the main dam are shown in Fig. 3. In the figure Q, and
Qinow are respectively, the turbine flow rate for hydropower gener-
ation and the combined in-stream discharge and flow rate of pump
K2, Qin + Q,. As shown, Qi is 12.50 m?® /s whenever K2 is in off
mode and 18.00 m?/s whenever K2 is in operation mode. The tur-
bine flow rate, Q,, varies in response to the changes in hydropower
load demand, P,. In this case, Q, is 24.45 m?/s between 00:00 and
00:15 but decreases to 22.57 m?/s between 00:15 and 00:30 in
response to a decrease in P, as shown in Fig. 4. An increase in P,
between 00:30 and 01:00 results in a corresponding increase in
Q,. Between 01:00 and 04:00, Q, is kept constant at 20.90 m3/s.
However, an increase in P; from 28.37 MW to 3837 MW at
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Fig. 3. Flow rates and changes in water level of the main dam in dry season.

04:00 results in a corresponding increase in Q, from 20.90 m3/s
to 28.27 m?/s. The optimal water level in the dam, H,p: (m), is as
a result of the change due to the combined inflows, How (M), less
the change due to turbine discharge, Hq, (m). The baseline case is
depicted by Hq, which is the would be change in the water level of
the dam in the absence of the proposed pumpback system. As
shown in Fig. 3, Hoy drops from the initial level of 176.00 m to
117.10 m at the end of the day. For the baseline case, the water
level in the dam model, Hg, would drop from 176.00 m to
101.90 m. However, the pumpback system maintains a high water
level in the dam to optimise the performance of the plant through-
out the control horizon. Hiy.w shows the would be water level in
the dam model if there was inflows without turbine discharge,
Q,. In this case, the water level of the dam model would rise from
176.00 m to 257.30 m, leading to an overflow at the end of the day
since the maximum operation level of the dam model is 177.50 m.

4.3. Optimal power flows of the system

Fig. 4 is the optimal power flow of the system based on the
measured values for the case of w; =w, =w; =wy, =0.25. As
shown in Fig. 4, the OC uses HK power, Py, to meet the pumping
power demand between 04:00 and 16:00. Afterwards, Py is zero
between 16:00 and 19:30 and between 21:00 and 22:00. This
can be attributed to the lower grid load demand hence the grid
power, Pg, while much of the produced HK power, Py, is fed into
the grid to conserve water in the main dam. The total pumping
energy imported from the grid in the case study is 35.74 MW h.

As shown as well in Fig. 4, all the on-site generated HK power of
21.62 MW is exported to the grid between 00:00 and 00:15,
between 00:45 and 03:30, between 16:00 and 19:30 and between
21:30 and 22:00 as the OC opts to meet the pumping power
demand by grid import power, Pg. On the other hand, P, varies
in response to changes in grid load supplemented by Pj,. For
instance, P; supplies 28.38 MW supplemented by Py, of
21.62 MW to meet the committed demand of 50.00 MW between
00:00 and 00:15. However, a decrease in Py, from 21.62 MW to
16.80 MW at 00:15 against a constant Py of 50.00 MW results in
a corresponding increase in P, from 28.38 MW to 33.20 MW. This
inverse complementary relationship between P and Py, especially
between 16:00 and 24:00, is one of the advantages of the proposed
optimal control model. A decrease in P, in response to an increase
in Py; conserves water in the dam and optimises the energy output
of the dam.

4.4. Uncertainty analysis on optimal power flows

Visual inspection of Fig. 5 of true value power flows shows a
close match of the power flows from the measured values, shown
in Fig. 4. However, there are some observable differences in pump-
ing power demand between the two cases. When true values are
used as shown in Fig. 4, the OC opts to meet the pumping power
demand using grid power,Pg, between 01:00 and 08:15 before
reverting to HK power, Py, between 08:15 and 24:00.

The net effect between the two cases is a slight difference in
daily grid pumping energy, Eg. The case based on true values
results in Eg value of 35.60 MW h as compared to the measured
value of 35.74 MW h.

4.5. Optimal daily energy production in dry season

Table 6 shows the optimal energy flows of the proposed model
for a typical day in dry season. As shown in the table, weighting
factors have effects on the optimal results of the model. In the
table, Ex (MW h) denotes the pumping energy demand of the
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Fig. 5. Sensitivity on the optimal power flows of the cascaded model in dry season.

Table 6
Daily optimal energy flows for a cascaded model in dry season.

w1 E; (MW h) Epg (MW h) Ene (MW h) Ege (MW h) Ex (MW h) Eopt (MW ) Increase (%)
Wi =Wy =ws =wy = 0.25 859.57 44029 78.69 35.60 114.30 1264.30 47.09
Wy =ws=0w; =1 859.57 44029 79.36 34.94 114.30 1264.92 47.16
Wy =ws=0w, =1 816.16 518.99 0.00 114.98 114.98 1184.90 45.18
Wi =Wy =wg=0;w; =1 781.12 518.99 0.00 220.59 220.59 1078.30 38.05
Wi =Wy =ws = 0wy =1 943.00 356.30 162.68 57.91 220.59 1241.39 31.64

model which is the summation of HK pumping energy, Eyx (MW h),
and grid pumping energy,Egc (MW h), over the 24 h control hori-
zon. The optimal energy output, E,,c (MW h), is the result of sum-
mation of hydro-turbine energy output, E,, excess HK energy
supplied to the grid load, Ej, less the grid pumping energy
demand, E,. From Table 6, the objective function simulated using
measured values for the case when w; =w, = w3 =w, =0.25
results in an optimal hydro-turbine energy output,
E; = 3" Pty = 859.5723 MW h, where P, = gpHo#,,17,107°Q,. In
this paper, weighting factors are not optimised, therefore, to ascer-
tain their effects, different combinations of weights are considered.
An equal weight to each of the four objective vectors results in grid
pumping energy, Eg, of 35.60 MW h and E,,; of 1264.30 MW h per

day, which translates to 47.09% increase in the daily energy yield of
the resultant system.

On the other hand, allocating full priority to minimisation of
grid pumping energy, Eg, by setting wy = 1w, = w3z =w, =0,
results in the best optimal solution with lowest grid pumping
energy demand, Eg, of 34.94 MW h which also results in the lowest
overall pumping energy demand of 114.30 MW h. This operation
strategy increases the overall energy yield of the resultant system
by 47.16%, which is the highest gain when compared to other oper-
ation strategies. On the other hand, setting
w; =W, = w4 =0;w; =1, which maximises the restoration of
the water level in the main dam by the pumping action of pump
K2 results in the highest grid pumping energy demand of
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220.59 MW h and 38.05% increase in the overall energy output of
the system. This is expected because maximisation of restoration
of the volume of the dam results in continuous pumping operation
by both pumps K1 and K2 throughout the 24 h control horizon
resulting in the highest pumping energy demand of 220.59 with
the OC opting to meet it fully by Eg.

The case of setting w; = w, = w3 = 0,w, = 1 results in the opti-
mal solution with the lowest Ej, of 356.30 MW h with 31.64% gain
in the energy yield of the resultant system, which is the lowest
value when compared to other combinations of weighting factors.
This is because maximisation of Ep, for pumping operation min-
imises Ej, resulting in low gain in E,; despite high E,. These results
with ranging values of weights provide a framework of reference
for decision makers when faced with multiple objectives so that
effective trade-offs and choices are made with regard to the prior-
ity of each of the sub-objectives.

Finally, this proposed model yields results with uncertainty

error in the performance index based on true values discussed in
sub Sections 3.3.5 and 4.4 equal to:E; = >~ Pyt; = 859.5684 MW h
against the energy output simulated from the measured values of
859.5723 MW h, which are in close agreement. This proves a low
risk of uncertainty implying that the model’s results have high con-
fidence level to the margin of:
AE =Pyt x 0.022 x 1072 = 0.1891, (36)
where 0.022 x 1072 is the weakest link. A value of AE =0.1891
gives this model the energy output results with the marginal uncer-
tainty error of E = (859.5723 +0.1891).

5. Comparison with the classical single pump pumpback model

The pumpback system for the classical pumped storage (PS)
model comprise of a single high lift pump for recycling a part of
the down-stream discharge back to the main dam. Fig. 6 shows
optimal switching, flow rates and power flows of the classical PS
model when w; = w, = w3 = wy = 0.25. As shown, for the same
initial conditions of the dam and grid load demand, the OC keeps
pump K on throughout the control horizon to maintain the same
level of system performance achieved by the cascaded pumpback
model. The pumping power demand is 9.19 MW throughout the
control period, which is met by Py between 00:00 and 05:30 and
between 19:45 and 20:30, otherwise it is met by Py,.
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Table 7 shows energy flows of the classical single pump pump-
back model for the same weighting factors used to simulate the
results of the cascaded model shown in Table 6. As shown, for the
same weighting factors, the pumping energy demand for the classi-
cal PS model is far higher for the first three operation strategies as
compared to the cascaded pumping model. For instance, for the case
when w; = w, = w; = wy = 0.25, the classical PS model demands
an overall pumping energy, Ex, of 220.59 MW h as compared to
114.30 MW h demanded by the cascaded pumpback model.

In this regard, using the classical PS model as the baseline, the
cascaded pumpback model saves 106.29 MW h of pumping energy,
which translates to a saving of 48.18%. Similarly, the case of
wy = 1;w, = w3 = wy = 0 which allocates full optimisation prior-
ity to minimisation of grid pumping energy demand results in
114.30 MW h of pumping energy demand for the cascaded model
as compared to 219.94 MW h demanded by the single pump clas-
sical model. This translates to 48.03% savings in energy demand
when the classical PS model is used as the baseline. In similar
veins, allocation of full optimisation priority to the restoration of
the dam water level by setting w; = w, = wy = 0; w3 = 1, results
in an optimal solution with pumping energy demand of
220.59 MW h for both models for the same weighting factors. This
is because this operation strategy results in the OC switching on all
the pumps throughout the control period in both models resulting
in the highest possible pumping energy demand. In comparison,
the use of a cascaded pumping model for this case results in
38.05% increase in energy yield of the cascaded model as compared
to 24.43% gain realised by the classical PS model. This underscores
that the cascaded model has a comparative advantage over the
classical PS model even under worst operational strategies.

In general, the high pumping energy demand for the classical
single pump PS model as compared to the cascaded pumpback
model in the first three operational strategies shown in Tables 6
and 7 is due to the high pumping head bridged by a single pump
for the classical model. Optimal operation of the cascaded pump-
back system reduces the pumping power and pumping energy
demand by alternating the operating schedule of the two pumps
at some point over the control horizon as shown in Fig. 2 resulting
in lower daily pumping energy.

Scenario 11

This is a case of a typical day in the rainy season with high river
discharge. Under this scenario, the OC should avoid pumping back
water since the river inflows are sufficient to optimally meet the
grid power demand.

1 10 =40
S -oou ; E3of ]
= T K 5 © & = = Ninflow
8 (5] —
§ z 5 20 e S S -Ll o
n £ 8
s
0 0 10
0 4 8 12 16 20 24 0 4 8 12 16 20 24
Time (h) Time(h)
80 T T
’_._‘P]d ....... P, P P = =P,
e ———
s 60 R S [ 1
% _________
5 40 il : i
S U N S SRR L e
5 L
&~ 20F _'_| ﬂ i
O L t - 1 - J—J
0 4 8 12 16 20 24
Time (h)

Fig. 6. System power balance of the classical PS model in dry season.
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Table 7
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Daily optimal energy flows for a classical PS in dry season.

T4 wi— 1 E; (MW h) Epg (MW h) Epx (MW h) Eg (MW h) Ex (MW h) Eopt (MW h) Increase (%)
Wi =Wy =ws =wy =025 943.56 356.44 162.54 58.05 220.59 1242.00 31.63
Wy = w3 =ws =0;w; =1 908.63 299.05 219.94 0.00 219.94 1207.68 3291
Wy =ws =ws=0w, =1 873.92 325.79 173.20 4728 22048 1152.43 31.87
Wi =Wy =ws=0,w; =1 867.51 432.49 0.00 220.59 220.59 1079.40 24.43
Wi =W, =ws =0;wy =1 943.56 356.44 162.54 58.05 220.59 1242.00 31.63
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Fig. 7. Optimal power balance of the system in rainy season.
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Fig. 8. Optimal flow rates and change in water level of the dam in rainy season.

5.1. Optimal flow rates of the main dam in rainy season

During rain season, Pangani river discharge increases to an
average of 25m3/s, which is high enough to cover the

Table 8
Daily optimal energy flows in the rainy season.

committed load demand of the power plant. Fig. 7 shows the
optimal power flows for the cascaded pumpback model on a
typical day in the rainy season. As shown, the OC keeps all the
pumps K1 and K2 in off mode and as a result, all the
51899 MW h of on-site generated HK energy is exported to
the grid. Fig. 8 shows the optimal flow rates and the correspond-
ing change in water level of the dam throughout the control per-
iod. The constant supply of 21.62 MW of HK power results in
low demand for P, between 16:00 and 24:00 and as a results,
a sharp decrease in Q, from 31.95m3/s to 17.22m3/s is
observed.

Because of the high in-stream flow of 25.0 m3/s as compared
to Q, of 17.22 m3/s, the water level of the dam model rises
from 171.90m, to 184.70m between 16:00 and 24:00 as
shown in Fig. 8 resulting in an increase in the water level of the
dam.

Table 8 shows the optimal energy flows of the proposed
model for a typical day in the rainy season for the case of
w; =w; =ws; =wy =0.25 for both the cascaded and single
pump classical model. Eg is zero because the OC opts to operate
the pumping system only during dry seasons when there is low
in-stream flows and low water levels in the dam. All the on-site
generated HK energy of 51899 MW h is exported to the grid
resulting in 66.45% increase in the overall energy yield of the
model.

E; (MW h) Epg (MW h)

Eilwi =1

Ep (MW h)

Eg (MW h) Ex (MW h) Eope (MW h) Increase (%)

Wi =Wy =w3 =wy =025 781.02 518.99 0.00

0.00 0.00 1300.00 66.45
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6. Conclusions

Pumpback operation between the afterbay and the main dam to
maintain a high water level in the dam can increase the energy
output of a hydropower plant in dry season with low in-stream
flows. However, the high pumping energy demand associated with
high head high flow pumping can derail the economic viability of
pumping operation. A cascaded pumping model has the potential
to reduce the pumping head and, through optimal operation
scheduling, reduce the pumping power and pumping energy
demand of the pumpback system. An optimal control for a hydro-
power plant retrofitted with a hydrokinetic powered pumpback
system has been presented in the paper. The objective of the pro-
posed model is to maximise the energy yield of the plant by simul-
taneously minimising grid pumping energy demand, minimising
the wear and tear of the pumps by minimising their switching fre-
quencies, maximising the use of the on-site generated hydrokinetic
energy for pumping operation and maximising the restoration of
the volume of the dam through pumpback operation. Simulation
results based on a practical case study shows the potential of the
proposed cascaded pumping model to reduce up to 48.18% of the
pumping energy demand and increase the overall energy yield of
the resultant system by 30-48% in dry season and up to 66.45%
in the rainy season. The high increase in energy yield of the hydro-

Appendix A

A.1. Equality matrices

power plant in the later case is due to the exportation of all the on-
site generated hydrokinetic energy to the grid in the absence of the
pumping operation. When compared to the single pump classical
pumpback model, the cascaded pumpback system shows superior
performance with lower pumping energy demand. For the case of
allocating equal weighting factors to all the four objective vectors,
a cascaded pumping model results in an overall pumping energy
demand of 11430MWh as compared to a high value of
220.59.68 MW h demanded by the classical single pump model.
Using the classical model as the operation baseline, the use of a
cascaded pumping model results in an energy saving potential of
up to 48.18%. For the cascaded pumpback model, the scheduling
is observed to alternate the operation of pumps K1 and K2 over
the control horizon in order to reduce the overall maximum power
demand of the pumps which is one of the main advantages of the
cascaded pumping model.
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Eq. (17) constitute a sparse matrix Aeqi, given in Eq. (A.1) and vector beq; shown in Eq. (A.2):

0-- 0 :0--0:0--0: gpnH107° ...

Aeq1:
0 -~ 0Oy :0--0:0--0: 0
Piga

beq1:
Pld.N Nx1

‘0 ---0:0--0:1--0:0--0:0---0

e gPNH10® 0 e 00 00 o 150 050 - 00

(A2)

Similarly, the matrix Aeqz shown in Eq. (A.3) and vector begz shown in Eq. (A.4) are constituted from equality constraint (19) for the pump

power balance.

“Pgi - O P - 0 S0 --0°:0 -
Aeq2:
L O —Pyq 0 —Pg; 20 .- 0:0
_O]
beq2:
| On Nx1

Lastly, the matrix Aeqs shown in Eq. (A.5) and vector beqs shown in Eq. (A.6) are constituted from the HK power balance of Eq. (18).

0--0:0 -0 P --0:0--0: -1

Aeq3 =

(A3)
(A4)

0 0 0% -1 0:0-0:0--0

150 -0 0 - =1:0 030 - 0]y,
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begs = | : (A.6)
Oy Nx1

The canonical form, AeqX = beq is given in Eq. (A.7).

Aeq] beql
Aeq = Aeq2 ) beq = beqz ; (A7)
Aeqs | 5y.7y beqs 3Nx1

A.2. Inequality matrices

The general formulation of the inequality constraint is shown in Eq. (A.8):
AX <Db. (A.8)

Expression (15) constitute the upper boundary matrix A, given by Eq. (A.9) and the upper boundary vector b, given by Eq. (A.10). Where the
lower boundary matrix A, = —A; and the lower boundary vector b, is given by Eq. (A.11).

0...0}%...0}0...05_%...050...0{0..‘050...0}0...0}0‘..0
A= - = - L S S )
0...0}%...%}0...05_%..._/g_zfo...ofo...ofo...o}o...o}g...ongN

(A9)

'hmax o hu 0— QI;,‘Q,l
u ; u
b, = : (A10)

max _ QutsN
L h“ hu‘O Au Nx1

- _hTm + hu‘O + Q,»,}‘Itj.l
b, = : . (A11)

ints,N
L _humin + huo + Q"}A:

Nx1

Similarly, the inequality constraint (16) constitute the matrix Az given by Eq. (A.12) and vector b; expressed by Eq. (A.13):

QAl—ffn-Of%ffsm o ‘o0..-0°‘0---0°‘0.--0°'0---0°'0--0°"0--0°0---0
L e L O S PO S S S S S )
QAl_fs...QAl_rfs_%ffs...%ffs_0...0;0...0;0...0;0...0;0...0;0...0;0...0NX9N
(A12)
_hrmax_hr,o
b; = : : (A13)

max
_hr = hro Nx1

The lower boundary matrix of the intermediate reservoir A4 = —As and lower limit vector by is given by Eq. (A.14).

—,h;"i” + hr.O
by = : . (A14)
-_h;nm + hr-,O Nx1
By letting
1 0 0o ... 0 -1 0 o ... 0
-1 1 o ... 0 o -1 0 ... O
Ag=|0 -1 1 ... 0 , A,=10 0 -1 ... 0 (A15)

0 0 ... -1 1)y, 0 0 0 ... —1)yu
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then, inequality (25) can be written as

As=[As1 Asi (0...0)sy Asz Aszly.on
bs=[0 0 0 ... O],

(A.16)

Thus, the final expression of the matrix A and vector b is given by Eq. (A.17)

Aq b,

A, b,
A= |As , b= |bs

A, by

As 5Nx9N bs 5Nx1
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