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a b s t r a c t

This paper develops two optimal control models for the energy management of a mining crushing
process based on jaw crushers. The performance index for both models is defined as the energy cost to be
minimized by accounting for the time-of-use electricity tariff. The first model is referred to as a variable
load-based optimal control with the feeder speed and closed-side setting of the jaw crusher as control
variables. The second model is the optimal switching control. From the simulation results, it is
demonstrated that there is a potential of reducing the energy cost and energy consumption associated
with the operation of jaw crushing stations in deep mines while meeting technical and operational
constraints. Due to the inefficiency of the jaw crushing machine, whose no-load power consumption is
between 40 and 50% of its rated power, the optimal switching control technique is shown to be a better
candidate in reducing both energy cost and consumption of the jaw crushing station. The benefit of
having an ore pass with a big storage capacity is shown to be of great importance in achieving more
energy cost reduction of the primary jaw crushing station while improving the switching frequency
profile associated with the switching controller.

� 2014 Elsevier Ltd. All rights reserved.

1. Introduction

Due to the difficulty of the power utilities in continuously
meeting the steadily growing energy demand, DSM (demand-side
management) scheme is being implemented in several countries in
the world. The aim of DSM is to plan the power grid at the cus-
tomers’ side in such a way to influence their energy consumption
behaviour in order to meet the utility’s desired load shape [1].

In South Africa for instance, Eskom, themain electricity supplier,
introduced the TOU (time-of-use) tariff-based DSM in the 1990s
due to the electricity crisis, by trying to motivate customers to shift
their loads out of the peak period [2].

Mining sectors account for about 15% of the total electrical en-
ergy consumption in South Africa, of which gold mining leads with
47% followed by platinum mining, taking 33% whilst 20% is
consumed by the remaining mines.1 It is further indicated that
processing occupies the second place in mining energy consump-
tion within the country with 19% of the total energy, preceded by
materials handling which consumes 23%. This shows that mining
sectors, especially gold mines have an important role to play in

reducing South Africa’s peak load, which will also reduce the cost
associated with their energy consumption.

For materials handling in mining sectors, some research works
have been carried out to investigate the potential of reducing the
energy cost based on TOU tariff. In Ref. [3] for instance, the DSM
technique is studied for an optimal hoist scheduling of a deep level
mine twin rock winder system. Optimal energy control strategies
for coal mining belt conveyors are investigated in Refs. [4e7]. All of
these studies demonstrate a great potential in reducing the energy
cost associated with the operation of mining materials handling
based on TOU tariff.

However, there have been relatively less research works dedi-
cated to the energy cost management of comminution (crushing
and grinding) circuits which are the first two stages of mineral
processing in mining industries. A recent research paper was
published in the area of energy cost optimization of a ROM (run-of-
mine) ore grinding/milling circuit [8]. It is shown that a cost
reduction of $9.90 per kg of unrefined product can be achieved
when the optimal energy cost management is applied to a ROM ore
grinding circuit processing platinum. Very few research works have
been so far attempted in crushing electricity bill reduction. Other
papers such as Refs. [9e13], use the TOU tariff-based DSM for the
optimal operation of a water pumping station. An optimal load
management for air conditioning loads is studied in Ref. [14], where
a case study shows a reduction of 38% in peak demand with an
annual cost saving of 5.9%, under TOU tariff. The benefit of the
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optimal load shifting based on TOU tariff, with application to
manufacturing systems is also shown in Ref. [15]. In Refs. [16,17], a
dynamic or more flexible TOU tariff-based DSM, referred to as real
time pricing-based DSM is applied to the optimal scheduling of
electrical energy supply systems.

Compressive crushers such as jaw, gyratory and cone crushers
are known to be inefficient machines with the no-load power
ranging from 30 to 50% of their rated power [18,19]. Hence, oneway
to improve the efficiency of these machines is through their oper-
ation efficiency by reducing their energy consumption and cost
during their operation.

Jaw crushers, specially, form the core heavy-dutymachines used
since decades for crushing of coarse and hard ROM ores such as
gold, copper, cobalt, zinc ores, etc., in primary stations of mining
industries [20e22]. These are also used for the same purpose for
ROQ (run-of-quarry) rocks in aggregate industries.

In the past, the common objectives in mining comminution pro-
cess consisted of achieving a large production capacity (throughput
maximization) and amount of fines [8]. Minimizing the energy con-
sumptionhas beenput as the last objective due to the relatively lower
electricity price in the past. However, due to the electricity crisis
encountered by many countries nowadays, the electricity price is
seen to annually increase at a big rate. An annual price increase of 8%
will be applied from 01-April 2013 to 31-March 2018 in South Africa
for instance.2 Hence, for a primary crushing circuit, the control ob-
jectives can be adapted as follows (adapted from Ref. [8]):

- achieve a product size less than a specified value,
- achieve a specified average production capacity (throughput)
over a given period by minimizing the costs associated with the
power consumption.

This paper is our first attempt to the optimal control for energy
cost minimization in a primary crushing station of deep

underground mines. Two techniques which take into account the
TOU tariff are developed. One is referred to as the VL (variable
load)-based optimal control while the other one is the optimal
switching control. The former takes account of the jaw crushing
energy model and optimally coordinates the feeder speed, closed-
side setting and the working time of the jaw crusher for energy
cost minimization. The optimal switching control optimally co-
ordinates the on/off status and working time of the jaw crushing
station to achieve the energy cost reduction; this is referred to as
optimal load shifting. Solutions of the two techniques are compared
to the current strategy used as a baseline solution in order to
validate the effectiveness of the results.

This work is laid out as follows: Section 2 presents the mathe-
matical formulation of the two optimal control techniques and the
current control model of the primary jaw crushing station. The
simulation results are given and discussed in Section 3 before
concluding the work in the last section.

2. Model development

2.1. System description

Fig.1 shows a typical configuration of a deed undergroundmine.
The coarse ROM/blasted ore is loaded from different production
stops (muckpiles) by LHD (Load-Haul-Dump) vehicles, and hauled
to the tipping points [23] of the ore pass from where the ore ma-
terial is transferred by gravity to the lower level of the mine. On the
collection level, the ore is reduced to smaller size by primary
crushers and stored in a storage buffer such as ore bin or silo. The
crushed ore is then transported to the bottom of the shaft station by
conveyor belts, dump trucks or trains (in this figure, a conveyor belt
is considered), loaded into skips/buckets and hoisted to the surface
bins, silos or stockpiles by the rock winder. From here, the ore is
transported to the production plant for further processes such as
secondary and tertiary crushing, grinding/milling, concentration,
etc., for extraction of the valuable mineral.

The primary jaw crushing station is usually installed under-
ground in mines and operates in open circuit as shown in Fig. 2.

Nomenclature

p(t) time-of-use (TOU) electricity tariff (currency/kWh)
Wi Bond’s work index of ore (kWh/short-ton)
P80 particle size that is larger than 80% by mass, of all

particles in a product material sample (m)
F80 particle size that is larger than 80% by mass, of all

particles in a feed material sample (m)
QOVS mass flow rate of oversize run-of-mine (ROM) ore

material (t/h)
QUDS mass flow rate of undersize ROM ore material (t/h)
CSS and T closed-side setting and throw of the jaw crusher

(m)
SF ore shape
Fmax maximum size of the feed ore material (m)
SC opening of the screen/distance between grizzly bars

(m)
QF mass flow rate of ROM ore material from the feeder to

the scalper (t/h)
V linear speed of the apron feeder (m/s)
r bulk density of the ore material (t/m3)
B skirt width of the apron feeder (m)
D bed depth of material on the apron feeder (m)
hV volumetric efficiency of the apron feeder

g undersize fraction or ratio of the ore material
F80USC

F80 for unscalped feed ore material (m)
hD overall drive efficiency
P0 no-load mechanical power of the jaw crusher (kW)
tS and j sampling period (h) and jth sampling interval
NS total number of sampling intervals
pj electricity price at jth sampling interval (currency/

kWh)
“min” and “max” minimum and maximum of the variable
Pmax maximum size of the ore product material (m)
Pupmax upper bound/limit of Pmax (m)
MROM mass of ROM ore available in the storage system (t)
QROM mass flow rate of ROM ore material into the ore pass

storage system (t/h)
MROMð0Þ initial value of MROM (t)
QPR mass flow rate of ROM ore from the jaw crusher (t/h)
N rotational speed of the jaw crusher (rpm)
w and G width and gap of the jaw crusher (m)
DV vertical depth between jaws (m)
Fav average feed size (m)
MTPR total mass production of the crushed ROM ore (t)
po, ps, pp off-peak, standard and peak TOU electricity prices

(currency/kWh)

2 Eskom, Revenue Application e Multi Year Price Determination 2013/14 to 2017/
18 (MYPD3), http://www.eskom.co.za.
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The ROM ore is fed to the crushing station through the discharging
zone, also called gate of the ore pass, at a controlled mass flow
rate. This flow rate is usually controlled through a control gate at
the ore pass exit zone by using control chains, a chute with control
chains [23,25e27] or an ore feeder [27]. Apron feeder and
vibrating feeder are the main machines used to feed the ROM ore
to primary crushers. In this work, an apron feeder is used for flow
rate control.

The different components in this primary crushing station are:

- ore pass and feed hopper system: a storage buffer that receives
the ore dumped from LHD vehicles;

- apron feeder: machine used to control the ore flow rate from the
ore pass and feed hopper system;

- vibrating grizzly: a scalping equipment that receives the
controlled ore flow rate from the apron feeder and feeds the jaw
crusher by scalping (removing) fines (ROM ore size less than the
closed-side setting of the jaw crusher);

- primary jaw crusher: a compressive crusher machine used for
crushing of coarse and hard ROM ore;

- ore bin: a storage equipment to receive the crushed ore material
that will be later conveyed to the shaft station.

2.2. General assumptions for the system

1. The time delay associated with the crushing process, from the
ore pass tipping points to the ore bin is ignored;

2. The start-up and shut down energy consumptions of the jaw
crusher are neglected;

3. The storage capacity of the ore bin is sufficient to store the total
mass production of the ore material crushed for the given
control horizon.

2.3. Model for VL-based optimal control of a primary jaw crushing
process

The model involves the energy model of the jaw crushing pro-
cess and achieves the system energy cost minimization through the

Fig. 1. Typical configuration of a deep underground mine (adapted from Ref. [24]).
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coordination of the feeder speed, the closed-side setting of the jaw
crusher and theworking time of the crushing process based on TOU
tariff.

The objective in this work is tominimize the total energy cost, JC,
of a jaw crushing process, subject to physical and operation con-
straints, and mostly, the power utility constraint such as the TOU
electricity tariff p(t) during the control interval defined by the
initial time, t0, and final time, tf. This optimal energy control
problem can be formulated as:

minJC ¼
Ztf
t0

fPðVðtÞ;CSSðtÞÞpðtÞdt; (1)

subject to different constraints that will be later defined. In equa-
tion (1), fP denotes the power function of the jaw crusher.

The aim is therefore to find an optimal control law that will
transfer the ROM ore from the ore pass and hopper storage
system to the ore bin through a crushing process, with minimum
energy cost, during the given operation period from t0 to tf.
Continuous-time optimal control problems are traditionally
solved by Pontryagin’s maximum principle [28]. However, the
applicability of this principle assumes that the objective function
and the associated constraint functions are continuously differ-
entiable, which is referred to as the smooth condition. As can be
seen, the discrete nature of the TOU electricity price function
may lead the energy cost function, expressed by equation (1) to
be continuous but not differentiable and hence nonsmooth.
Moreover, it is noted that for complex problems such as the one
addressed in this work, a numerical approach may be a preferred
alternative.

2.3.1. Objective function
Up to date, the generally accepted and explicit expression to

predict the specific net energy consumption of comminution ma-
chines during material size reduction is given by Bond’s law as
follows (in kWh/short-ton) [29,30]:

W ¼ 10Wi

 
10�3ffiffiffiffiffiffiffi
P80

p � 10�3ffiffiffiffiffiffiffi
F80

p
!
: (2)

Equation (2) can be expressed in kWh/metric-ton by a multi-
plication of 1.1. Hence, the net crushing power consumption will be
a simple product of the specific net energy consumption (in kWh/
metric-ton) and the feed mass flow rate to the crusher QOVS, as
given below:

PNet ¼ 11Wi

 
10�3ffiffiffiffiffiffiffi
P80

p � 10�3ffiffiffiffiffiffiffi
F80

p
!
QOVS: (3)

For jaw crusher application, the specific energy term in equation
(3) can be controlled by the closed-side setting CSS of the jaw
crusher [21,31] while the feedmass flow rate QOVS can be controlled
through the apron feeder speed V [32]. Hence, as previously dis-
cussed, two control variables are used for the optimal control of
energy cost in this work; these are CSS and V which are adjustable
in real-time. From Refs. [21,31,32], the relationships between the
terms in equation (3) and the two control variables are given,
respectively, by equations (4) and (5), as follows (in m):�
P80 ¼ 0:85ðCSSþ TÞ;
F80 ¼ 0:8SFFmax þ 0:2SC;

(4)

and

QF ¼ kV ; (5)

where

k ¼ 3600rBDhV: (6)

All apron feeder parameters are referred to its discharging zone.
k is assumed to be constant. However, this may vary with the apron
feeder speed during the operation. As can be seen from Fig. 2, recall
that the feed mass flow rate QOVS going to the jaw crusher is related
to the feed mass flow rate QF from the apron feeder through the ore
undersize fraction, as follows [21]:

ROMM

max
ROMM

min
ROMM

FUDS QQ

FOVS QQ 1

PRQ

ROMQ

FQ

Fig. 2. Primary jaw crushing station in a deep mine.
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QOVS ¼ ð1� gÞQF; (7)

where

g ¼ P80
F80USC

¼ 0:85ðCSSþ TÞ
0:8SFFmax

; (8)

with F80USC ¼ 0.8SFFmax.
Substituting equations (5) and (8) in equation (7) yields:

QOVS ¼
�
1� 1:0625ðCSSþ TÞ

SFFmax

�
kV : (9)

Hence, the mass flow rate from the vibrating grizzly (scalper),
referred to as undersize mass flow rate QUDS can be expressed as:

QUDS ¼
�
1:0625ðCSSþ TÞ

SFFmax

�
kV : (10)

In this work, it is assumed that the scalping screen SC of the
vibrating grizzly used is controllable in real-time. Hence, by setting
SC to CSS so that the fines or feed material with size lower than CSS
can always be removed by the vibrating grizzly, equation (4)
becomes:�
P80 ¼ 0:85ðCSSþ TÞ;
F80 ¼ 0:8SFFmax þ 0:2CSS: (11)

The total power consumption of the jaw crusher can be now
expressed in terms of the two control variables, V and CSS by the
following function:

fPðV ;CSSÞ ¼ 11Wi
hD

" 
1:0846:10�3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiðCSSþ TÞp � 10�3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffið0:8SFFmax þ 0:2CSSÞp

!

�
�
1� 1:0625ðCSSþ TÞ

SFFmax

�
kV þ P0

#
:

(12)

The no-load mechanical power consumption P0 of the jaw
crusher [33] is assumed to be constant for a given jaw crusher
speed. Hence, the objective function given by equation (1) can be
discretized as follows:

minJC ¼
11Wi
hD

tS
XNS

j¼1

pj

2
64
0
B@1:0846:10�3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

CSSjþT
�q � 10�3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

0:8SFFmaxþ0:2CSSj
�q
1
CA

�
 
1�1:0625

�
CSSjþT

�
SFFmax

!
kVjþP0

3
75:

(13)

2.3.2. Constraints

A. Control variable limits.

CSSmin � CSSj � CSSmax; ð1 � j � NSÞ; (14)

Vmin � Vj � Vmax; ð1 � j � NSÞ: (15)

B. Limits on maximum size of ore product Pmax

Based on various data provided by manufacturers of jaw
crushers, the product maximum size Pmax has been shown to be

directly proportional to CSS with a proportional constant of 1.5, that
is, Pmax ¼ 1.5CSS.3 This constraint can therefore be written as:

1:5CSSj � Pupmax; ð1 � j � NSÞ: (16)

C. Limits on mass storage capacity

The dynamics of the mass stored in the ore pass and hopper
system can be expressed in discrete-time domain by a first order
difference equation as follows:

MROMðjÞ ¼ MROMðj�1Þ þ tS
�
QROMðj�1Þ � kVj�1

	
; ð1 � j � NSÞ:

(17)

By recurrence manipulation, the mass stored in the storage
system at jth sampling interval can be expressed in terms of the
initial mass MROM(0) as follows:

MROMðjÞ ¼ MROMð0Þ þ tS
Xj
i¼1

�
QROMðiÞ � kVi

	
; ð1 � j � NSÞ:

(18)

Hence, the mass storage constraints are given as:

Mmin
ROM � MROMð0Þ þ tS

Xj
i¼1

�
QROMðiÞ � kVi

	
� Mmax

ROM; ð1 � j � NSÞ:

(19)

D. Limits on mass flow rate from the apron feeder.

Qmin
F � kVj � Qmax

F ; ð1 � j � NSÞ: (20)

E. Mass balance in the jaw crusher

This equality constraint prevents themachine crushing chamber
from obstruction [20]. The equation is given as follows:

QOVSðjÞ ¼ QPRðjÞ; ð1 � j � NSÞ: (21)

The analytical model of the product mass flow rate from the jaw
crusher in terms of CSS is expressed as [31]:

QPR ¼ 60NwðCSSþ 0:5TÞ
�

DVT
G� ðCSSþ TÞ

�
K1K2K3r; (22)

where K1 ¼ 0.85 � (Fav/G)2.5, K2 ¼ 1.92.106.5T/G and K3 is assumed to
be 0.6 for softer materials such as coal and 1 for harder materials.

For simplicity, equation (22) can be approximated to a linear
function of CSS, taking advantage of the fact that the sum (CSS þ T)
is generally too small compared to G. This therefore leads to a
simpler equation:

QPR ¼ 60K4NwCSSþ 30K4NwT; (23)

where K4 ¼ DVTK1K2K3r/G.
For a given operational speed and material characteristics such

as gradation, bulk density, crushability, moisture and clay content,

3 Metso, C Series jaw crushers, http://www.metso.com.
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jaw crusher manufacturers usually provide practical data express-
ing the relationship between QPR and CSS. Based on an ore density
of 2.7 t/m3 with a scalped feed, the curve fitting of the data for C-

series jaw crushers4 as shown by Fig. 3 proves a linear relationship
of the form:

QPR ¼ aCSSþ b: (24)

In Fig. 3, the markers indicate the real data and the solid lines
represent their corresponding curve fitting. It can be seen that equa-
tion (24) validates the assumption of neglecting the sum (CSS þ T)
beforeG since equations (23) and (24) are the sameby identificationof
a¼ 60K4Nw and b¼ 30K4NwT. The coefficients a and b can therefore
be found either based on analyticalmodel ormanufacturer’s data. The
equality constraint given by equation (21) is finally expressed as: 
1� 1:0625

�
CSSj þ T

�
SFFmax

!
kVj ¼ aCSSj þ b; ð1 � j � NSÞ: (25)

F. Limits on mass flow rate from the jaw crusher.

Qmin
PR � aCSSj þ b � Qmax

PR ; ð1 � j � NSÞ: (26)

G. Total production requirement.

XNS

j¼1

�
QUDSðjÞ þ QPRðjÞ

	
tS � MTPR: (27)

This can be rewritten as:

XNS

j¼1

 
1:0625

�
CSSj þ T

�
SFFmax

kVj þ aCSSj þ b

!
tS � MTPR: (28)

2.3.3. Reduction of the problem dimension
The equality constraint given by equation (25) indicates the

interdependency between the two control variables, namely the
closed-side setting CSS of the jaw crusher and the apron speed V. In
order to reduce the dimension of the problem and consequently,
the computational time, CSS can be expressed from equation (25) in
terms of V as follows:

CSS ¼ kVðSFFmax � 1:0625TÞ � bSFFmax

1:0625kV þ aSFFmax
: (29)

Hence, equation (29) is substituted in the objective function as
well as in all constraints to eliminate CSS in such a way to have the
apron feeder speed V as the only control variable. This therefore

reduces the problem dimension by half, from 2NS to NS. Further-
more, after some mathematical simplification, the optimization
model can be finally expressed as:

where C ¼ SFFmax � 1.0625T, subject to

Mmin
ROM � MROMð0Þ þ tS

Xj
i¼1

�
QROMðiÞ � kVi

	
� Mmax

ROM; ð1 � j � NSÞ;

(31)

ktS
XNS

j¼1

Vj � MTPR; (32)

max
�
Vmin
1 ;Vmin;

Qmin
F
k

;Vmin
3

!
� Vj

� min
�
Vmax
1 ;Vmax;

Qmax
F
k

;Vmax
2 ;Vmax

3

�
; ð1 � j � NSÞ;

(33)

where

Vmin
1 ¼ bSFFmax þ aSFFmaxCSSmin

kðSFFmax � 1:0625TÞ � 1:0625kCSSmin
;

Vmax
1 ¼ bSFFmax þ aSFFmaxCSSmax

kðSFFmax � 1:0625TÞ � 1:0625kCSSmax;

Vmax
2 ¼ bSFFmax þ aSFFmaxP

up
max

1:5kðSFFmax � 1:0625TÞ � 1:0625kPupmax
;

Vmin
3 ¼ aSFFmaxQmin

PR

akðSFFmax � 1:0625TÞ þ 1:0625kb� 1:0625kQmin
PR

and

Vmax
3 ¼ aSFFmaxQmax

PR
akðSFFmax � 1:0625TÞ þ 1:0625kb� 1:0625kQmax

PR
:

2.4. Model for optimal switching control of a primary jaw crushing
process

Unlike in the previous case, this model does not involve the
energy model of the jaw crusher. The controller optimally co-
ordinates the on/off status and working time (based on TOU tariff)
of the jaw crushing process in order to minimize the associated
energy cost. Hence, for this case, the energy cost is reduced through
load shifting based on TOU electricity tariff.

Due to the high no-load power of the jaw crusher, ranging from
40 to 50% of its rated power [18,19], the switching frequency of this
machine has to be minimized as much as possible in order to
reduce the impact of mechanical stresses and high starting currents
on the electric motor. The time delay is another concern when
switching off the jaw crusher. The feeding equipment has to be
stopped few minutes before switching off the jaw crusher. This

minJC
�
Vj
� ¼ 11Wi

hD
tS
XNS

j¼1

pj

2
664
0
BB@ 1:0846:10�3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

kVjC�bSFFmax

1:0625kVjþaSFFmax
þ T
	r � 10�3ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi�

0:8SFFmax þ 0:2 kVjC�bSFFmax

1:0625kVjþaSFFmax

	r
1
CCA�

 
a

kVjC � bSFFmax

1:0625kVj þ aSFFmax
þ b

!
þ P0

3
775;
(30)

4 Metso, C Series jaw crushers, http://www.metso.com.

B.P. Numbi et al. / Energy 68 (2014) 337e348342



Author's personal copy

precaution allows the crusher to have sufficient time to process all
the ore material present in the crushing chamber, so as to avoid too
large load for its next starting up.

To reduce the negative effect of the on/off switching frequency on
the crusher drive system (electrical motor and drive transmission) as
well as on the power supply systems, a soft stater is assumed to be
available to the jaw crusher. In contrast to the VL-based optimal
control model, here, the sampling time will be chosen to be large
enough in such a way to further minimize the drawback of the mul-
tiple switching associated with the switching controller. The consid-
eration of a larger sampling timewill also allow us to neglect the time
delaybetweenswitchingoff the feederand jawcrusher, that canrange
from 1 to 3 min, depending on the size of the machine and working
conditions. For these reasons, in the process system defined in Fig. 2,
the feeding equipment and jaw crusher can share the same switching
function. This means that they are considered to be synchronously
switched on or off when the relevant time delay is ignored.

2.4.1. Objective function
Here, the problem consists of optimally coordinating the on/off

status of the jaw crusher in a synchronous way with that of the
feeding equipment, in such a way to minimize the crushing energy
cost based on TOU tariff. This is formulated as follows:

minJC ¼ 1
hD

XNS

j¼1

�
PNet�Pup

max
þ P0

	
ujpjtS ¼ 1

hD
PttS

XNS

j¼1

pjuj;

(34)

where Pt ¼ PNet�Pup
max

þ P0 is the total crushing power consumption
of the jaw crusher. In equation (34), PNet�Pup

max
denotes the net

crushing power consumption of the jaw crusherwhich corresponds
to the upper bound of the maximum product size Pupmax. The closed-
side setting CSS is therefore set in such away to satisfy the required
Pupmax. The throughput flow rate of the jaw crusher is accordingly
obtained. In equation (34), uj is a discrete-switching function that
takes the value of either 0 or 1. uj means that the machines are
switched on during the jth sampling interval, while uj ¼ 0 denotes
that the machines are switched off. The other notations are the
same as in the previous problem.

2.4.2. Constraints
These are the limits on the mass storage capacity and also the

requirement on the total mass production of ore.

A. Mass storage capacity.

Mmin
ROM �MROMð0Þ þ tS

Xj
i¼1

�
QROMðiÞ �QFui

	
�Mmax

ROM; ð1 � j � NSÞ:

(35)

B. Requirement on total production.

tS
XNS

j¼1

QFuj � MTPR: (36)

Note that the mass balance QF ¼ QOVS þ QUDS is supposed to be
verified within the control interval.

2.5. Model for current control of a primary jaw crushing process

In practice, jaw crushers operate continuously in mining and
aggregate industries. The feed rate is usually controlled in such a
way to avoid the jaw crusher to be overloaded while achieving the
plant production target. Hence, the current control model is
formulated in the same way as VL-based optimal model defined in
Section 2.3, with the only difference being that the total production
target is considered as the control objective to be achieved. This is
formulated as minimizing the quadratic deviation function, JPR,
between the actual plant production and the total plant production
target MTPR.

minJPR ¼
0
@ktS

XNS

j¼1

Vj �MTPR

1
A2

; (37)

subject to constraints (31)e(33).

3. Simulation results

3.1. Algorithms

Several optimization algorithms can be used to solve the prob-
lems defined in this work.

Since the VL-based optimal control problem has a nonlinear
objective function, based on convexity assumption, the fmincon
function of MATLAB R2013 Optimization Toolbox is used. Its ca-
nonical form is given as follows:

min f ðXÞ (38)

subject to8>>>><
>>>>:

AX � bðlinear inequality constraintÞ;
AeqX ¼ beqðlinear equality constraintÞ;
CðXÞ � 0ðnonlinear inequality constraintÞ;
CeqðXÞ ¼ 0ðnonlinear equality constraintÞ;
Lb � X � Ubðlower and upper boundsÞ:

(39)

For VL-based optimal control, the vector X contains the feeder
speed for all sampling intervals. Three linear inequality constraints
of which two of (31) and one of (32) are integrated into A and b. The
lower and upper boundary constraints (33) are in incorporated into
Lb and Ub. After solving the problem, recall that the corresponding
CSS control variables at each sampling interval are obtained using
equation (29).

The optimal switching control is solved using the ga function of
MATLAB R2013 Optimization Toolbox that can easily handle mixed-
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inter, integer or binary optimization problems with lower compu-
tational time5. The canonical form of ga is the same as for the
fmincon function, except that for this problem, the control variable
is the on/off status of the jaw crushing station, denoted by uj which
is set to be an integer number bounded within [0, 1].

The objective function of the current control model is a
nonlinear function. Hence, the fmincon function of MATLAB 2013
Optimization Toolbox is also used for the current control model.

3.2. Data presentation

3.2.1. Time-of-use electricity tariff
One of the important parameters in the optimal energy control

problem formulated in this work is the time-of-use (TOU) elec-
tricity tariff. The recent Eskom Megaflex Active Energy-TOU tariff
(non-local authority rates) with VAT (Value added tax) included is
used for a high-demand season weekday in this case study. The
high demand season (from June to August) is chosen since the peak
period is charged at a very high cost compared to the lower demand
season. The energy costmanagement for the high demand season is
therefore crucial for electricity bill reduction. However, a slight
modification is made to this TOU tariff in order to better appreciate
the effectiveness of the model. The time interval of the standard
period [20,22], is considered to be a peak period. This is given as6:

pðtÞ ¼
8<
:

po ¼ 0:3656R=kWh if t˛½0;6�W½22;24�;
ps ¼ 0:6733R=kWh if t˛½6;7�W½10;18�;
pp ¼ 2:2225R=kWh if t˛½7;10�W½18;22�;

(40)

where R is the South African currency Rand and t is the time of any
weekday in hours (from 0 to 24).

The control horizon [t0, tf] and sampling time tS of, respectively,
24 h and 10 min are used for VL-based optimal control and current
control problems. As discussed in Section 2.4, a relatively large
sampling time of 30 min, not greater than the shortest time period
of the change in TOU tariff function p(t) is used for the optimal
switching control in order to reduce the machine switching fre-
quency. This means that the time period between two consecutive
start-ups of the jaw crusher cannot be less than 30 min.

3.2.2. Ore pass storage system and ore characteristics
Note that the hopper capacity may be neglected compared to

that of the ore pass. In this study, the ore pass capacity of one of
South African deep mines processing gold is considered [34]. For
this ore pass, the diameter is 2.4 m and the length or height is
170 m. To ensure free flow, it is reported that the ratio between the
ore pass dimension diameter DOP and the largest ROM ore size Fmax
lies between 3 and 10 [23]. Hence, with a minimum ratio of 3, the
maximum ore size of ore gold is assumed to be 0.8 m for this case
study. With the ore bulk density of gold ore being 2.7 t/m3,7 the
maximum storage capacity of the ore pass is calculated as
170� 2.7�p(2.4)2/4¼ 2075 t. Theminimum storage capacity is set
to 10% of the maximum capacity. The ore shape factor SF of 1.7
(cubic ore shape) is considered, while the average Bond’s work
index Wi of gold ore is 14.83 kWh/short-ton [21].

3.2.3. Jaw crusher, apron feeder and vibrating grizzly
For simulation purpose, a primary jaw crushing station is

assumed to be installed under the ore pass above described.

In general, the largest feed size (lump size) is themajor index for
the choice of processing equipments such as crushers, feeders and
scalpers; the flow rate capacity follows.

A. Jaw crusher.

For a jaw crusher, the maximal feed size Fmax should be equal or
less than 85% of its gap G, that is, Fmax � 0.85G [21]. Hence, with
Fmax ¼ 800 mm, G should be larger than 940 mm. With this, C160
jaw crusher is used. Technical data and other specifications of C160
are as follows8: G ¼ 1200 mm, the installed power is 250 kW,
CSSmax ¼ 300 mm, CSSmin ¼ 150 mm, extended to 100 mm for
simulation purpose (since smaller CSS is practically possible with a
machine reduction ratio that can go up to 10/1 [18]). The throw T is
obtained to be 0.06 m (60 mm) based on the formula,
T ¼ 0.0502G0.85 [21]. The crusher speed N is 220 rpm, the no-load
power P0 of the jaw crusher is assumed to be 40% of its rated po-
wer, that is, 100 kW for C160 jaw crusher. The fitting coefficients of
the C160 throughput capacity found from Fig. 3 are: a ¼ 2543 and
b ¼ 50. Hence, the maximum and minimum flow rates of the C160
jaw crusher are found to be respectively, 813 t/h and 304 t/h. The
overall drive efficiency hD is assumed to be 0.95.

B. Apron feeder.

An apron feeder with a skirt width B bigger than 1600 mm is
considered (since B � 2Fmax). This corresponds to the apron feeder
spanwidth of 1829 mm.9 With a clearance of 100 mm between the
panwidth and skirt, B is found to be 1729 mm for this apron feeder.
The bed depth D is obtained as 0.75B ¼ 1297 mm. The maximum
speed of the feeder is 60 rpm (feet per minute)¼ 0.3048 m/s which
corresponds to Qmax

F ¼ 5000t=h, with hV ¼ 0.75 when using
equation (5).

3.2.4. Vibrating grizzly or scalper
The vibrating grizzly is used for scalping (removing) fines from

the ROM ore without controlling the flow rate. This machine is
therefore considered as a simple separation point with appropriate
stroke length, speed, and inclination angle for scalping efficiency.

3.2.5. Ore bin and ore production requirement
The capacity of the ore bin is assumed enough to store the total

plant production target MTPR for 24 h. The maximum of ore pro-
duction is to be achieved by meeting equipment constraints and
product quality. The product quality is expressed in terms of the
maximum size of product material Pmax given by equation (16),
which should be equal or less than 400 mm (0.4 m).

3.3. Results and discussion

Usually, an ore pass has several tipping points where a mass
flow rate QROM is dumped into it by LHD vehicles from different
stops. The intermittent characteristic of LHD feeding devices makes
QROM to be uncontrollable but predictable. For all simulation cases,
the forecast of the feed rate QROM is assumed to vary around 700 t/h
as given below:

QROMðtÞ ¼

8>><
>>:

680t=h if t˛½0;6�;
720t=h if t˛½6;12�;
700t=h if t˛½12;18�;
690t=h if t˛½18;24�;

(41)

5 Matlab, Mixed Integer Optimization, http://www.mathworks.com.
6 Eskom, Tariffs & Charges Booklet 2013/2014, http://www.eskom.co.za.
7 Ari Jaakonmaki and Metso, Aspects of Underground Primary Crusher Plant

Design, http://www.miningcongress.com.

8 Metso, C Series jaw crushers, http://www.metso.com.
9 Metso, World-Class Apron Feeders, http://www.metso.com.

B.P. Numbi et al. / Energy 68 (2014) 337e348344



Author's personal copy

where t is the time of a weekday in h (from 0 to 24). For all simu-
lation scenarios in this work, the initial ore mass in the ore pass
storage system MROM(0) is assumed to be 50% of the maximum ore
pass capacity Mmax

ROM, while the total plant production target MTPR is
fixed to 15,000 t for 24 h.

3.3.1. Performance analysis of the optimal control techniques

Case I: Ore pass with maximum storage capacity of 2017 t
Figs. 4 and 5 show the simulation results for the current control

and VL-based optimal control strategies. The legends of Fig. 4 also
apply to Fig. 5. The result for optimal switching control is shown in
Fig. 6. Tables 1e3 give the performance of the optimal control
techniques used. For the optimal switching control technique, a
closed-side setting CSS of 0.266 m that limits the maximum
product size from the C160 jaw crusher to 0.4 m is used. The cor-
responding throughput rate and net crushing power consumption
are found, respectively, to be 726.4 t/h and 114.67 kW. The

undersize fraction is therefore found to be 0.2536, which based on
mass balance, yields a mass flow rate from apron feeder QF of
973.2 t/h, feeder speed VF of 0.06 m/s, and undersize feed rate QUDS
of 246.8 t/h. Note that the dotted lines in figures showing the
simulation results, denote the maximum and minimum of the
variable.

The feasibility of both optimal control approaches is shown
through Figs. 4e6. As can be seen from Figs. 4 and 5, with the
current control strategy, the crushing plant continuously runs
without consideration of the TOU tariff. It is easy to notice that the
feeder speed VF, feeder flow rate QF and the crusher flow rate QPR
are almost evenly distributed for a long period within the control
interval. This will result in high energy cost as the peak-load is not
reduced or shifted since the TOU tariff is not taken into account in
the control scheme. However, the VL-based optimal controller
shifts as much the crusher load QPR as possible, out of peak period
by optimally decreasing the feeder speed VF and hence the feeder
flow rate QF and the jaw crusher flow rate QPR during peak periods
in order to minimize the crushing energy cost. The feeder speed is
increased for a long period, during off-peak and standard periods in
order to meet the total production target of the station as given in
Table 1, at a cheaper energy cost. During these periods, the closed-
side setting CSS of the jaw crusher will continuously follow the
pattern of VF as shown from the first graphs of Figs. 4 and 5, in order
to meet all the time, the mass balance constraint of the jaw crusher
(input flow rate QOVS ¼ output flow rate QPR). This also demon-
strates that the relationship between the closed-side setting CSS of
the jaw crusher and the apron feeder speed V, given by equation
(29) is almost linear, which will lead the mass flow rates QF, QPR,
QOVS, QUDS to also have a linear relationship with either of the two
control variables (V and CSS) as can be seen from Figs. 4 and 5. For
this reason, achieving a relatively high energy cost reduction with
VL-based optimal controller is limited due to the fact that the
decrease of VF and hence QF and QPR will be restricted by the con-
straints imposed on CSS of jaw crusher. As given in Tables 2 and 3,
6.09% of cost saving and 2.54% of energy saving are achieved. It is
therefore worthy to mention that more than half of the energy cost
reduction is due to the optimal shifting of the crusher load based on
TOU tariff whilst the rest comes from the 2.54% of energy saving.

With respect to the mass storage dynamics given by the second
graph of Fig. 4, the same conclusion as previously discussed can be
drawn. It is shown that, unlike the current control strategy, during
peak period, the ore mass MROM is greatly stored (increased)
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instead of being fed to the crusher, while in off-peak and standard
periods, a large amount of ore material is drawn from the ore pass
storage system and fed to the crusher due to the lower energy cost.
The effectiveness of the algorithm is also demonstrated with
regards to the constraints. Figs. 4 and 5 show that all control and
dependent variable constraints lie within their limits. Although the
predicted maximum product size from the jaw crusher is not
plotted, the first graph of Fig. 5 indicates that the closed-side
setting CSS of the jaw crusher will never go beyond 0.2661 m,
which corresponds to a maximum of ore product size of 0.399 m,
less than 0.4 m (fixed as requirement).

For optimal switching control strategy, it is inferred from Fig. 6
that during peak period, the jaw crushing station is on off-status for
a longer period than when it is on on-status so that the ore mass
MROM is stored as much as possible. However, this is not the case for
off-peak and standard periods where the on-status period is rather
longer than off-status period due to the lower energy cost and also
to meet the 24 h production capacity. From Tables 2 and 3, a cost
saving of 45.92% and energy saving of 30.12% are achieved with the
optimal switching control of the jaw crushing station.

In contrast to findings in Ref. [4] for optimal energy control of
belt conveyors, it is shown in this work, that the optimal switching
control strategy yields more cost saving and energy saving than the
VL-based optimal control strategy. However, this is achieved at the
cost of switching the machines. Note that the VL-based optimal
control in Ref. [4] is referred to as VSD (variable speed drive)-based
optimal control. Two reasons could explain the higher savings
achieved by the optimal switching control approach. The first and
major reason is that compressive crushers such as jaw crushers are
inefficient machines due to their no-load power consumption
ranging between 40 and 50% of the total power consumption. This
means that running continuously, the jaw crusher will lead to
almost 50% of energy consumption which does not contribute to
the work done and therefore regarded as a waste of energy and
money. Hence, by optimally switching the jaw crushing station,
both net crushing and no-load power consumptions are shifted,
while with VL-based optimal control approach, only the net
crushing power consumption can be controlled. The second reason
is that the net crushing power of the jaw crusher is not controllable
to zero with VL-based optimal control. This is due to the lower

constraint imposed on CSS, preventing the crusher throughput rate
QPR from being controlled to zero during peak period (see Fig. 5), in
order to achieve more energy cost reduction.

Case II: Ore pass with maximum storage capacity doubled to
4150 t

In order to analyse the influence of the size of the ore pass
storage system on the performance achieved by the two optimal
energy control strategies, the previous storage capacity considered
in case I, is doubled. Figs. 7e9 show the results for this case study.
As discussed in case I, it is also seen that the energy cost is reduced
with VL-based optimal control strategy as compared to the current
control strategy. This is due to the fact the load is shifted as much as
possible out of the peak period when using VL-based optimal
control, while with the current control technique, the load is kept
almost constant along the control interval. However, with the same
initial condition (the initial mass stored in the ore pass is half of its
maximum storage capacity) and production requirement (greater
or equal to 15,000 t), it is obvious that the increase in storage ca-
pacity leads to a higher initial amount of ore material as compared
to case I. This means that with case II, at the beginning of the
control interval, a larger amount of ore material will be available
and therefore processed during off-peak period, leading to a
smaller amount of ore material to be processed during standard
period. This can be seen by comparing Figs. 4 and 5 of case I with
Figs. 7 and 8 of case II, where it is shown that with case I, the apron
feeder and jaw crusher operate for a shorter period at, respectively,
higher speed VF, feeder flow rate QF, and crusher flow rate QPR
during off-peak period (from 0 to 6 h) due to the lower initial stored
material, as compared to case II. Hence, in order to meet the pro-
duction requirement, the same figures show that during standard
period, with case I, the apron feeder and jaw crusher operate for a
longer period at higher load (QF and QPR), with comparison to case
II.

Since with case II, a larger amount of orematerial is shifted from
standard and peak periods to off-peak period when compared to
case I, one would expect more cost saving to be achieved with case
II. However, Table 1 shows that the energy cost and energy con-
sumption in case II are almost equal to those obtained in case I. This
is due to the fact that, with VL-based optimal control in case II, a
slight larger amount of load is processed during [18, 22 h] peak
period, at a very high energy cost, in order to meet the production
requirement. One of the reasons why the increase in storage ca-
pacity does not improve the energy and cost savings is the fact that
the optimization search space is very restricted by the constraints
imposed on CSS, as previously explained.

From Tables 2 and 3, it is noticed that the increase in storage
capacity leads to a slight decrease of cost saving, by 1.3377% (from
6.0893 to 4.7516%) and energy saving, by 0.1655% (from 2.5375 to
2.3720%) as compared to case I. This is explained by the lower
production capacity achieved with case II (15,004 t) as compared to
case I (15,703 t), while both energy cost and energy consumption
for the two cases are almost the same as previously mentioned.

Table 2
Cost savings of the optimal control techniques.

Techniques Unit energy cost (R/t) Cost saving (%)

Case I: Mmax
ROM [2075t

Current control 0.3419 /
VL-based optimal control 0.3210 6.0893
Optimal switching control 0.1849 45.927
Case II: Mmax

ROM [4150t
Current control 0.3536 /
VL-based optimal control 0.3368 4.7516
Optimal switching control 0.1241 64.916

Table 3
Energy savings of the optimal control techniques.

Techniques Unit energy
consumption (kWh/t)

Energy
saving (%)

Case I: Mmax
ROM [2075t

Current control 0.3323 /
VL-based optimal control 0.3239 2.5375
Optimal switching control 0.2322 30.125
Case II: Mmax

ROM [4150t
Current control 0.3463 /
VL-based optimal control 0.3381 2.3720
Optimal switching control 0.2322 32.945

Table 1
Total ore production and corresponding energy cost and consumption.

Techniques Total ore
production (t)

Energy
cost (R)

Energy
consumption (kWh)

Case I: Mmax
ROM [2075t

Current control 15,703 5368.1 5217.9
VL-based optimal control 15,703 5041.2 5085.5
Optimal switching control 16,058 2968.4 3728.5
Case II: Mmax

ROM [4150t
Current control 15,000 5304.6 5194.0
VL-based optimal control 15,004 5053.9 5072.2
Optimal switching control 15,085 1871.5 3502.5
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With the optimal switching control strategy, Fig. 9 shows that
the increase of ore pass storage capacity will have a positive impact
in reducing the switching number of the jaw crushing station. In
case I, the jaw crushing station is switched on, eight (8) times, while
in case II, the station is switched on, four (4) times only. As
compared to Fig. 6 of case I, Fig. 9 of case II shows that almost all
peak-load is shifted out from peak-time period, which therefore
explains the increase of the energy cost saving from 45.92 to 64.9%
as shown in Table 2. However, from Table 3, it is shown that,
increasing the ore pass capacity does not yield a significant
improvement in energy saving as compared to case I.

3.3.2. Corollary
The simulation results show that due to the high no-load power

consumption of the jaw crusher, the optimal switching control of
the jaw crushing process can achieve considerable energy saving
and cost saving as compared to the variable load-based optimal
control.

However, switching the jaw crusher will result in severe impact
in practice. During the starting period, the high no-load power
consumption of the jaw crusher will be responsible of high current
transients or starting current and torque pulsations on the jaw
crusher itself, the drive electrical motor, electrical power supply
system and even the concrete foundation supporting the crusher.

On one hand, a high starting current will lead to the electrical
stress on the electrical motor winding and power system compo-
nents such as transformers, electrical cables, transmission lines,
generators, breakers, etc. On the other hand, high starting torque
pulsations will lead to mechanical stress on mechanical drive sys-
tems such as the drive belt, bearings and shafts of the motor and
crusher. Moreover, the vibrations caused by the high amplitude of
the pulse of the starting motor torque will be transmitted to the
concrete foundation of the crusher and lead to the pavement vi-
bration and noise. This will therefore justify a negative impact on
the practical working environment.

Nowadays, a soft starter is being used to solve the aforesaid
problem [35]. Another option is to use a variable speed drive (VSD).
The use of a soft starter or VSD device makes it possible to smooth
the motor acceleration caused by the high transient accelerating
torque, while reducing the starting current of the electrical motor at
the same time. The reduction of the pulse magnitude of the motor
torque will also decrease the vibration and noise level in the
working environment. Hence, some of the benefits from reducing
the mechanical stress will be the improvement of the lifespan and
reliability of the mechanical drive components, as well as the
concrete foundation of the crusher.

Smoothing the accelerating torquewill result in reduction of the
starting current, which will lead to minimization of the electrical
stress on both electrical motor winding and power system com-
ponents. Some of the benefits from this are the energy efficiency
improvement, since less line current is drawn from the power
supply systems. It will also allow several crusher motors to be
started more frequently for their optimal energy management,
therefore allowing the overall load management within a cluster
approach.

In practice, if the jaw crusher is not equipped with a soft starter
or VSD device, an extra capital cost needs to be considered. How-
ever, for a constant speed application such as jaw crushing process,
the soft starter can be seen competitive in terms of cost and effi-
ciency as compared to VSD. Furthermore, a very short payback
period can be expected due to the larger energy and cost savings
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achieved by optimal load shifting, but also the cheaper initial
capital cost of the soft starter.

4. Conclusion

The inefficiency of compressive crushers such as jaw crusher
may lead to considerable energy consumption and cost during their
operation. Hence, one way to solve this problem is to improve the
efficiency of these machines during their operation.

This paper develops two optimal control techniques for the TOU
based-optimal energy management of a jaw crushing station in
deepmines under both physical and operating constraints. The first
technique is referred to as a variable load (VL)-based optimal
control, while the second one is an optimal switching control. The
proposed techniques are useful to fill the gaps in the literature
towards the energy efficiency improvement in crushing processes,
which will also result in carbon emission reduction.

Two scenarios are carefully studied in order to analyse the in-
fluence of the storage capacity on the developed models. With the
initial storage capacity, it is shown that 6.09 and 2.54% of cost and
energy savings are, respectively, obtained when VL-based optimal
control strategy is used. With the optimal switching control tech-
nique, 45.92% of cost saving and 30.12% of energy saving are ach-
ieved. When the initial storage capacity is doubled, the VL-based
optimal control does not show any improvement on both cost and
energy consumption, while with the optimal switching control
strategy, an energy cost saving of 64.9% is achieved as compared to
45.92% in the initial case (case I).

Hence, through the simulation results, it is shown that, unlike
the VL-based optimal controller, the optimal switching controller
has a greater potential to achieve high reduction of both energy
consumption and cost of a jaw crushing process. However, this is
achieved at the cost of switching the machines. With the same ore
production requirement, the influence of using a larger storage
capacity is seen to be of considerable benefit in reducing the
switching number of the process and further achieving more en-
ergy cost saving. Moreover, it is suggested that a soft starter be used
in order to reduce the negative impact of the on/off switching of the
jaw crusher when using the optimal switching control technique.
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