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a b s t r a c t 

In this paper, we study the distributed optimization problem of multi-agent systems with delayed 

sampled-data, where the interconnected topology is directed, weighted-balanced and strongly connected, 

and also local cost functions are strongly convex with globally Lipschitz gradients. Based on synchronous 

and asynchronous sampled-data, we construct two respective algorithms. Our main results, sufficient con- 

ditions for the convergence to an optimal solution, are obtained under assumption that all design param- 

eters are chosen properly. We also present one example to validate our theoretical results. 
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1. Introduction 

Over the past years, distributed optimization problem has been

a hot topic. As a result, there are an increasing number of studies

conducted on distributed optimization in the context of control

theory. Its wide range of applications can be found in various

fields, such as statistical machine learning [1] , smart grid [2,3] ,

sensor networks [4] , and so on. Based on multi-agent environ-

ments, objective of a distributed optimization problem is to solve

an optimization problem cooperatively in a distributed way, where

the objective function formed by a sum of local objective func-

tions, and each agent can access to one local objective function

only. The ultimate goal is to make states of all agents converge

to the optimal solution of the optimization problem via a local

computation and information exchange with its neighbors. Com-

pared with the consensus problem of multi-agent systems, which

makes all agents achieve a common state [5–12] , the optimization

problem of consensus does not only make all agents achieve the

same state but also minimizes the optimization problem. 

It is common that time-delay exists in practical systems

[13–15] because of the finite speeds of information transmission

and spreading as well as traffic congestions, and time-delay may
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esult in undesirable dynamics such that the system runs out.

herefore, it is important to analyze the robustness against time-

elay of a system and take time-delay into account in the algo-

ithm design of multi-agent systems [16–18] . Meanwhile, in the

eal situation, agents in systems usually communicate with each

ther in some certain time intervals. Due to implementation of

igital sensors, filters, and controllers, it is desirable that sampled-

ata takes place only at the discrete sampling instants but not

he entire continuous process [19–21] . It is well known that ef-

ective methods to deal with sampled-data consensus problems is

ne of the input delay approach [22–24] . The consensus of multi-

gent systems with both sampling data and time-delay is consid-

red in [25] . The simultaneous stability problem of a finite num-

er of linear subsystems is studied in [26] under asynchronous

nd aperiodic sampling, time-varying delays, and measurement er-

ors. Furthermore, [27,28] provided overviews of recent advances in

istributed sampled-data cooperative control and event-triggered

onsensus of multi-agent systems, respectively. Thus, the consen-

us problem with sampled-data and time-delay is a meaningful re-

earch topic. 

In distributed optimization problems of multi-agent systems,

ost algorithms in earlier works were time-varying, consensus-

ased dynamics implemented in discrete time [29–31] . In the

ontext of time-varying network topology, discrete time subgradi-

nt algorithms are proposed for unconstrained, separable, convex

ptimization problems in [29,30] . Recent works have introduced

ontinuous-time methods whose convergence properties can be

https://doi.org/10.1016/j.neucom.2018.03.036
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nalyzed via classical stability theory. Based on the gradient algo-

ithm and integral feedback, auxiliary-variables are introduced in

tability analysis of continuous-time dynamical systems [32–34] .

rom the control system viewpoint, a continuous-time multi-agent

ystem is proposed with strongly connected and weight-balanced

irected communication topology in [32] . A modified system

s proposed in [33] with auxiliary-variables no longer need to

xchange information, where centralized synchronous and dis-

ributed asynchronous event-triggered communication schemes 

re also considered to reduced communication bandwidth. In

34] , time-delays are considered in continuous-time multi-agent

ystems for distributed optimization and a sampled-data com-

unication scheme is formulated based on the results of delay

ystems, where conditions are derived in form of Linear Ma-

rix Inequality(LMI). In order to avoid using auxiliary-variables,

 family of Zero-Gradient-Sum algorithms are proposed over

xed communication topology in [35] . In [36,37] , the continuous

ime Zero-Gradient-Sum algorithm, sampled-data, event-triggered 

ommunication for distributed convex optimization problem are

onsidered over directed networks and undirected, connected net-

orks, respectively. In [38] , a periodic event-triggered consensus

f first-order time-delayed multi-agent systems under switching

opologies can be achieved with appropriate choices of the event-

riggering parameters, sampling period, and time-delay. Moreover,

utput consensus problem of delayed sampled-data is considered

n [39] , where the data of the system is sampled at a sampling

nstant but can be available with a time-delay. However, so far,

tudies on the distributed optimization problem of multi-agent

ystems with delayed sampled-data are rare. 

In this paper, the distributed consensus optimization problem

f multi-agent systems with delayed sampled-data is considered.

he interconnected graph is assumed to be directed, strongly con-

ected and weight balanced. Only available data of the system is

ssumed to be sampled and delayed. Local costs are strongly con-

ex with global Lipschitz gradients. Two control algorithms under

ynchronous and asynchronous sampled-data are proposed for the

ampled-data multi-agent systems to reach the consensus and op-

imal state, respectively. A stability analysis is conducted based on

yapunov theory and algebraic graph theory. Finally, sufficient con-

itions are obtained such that optimization problems can be solved

n the consensus state. 

The main contributions of this paper are listed as follows:

irstly, two control algorithms using sampled-data with time-delay

nder synchronous and asynchronous sampling are presented for

he considered multi-agent systems, respectively. Secondly, suffi-

ient conditions are obtained to guarantee the convergence to the

ptimal solution. In general, the multi-agent system with sampled-

ata is transformed into time-delay system, and then LMI condi-

ions can be obtained such as in [34] . Other works related to this

ssue are based on event-triggered scheme due to the advantages

f reducing communication resources such as in [37] . The main dif-

erences between this paper and previously mentioned works are

hat the sampled-data becomes available with a time-delay, and

hen some inequalities conditions are obtained such that the pa-

ameters can be chosen properly. In other words, we consider a

istributed optimization problem of multi-agent systems with de-

ayed sampled-data in this paper. To the best of our knowledge, no

imilar results appear in the existing literatures. 

This paper is organized as follows. Some preliminaries on alge-

raic graph theory, useful lemmas and model formulation are pre-

ented in Section 2 . The convergence results of the proposed al-

orithm are established and proved under a given communication

ondition on network topology in Section 3 . An example is pro-

ided to illustrate results in this paper in Section 4 . Finally, this

aper concludes in Section 5 . 
Notations: R and R 

n represent the set of real numbers and the

et of n × 1 real vectors, respectively; I n ∈ R 

n ×n is the n × n identity

atrix; 1 n (or 0 n ) denotes an n dimensional column vector whose

ll entries being 1 (or 0); A 

T represents the transpose of a matrix

 ; for vectors x 1 , x 2 , . . . , x n , col (x 1 , x 2 , . . . , x n ) = [ x T 1 , x 
T 
2 , . . . , x 

T 
n ] 

T ; for

 vector w , ‖ w ‖ = 

√ 

w 

T w represents the standard Euclidean norm;

or a matrix P, λmin ( P ) and λmax ( P ) denote the smallest and largest

igenvalue. 

. Preliminaries and problem statement 

.1. Preliminaries 

For a multi-agent system, the information exchange among N

gents can be modeled by a weighted digraph G = (V, E, A ) with

he finite set of nodes V = { 1 , 2 , . . . , N} and edge set E ⊂ V × V . An

dge starts from i and ends on j , which means that agent j can

btain information from agent i . The weighted adjacency matrix

 = [ a i j ] ∈ R N×N with a ij > 0 if ( j, i ) ∈ E and a i j = 0 otherwise. If
 N 
j=1 a i j = 

∑ N 
j=1 a ji for all i ∈ V, the digraph G is called weighted-

alanced. A path is a sequence of connected edges in a graph. If for

very pair of nodes there is a directed path connecting them, the

igraph G is said to be strongly connected, otherwise disconnected.

he Laplacian L = [ � i j ] ∈ R N×N of graph G is defined by 

 i j = 

{∑ N 
k =1 ,k � = i a ik j = i 

−a i j j � = i 
. 

The next lemmas related to the important properties of Laplace

 and provide useful mathematical tools. 

emma 1 [40] . Laplace matrix L has least one zero eigenvalue with

 N = [1 , 1 , . . . , 1] ∈ R 

N as its eigenvector, and all the non-zero eigen-

alues of L have positive real parts. Laplacian L has a simple zero

igenvalue if and only if G is strongly connected. 

emma 2. For matrices A, B, C and D with appropriate dimensions,

he Kronecker product � satisfies (1)(A � B )(C � D ) = (AC) � (BD ) ;

(2)(A � B ) T = A 

T 
� B T ; (3)(A � B ) −1 = A 

−1 
� B −1 . 

emma 3 [41] . For a given n × n −matrix G > 0 and for all continuous

unctions ω in [ a, b] → R 

n , the following inequality holds: 

∫ b 

a 

ω(s ) ds 

]T 

G 

[∫ b 

a 

ω(s ) ds 

]
≤ (b − a ) 

∫ b 

a 

ω 

T (s ) Gω(s ) ds. 

.2. Problem statement 

We consider a multi-agent system consisting of N agents. The

ynamics of the i th agent, i ∈ V, are described by 

˙ 
 i (t) = u i (t) , (1) 

here x i ∈ R 

m denotes the state of agent i , u i ∈ R 

m is the control

nput. 

Consider the multi-agent optimization problem, in which the

oal is to minimize the sum of local cost functions associated to

he individual agent. More specially, it can be expressed as 

inimize f (x ) = 

N ∑ 

i =1 

f i (x ) , x ∈ R 

m . (2)

et x = col (x 1 , x 2 , . . . , x N ) ∈ R 

Nm . Next, we provide an alternative

ormulation of (2) , i.e., 

minimize f (x ) = 

N ∑ 

i =1 

f i (x i ) , x i ∈ R 

m , 

ubject to (L � I m 

) x = 0 Nm 

. (3) 
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We can see problem (2) on R 

m is equivalent to problem (3) on

R 

Nm . 

In this paper, our goal is to design a distributed controller for

each agent such that the states of all agents converge to a optimal

solution of the optimization problem (2) via local communication. 

Before proceed, we give the following assumption on the local

cost function f i based on the convex analysis [42] . 

Assumption 1. (a) For each i ∈ V, f i is differentiable and its gradi-

ent is Lipschitz with constant ρ i > 0 in R 

m : 

‖∇ f i (x ) − ∇ f i (y ) ‖ ≤ ρi ‖ x − y ‖ , ∀ x, y ∈ R 

m . (4)

(b) For i ∈ V, f i is m i −strongly convex with constant m i > 0: 

(x − y ) T (∇ f i (x ) − ∇ f i (y )) ≥ m i ‖ x − y ‖ 

2 , ∀ x, y ∈ R 

m . (5)

Remark 1. Under Assumption 1 (b), we can note that f is strictly

convex, then the optimization problem (3) has an unique optimal

solution. 

Assumption 2. The directed graph G is weighted-balanced and

strongly connected. 

Remark 2. From Assumption 2 , zero is a simple eigenvalue of ma-

trix L and 1 T 
N 

L = 0 . Moreover, there exists a matrix Q ∈ R 

N ×(N −1)

with 

1 

T 
N Q = 0 , Q 

T Q = I N−1 , Q Q 

T = I N − 1 

N 

1 N 1 

T 
N , (6)

such that the matrix Q 

T LQ = H, where the real parts of all eigen-

values of H are positive, and H + H 

T is a positive definite matrix. 

3. Main results 

3.1. Synchronous sampling 

The state x i ( t ) of system (1) and (3) is assumed to be sampled

at time instants t k and available at t k + τk . { t k }, k = 0 , 1 , . . . , ∞ , is

a strictly increasing sequence such that lim k →∞ 

t k = ∞ and τ k ≥ 0,

that is the sampled-data x i ( t k ) is available with a time-delay τ k .

The sampling interval [ t k −1 , t k ) satisfy 0 < T min ≤ t k − t k −1 = T k ≤
T max for all k = 0 , 1 , . . . , ∞ , where T k is the length of the k th

sampling interval, T min 

= min { T k } and T max = max { T k } , and when

 ∈ [ t k + τk , t k +1 + τk +1 ) , x i (t k +1 + τk +1 ) = lim t→ (t k +1 + τk +1 ) 
−x i (t) . We

assume that τ is the upper bound of τ k , that is τ k ≤ τ , and sat-

isfy τ < T min , which means that the sampled-data at time t k can be

used before next sampling time instant. 

We use the following sampled-data based control algorithm to

achieve consensus and optimum: 

u i (t) = −k 

N ∑ 

j=1 

a i j [ x i (t k ) − x j (t k )] − w i (t) − γ∇ f i (x i (t)) , 

˙ w i (t) = α
N ∑ 

j=1 

a i j [ x i (t k ) − x j (t k )] , 

w i (0) = 0 , t ∈ [ t k + τk , t k +1 + τk +1 ) , k ≥ 0 , (7)

where w i ( t ) is an auxiliary state of agent i and k, α, γ are the

scalar tuning positive parameter. It can be seen from (7) that each

agent only uses the information at time t k when t ∈ [ t k + τk , t k +1 +
τk +1 ) , k ≥ 0 . 

Noticed that x i (t k )(i ∈ V) are constant in all of the time in-

tervals [ t k + τk , t k +1 + τk +1 ) , k ≥ 0 . From the second equation of

(7) , we can know that w i ( t ) is continuous in [ t k + τk , t k +1 + τk +1 ) .

From Assumption 1 , ∇f i ( x i ( t )) is Lipschitz and then continuous in

[ t k + τk , t k +1 + τk +1 ) . Therefore, ˙ x i (t) and then x i ( t ) is continuous in

time intervals [ t k + τk , t k +1 + τk +1 ) , k ≥ 0 . According to the defini-

tion x i (t k +1 + τk +1 ) = lim t→ (t k +1 + τk +1 ) 
−x i (t) in the beginning of this
ection, we have lim t→ (t k +1 + τk +1 ) 
−x i (t) = lim t→ (t k +1 + τk +1 ) 

+ x i (t) =
 i (t k +1 + τk +1 ) , which means that x i ( t ) is continuous in the time

nstant t k +1 + τk +1 . Thus, x i (t)(i ∈ V) are continuous in the time in-

erval [ t 0 , ∞ ). 

Let 

(t) = col (w 1 (t) , w 2 (t ) , . . . , w N (t )) , 

nd 

 f (x (t)) = col (∇ f 1 (x 1 (t)) , ∇ f 2 (x 2 (t)) , . . . , ∇ f N (x N (t))) . 

hen the closed-loop systems of (1) and (7) can be expressed as a

ompact form: 

˙ x (t) = −k (L � I m 

) x (t k ) − w(t) − γ∇ f (x (t)) , 

˙ 
 (t) = α(L � I m 

) x (t k ) . (8)

Let the right-side of the closed-loop system (8) equal to 0, then

e can get a equilibrium point ( x ∗, w 

∗), i.e. 

k (L � I m 

) x ∗ − w 

∗ − γ∇ f (x ∗) = 0 , 

α(L � I m 

) x ∗ = 0 . (9)

ccording to the properties of Laplacian matrix, and from (9) , one

an obtain 

x ∗ = 1 N � π, π ∈ R 

m , 

 

∗ = −γ∇ f (x ∗) . (10)

nder Assumption 2 , we have 1 T 
N 

L = 0 . Left multiplying the second

quation of (8) by 1 T 
N 

� I m 

, we obtain 

∑ N 
j=1 ˙ w j (t) = 0 , and using

nitial condition w i (0) = 0 , then 

N 
 

j=1 

w j (t) = 

N ∑ 

j=1 

w j (0) = 0 , ∀ t ≥ 0 . (11)

sing 1 T N � I m 

left multiply the second equation of (10) again re-

ults in 

 = 

N ∑ 

j=1 

w 

∗
j =−γ (1 

T 
N � I m 

) ∇ f (x ∗)=−γ
N ∑ 

j=1 

∇ f i (π )=−γ∇ f (x ∗) . 

hus, the optimal condition ∇ f (x ∗) = 0 is satisfied, which means

hat x ∗ = 1 N � x ∗, x ∗ ∈ R 

m is the optimal solution of the optimiza-

ion problem (3) . 

Using the transformation 

 (t) = x (t) − x ∗, w (t) = w(t) − w 

∗, (12)

ne can shift the equilibrium point into the origin, then system

8) can be transformed into the following form: 

˙ x (t) = −k (L � I m 

) x (t k ) − w (t) − γ
( x (t)) , 

˙ 
 (t) = α(L � I m 

) x (t k ) , (13)

here 
( x (t)) = ∇ f (x (t)) − ∇ f (x ∗) . 
Let 

 (t) = (T T � I m 

) x (t ) , ϑ(t ) = (T T � I m 

) w (t) , T = 

[
1 N √ 

N 

Q 

]
. 

enote e = col (e 1 , e 2 ) , and ϑ = col (ϑ 1 , ϑ 2 ) with e 1 , ϑ 1 ∈ R 

m , and

 2 , ϑ 2 ∈ R 

m (N−1) . By the structure of T and (6) , we can know T is

n orthogonal matrix. Then system (13) can be rewritten as: 

˙ e 1 (t) = −γ

(
1 

T 
N √ 

N 

� I m 

)

( x (t)) , 

˙ e 2 (t) = −k (H � I m 

) e 2 (t k ) − ϑ 2 (t) − γ (Q 

T 
� I m 

)
( x (t)) , 

˙ 
 1 (t) = 0 , 

˙ 
 2 (t) = α(H � I m 

) e 2 (t ) . (14)
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ε

Let ε(t) = col (e 2 (t) , ϑ 2 (t)) , then 

˙  (t) = Cε(t) − E 

∫ t 

t k 

˙ ε (s ) ds + F (t) , (15)

ith 

 = 

(
−kH −I N−1 

αH 0 

)
� I m 

, E = 

(
−kH 0 

αH 0 

)
� I m 

, 

nd 

 (t) = 

(
−γ (Q 

T 
� I m 

)
( x (t)) 
0 

)
. 

Then the main results can be obtained as follows. 

heorem 1. Suppose Assumptions 1 and 2 hold, the optimization

roblem (3) for multi-agent system (1) can be solved by the optimiza-

ion control (7) , if the following conditions are satisfied: 

 − (3 m + 1) γ ρ2 
> 0 , (16)

1 − 6 m [(α2 + k 2 ) λ2 + 1] − 1 

2 

> 0 , (17)

nd 

 max + τ < 

√ 

m 

λ2 [(k − α) 2 + 3 m (α2 + k 2 )] 
, (18) 

here m > 0 is a constant, λ1 = λmin (R ) , λ2 = λmax (H 

T H) , and R =
(k − α)(H + H 

T ) I N−1 

I N−1 2 I N−1 

)
� I m 

. 

roof. Consider the following Lyapunov function: 

 1 (t) = 

1 

2 

e T 1 (t) e 1 (t) + 

1 

2 

ε 

T (t)ε (t) , 

here  = 

(
I N−1 I N−1 

I N−1 
k 
α I N−1 

)
� I m 

is positive definite for k > α, the

ondition k > α will be proved later. The derivation of V 1 along the

rst equality of (14) and - system (15) yields: 

˙ 
 1 = e T 1 (t) ˙ e 1 (t) + 

1 

2 

ε T (t)(C + C T ) ε(t) 

− ε T (t)E 

∫ t 

t k 

˙ ε (s ) ds + ε T (t)F (t) . (19) 

Due to e (t) = (T T � I m 

) x (t) and from Assumption 1 , we have 

 

T 
1 (t) ˙ e 1 (t) + ε T (t)F (t) 

= −γ e T 1 (t) 

(
1 

T 
N √ 

N 

� I m 

)

( x (t)) + ε T (t)F (t) 

= −γ x 
T 
(t)
( x (t)) + γ e T 2 (t)(Q 

T 
� I m 

)
( x (t)) 

−γ e T 2 (t)(Q 

T 
� I m 

)
( x (t)) − γϑ 

T 
2 (t)(Q 

T 
� I m 

)
( x (t)) 

= −γ x 
T 
(t)
( x (t)) − γϑ 

T 
2 (t)(Q 

T 
� I m 

)
( x (t)) 

≤ −γ m x 
T 
(t) x (t) + 

1 

4 

ϑ 

T 
2 (t) ϑ 2 (t) + γ 2 ‖ (Q 

T 
� I m 

)
( x (t)) ‖ 

2 

≤ −γ m x 
T 
(t) x (t) + 

1 

4 

ϑ 

T 
2 (t) ϑ 2 (t) + γ 2 ρ2 x 

T 
(t) x (t) , (20) 

here m = min { m 1 , m 2 , . . . , m N } , ρ = max { ρ1 , ρ2 , . . . , ρN } . 
Let R = −(C + C T ) , according to condition (17) , we can know

 is positive definite, and due to H + H 

T is positive definite, then

 > α. Thus 

ε T (t)E 

∫ t 

t k 

˙ ε (s ) ds 

= (k − α) e T 2 (t)(H � I m 

) 

∫ t 

t 

˙ e 2 (s ) ds 

k 
≤ 1 

4 

e T 2 (t) e 2 (t) + (k − α) 2 λ2 

(∫ t 

t k 

˙ e 2 (s ) ds 

)T (∫ t 

t k 

˙ e 2 (s ) ds 

)

≤ 1 

4 

e T 2 (t) e 2 (t) + (k − α) 2 λ2 

(∫ t 

t k 

˙ ε (s ) ds 

)T (∫ t 

t k 

˙ ε (s ) ds 

)
. (21) 

From (19) –(21) and ε T ( t ) R ε ( t ) ≥λ1 ε 
T ( t ) ε ( t ), we have 

˙ 
 1 (t) ≤ −γ m x 

T 
(t) x (t) + 

1 

4 

ϑ 

T 
2 (t) ϑ 2 (t) + γ 2 ρ2 x 

T 
(t) x (t) 

− 1 

2 

ε T (t) Rε(t) 

+ 

1 

4 

e T 2 (t) e 2 (t) + (k − α) 2 λ2 

(∫ t 

t k 

˙ ε (s ) ds 

)T (∫ t 

t k 

˙ ε (s ) ds 

)

≤ −γ m x 
T 
(t) x (t) + 

1 

4 

ε T (t) ε(t) + γ 2 ρ2 x 
T 
(t) x (t) 

− 1 

2 

λ1 ε 
T (t) ε(t) 

+ (k − α) 2 λ2 

(∫ t 

t k 

˙ ε (s ) ds 

)T (∫ t 

t k 

˙ ε (s ) ds 

)
. (22) 

Construct the following auxiliary integral function 

 2 (t) = 

∫ t 

t−T max −τ

∫ t 

θ
˙ ε T (s ) ̇ ε (s ) d sd σ, 

e can obtain 

˙ 
 2 (t) = (T max + τ ) ̇ ε T (t ) ̇ ε (t ) −

∫ t 

t−T max −τ
˙ ε T (s ) ̇ ε (s ) ds. 

By calculation, we have 

˙  T (t) ̇ ε (t) = ε T (t) C T Cε(t) + 

(∫ t 

t k 

˙ ε (s ) ds 

)T 

E T E 

(∫ t 

t k 

˙ ε (s ) ds 

)

+ F T (t) F (t) 

− 2 ε T (t) C T E 

(∫ t 

t k 

˙ ε (s ) ds 

)
− 2 

(∫ t 

t k 

˙ ε (s ) ds 

)T 

E T F (t) 

+ 2 ε T (t) C T F (t) . (23) 

Due to 2 a T b ≤ a T Xa + b T X −1 b, we have 

2 ε T (t) C T E 

(∫ t 

t k 

˙ ε (s ) ds 

)
≤ ε T (t) C T Cε(t) + 

(∫ t 

t k 

˙ ε (s ) ds 

)T 

× E T E 

(∫ t 

t k 

˙ ε (s ) ds 

)
, (24) 

2 

(∫ t 

t k 

˙ ε (s ) ds 

)T 

E T F (t) ≤
(∫ t 

t k 

˙ ε (s ) ds 

)T 

E T E 

(∫ t 

t k 

˙ ε (s ) ds 

)

+ F T (t) F (t) , (25) 

nd 

 ε T (t) C T F (t) ≤ ε T (t) C T Cε(t) + F T (t) F (t) . (26)

Based on Assumption 1 (a), the following result can be obtained:

 

T (t) F (t) = γ 2 ‖ (Q 

T 
� I m 

)
( x (t)) ‖ 

2 ≤ γ 2 ρ2 x 
T 
(t) x (t) . (27)

From (23) –(27) , we have 

˙  T (t) ̇ ε (t) ≤ 3[ ε T (t) C T Cε(t) + 

(∫ t 

t k 

˙ ε (s ) ds 

)T 

E T E 

(∫ t 

t k 

˙ ε (s ) ds 

)

+ F T (t) F (t)] 

≤ 3[(α2 + k 2 ) λ2 + 1] ε T (t ) ε(t ) + 3 γ 2 ρ2 x 
T 
(t ) x (t ) 
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+ 3(α2 + k 2 ) λ2 

(∫ t 

t k 

˙ ε (s ) ds 

)T (∫ t 

t k 

˙ ε (s ) ds 

)
. 

(28)

Let V (t) = V 1 (t) + 

m 

T max + τ V 2 (t) , we have 

˙ 
 (t) ≤ −γ m x 

T 
(t) x (t) + 

1 

4 

ε T (t) ε(t) + γ 2 ρ2 x 
T 
(t) x (t) 

− 1 

2 

λ1 ε 
T (t) ε(t) 

+ (k − α) 2 λ2 

(∫ t 

t k 

˙ ε (s ) ds 

)T (∫ t 

t k 

˙ ε (s ) ds 

)

+ 3 m [(α2 + k 2 ) λ2 + 1] ε T (t ) ε(t ) + 3 mγ 2 ρ2 x 
T 
(t ) x (t ) 

+ 3 m (α2 + k 2 ) λ2 

(∫ t 

t k 

˙ ε (s ) ds 

)T (∫ t 

t k 

˙ ε (s ) ds 

)

− m 

T max + τ

∫ t 

t−T max −τ
˙ ε T (s ) ̇ ε (s ) ds. (29)

From Lemma 3 , we have (∫ t 

t k 

˙ ε (s ) ds 

)T (∫ t 

t k 

˙ ε (s ) ds 

)
≤ (t − t k ) 

∫ t 

t k 

˙ ε T (s ) ̇ ε (s ) ds, 

where t ∈ [ t k + τk , t k +1 + τk +1 ) , t − t k ≤ T max + τ, that is t − T max −
τ ≤ t k . Then, we have 

˙ 
 (t) ≤ −γ m x 

T 
(t) x (t) + 

1 

4 

ε T (t) ε(t) + γ 2 ρ2 x 
T 
(t) x (t) 

− 1 

2 

λ1 ε 
T (t) ε(t) 

+ (k − α) 2 λ2 (t − t k ) 

∫ t 

t k 

˙ ε T (s ) ̇ ε (s ) ds 

+ 3 m [(α2 + k 2 ) λ2 + 1] ε T (t ) ε(t ) + 3 mγ 2 ρ2 x 
T 
(t ) x (t ) 

+ 3 m (α2 + k 2 ) λ2 (t − t k ) 

∫ t 

t k 

˙ ε T (s ) ̇ ε (s ) ds 

− m 

T max + τ

∫ t 

t−T max −τ
˙ ε T (s ) ̇ ε (s ) ds. (30)

Note that 

(t − t k ) 

∫ t 

t k 

˙ ε T (s ) ̇ ε (s ) ds ≤ (T max + τ ) 

∫ t 

t−T max −τ
˙ ε T (s ) ̇ ε (s ) ds, 

we have 

˙ 
 (t) ≤ −γ m x 

T 
(t) x (t) + 

1 

4 

ε T (t) ε(t) + γ 2 ρ2 x 
T 
(t) x (t) 

− 1 

2 

λ1 ε 
T (t) ε(t) 

+ (k − α) 2 λ2 (T max + τ ) 

∫ t 

t−T max −τ
˙ ε T (s ) ̇ ε (s ) ds 

+ 3 m [(α2 + k 2 ) λ2 + 1] ε T (t ) ε(t ) + 3 mγ 2 ρ2 x 
T 
(t ) x (t ) 

+ 3 m (α2 + k 2 ) λ2 (T max + τ ) 

∫ t 

t−T max −τ
˙ ε T (s ) ̇ ε (s ) ds 

− m 

T max + τ

∫ t 

t−T max −τ
˙ ε T (s ) ̇ ε (s ) ds, (31)

and then 

˙ 
 (t) ≤ −[ γ m − (3 m + 1) γ 2 ρ2 ] x 

T 
(t ) x (t ) 

−
{ 

1 

2 

λ1 − 3 m [(α2 + k 2 ) λ2 + 1] − 1 

4 

} 

ε T (t) ε(t) 

−
[ 

m 

T max + τ
− (k − α) 2 λ2 (T max + τ ) 
− 3 m (α2 + k 2 ) λ2 (T max + τ ) 
] ∫ t 

t−T max −τ
˙ ε T (s ) ̇ ε (s ) ds. 

(32)

ence, conditions (16) –(18) guarantee that ˙ V (t) < 0 . Based on Lya-

unov stability theory, we can conclude that e 1 ( t ) → 0 and ε ( t ) → 0,

hat is e ( t ) → 0 mN , ϑ( t ) → 0 mN as t → ∞ . 

With the transformation x (t) = (T � I m 

) e (t ) and w (t ) = (T �

 m 

) ϑ(t) and T is a orthogonal matrix, we can obtain x (t) →
 mN , w (t) → 0 mN , which means x ( t ) → x ∗, w ( t ) → w 

∗ as t → ∞ . As

 result, this proof is completed. �

.2. Asynchronous sampling 

Based on the dynamics (1) and the optimization problem (3) ,

e assume that each agent i independently samples its own

tate at sampling instant t i 
k 

and the sampled-data is available

t t i 
k 

+ τ i 
k 
, i ∈ V, k = 0 , 1 , . . . , ∞ , which is determined by its own

lock. { t i 
k 
} is a strictly increasing sequence such that lim k →∞ 

t i 
k 

=
 . The sampling interval [ t i 

k 
, t i 

k +1 
) satisfies 0 < T min ≤ t i 

k +1 
− t i 

k 
≤

 max for all k ≥ 0. τ i 
k 

> 0 denote the transmission delay with

n upper bound τ ≥ max { τ i 
k 
} , and satisfy τ < T min , which means

hat the sampled-data at time t i 
k 

can be used before next sam-

ling time instant. When t ∈ [ t i 
k 

+ τ i 
k 
, t i 

k +1 
+ τ i 

k +1 
) , x i (t i 

k +1 
+ τ i 

k +1 
) =

im 

t → (t i 
k +1 

+ τ i 
k +1 

) −x i (t) . 

The following asynchronous sampled-data control algorithm is

roposed: 

u i (t) = −k 

N ∑ 

j=1 

a i j [ x i (t i k ) − x j (t j 
k 
)] − w i (t) − γ∇ f i (x i (t)) , 

˙ w i (t) = α
N ∑ 

j=1 

a i j [ x i (t i k ) − x j (t j 
k 
)] , 

 i (0) = 0 , t ∈ [ t i k + τ i 
k , t 

i 
k +1 + τ i 

k +1 ) , k ≥ 0 . (33)

imilar mechanism of asynchronous sampling for consensus prob-

em of multi-agent systems can be found in [26] . 

By the similar discussion as in the Section 3.1 , we can also con-

lude that lim 

t → (t i 
k +1 

+ τ i 
k +1 

) −x i (t) = lim 

t → (t i 
k +1 

+ τ i 
k +1 

) + x i (t) = x i (t i 
k +1 

+
i 
k +1 

) , which means that x i ( t ) is continuous in time instant t i 
k +1 

+
i 
k +1 

. Thus, x i ( t ) is continuous in the time interval [ t 0 , ∞ ). 

According to the definition of Laplacian matrix L , (1) and

33) can be rewritten as 

˙ x i (t) = −k 

N ∑ 

j=1 

� i j x j (t j 
k 
) − w i (t) − γ∇ f i (x i (t)) , 

˙ 
 i (t) = α

N ∑ 

j=1 

� i j x j (t j 
k 
) , w i (0) = 0 , 

t ∈ [ t i k + τ i 
k , t 

i 
k +1 + τ i 

k +1 ) , k ≥ 0 . (34)

Let ˆ x (t) = col (x 1 (t 1 
k 
) , x 2 (t 2 

k 
) , . . . , x N (t N 

k 
)) , then system (34) can

e expressed as the following compact form: 

˙ x (t) = −k (L � I m 

) ̂  x (t) − w(t) − γ∇ f (x (t)) , 

˙ 
 (t) = α(L � I m 

) ̂  x (t) . (35)

imilarly, we can obtain the equilibrium point x ∗ = 1 N � x ∗, w 

∗ =
γ∇ f (x ∗) , where x ∗ ∈ R 

m is the optimal solution of the optimiza-

ion problem (3) . 

Using transformation (12) and 

ˆ x (t) = 

ˆ x (t) − x ∗, one can shift

he equilibrium point into the origin, then system (35) can be
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) 
ransformed into the following form: 

˙ x (t) = −k (L � I m 

) ̂ x (t) − w (t) − γ
( x (t)) , 

˙ 
 (t) = α(L � I m 

) ̂ x (t) , (36) 

Let 

 (t) = (T T � I m 

) x (t ) , ˆ e (t ) = (T T � I m 

) ̂ x (t) , 

(t) = (T T � I m 

) w (t) , T = 

[
1 N √ 

N 

Q 

]
. 

enote e = col (e 1 , e 2 ) , ˆ e = col ( ̂  e 1 , ̂  e 2 ) and ϑ = col (ϑ 1 , ϑ 2 ) with

 1 , ̂  e 1 , ϑ 1 ∈ R 

m , and e 2 , ̂  e 2 , ϑ 2 ∈ R 

m (N−1) . By the structure of T and

6) , we can know T is an orthogonal matrix. Then system (36) can

e rewritten as: 

˙ e 1 (t) = −γ

(
1 

T 
N √ 

N 

� I m 

)

( x (t)) , 

˙ e 2 (t) = −k (H � I m 

) ̂  e 2 (t) − ϑ 2 (t) − γ (Q 

T 
� I m 

)
( x (t)) , 

˙ 
 1 (t) = 0 , 

˙ 
 2 (t) = α(H � I m 

) ̂  e 2 (t) . (37) 

et ε(t) = col (e 2 (t) , ϑ 2 (t )) , ̂  ε (t ) = col ( ̂  e 2 (t ) , ˆ ϑ 2 (t )) , and ˜ ε (t) =
(t) − ˆ ε (t) , then 

˙  (t) = Cε(t) − E ̃  ε (t) + F (t) , (38)

ith 

 = 

(
−kH −I N−1 

αH 0 

)
� I m 

, E = 

(
−kH 0 

αH 0 

)
� I m 

, 

nd 

 (t) = 

(
−γ (Q 

T 
� I m 

)
( x (t)) 
0 

)
. 

heorem 2. Suppose Assumptions 1 and 2 hold, the optimization

roblem (3) for multi-agent system (1) can be solved by the optimiza-

ion control (33) , if the following conditions are satisfied: 

 − (4 m + 1) γ ρ2 
> 0 , (39)

1 − 6 m (1 + 2 k 2 λ2 ) − 1 

2 

> 0 , (40)

nd 

 max + τ < 

√ 

m 

λ2 [(k − α) 2 + 6 mk 2 ] 
, (41) 

here m > 0 is a constant, λ1 = λmin (R ) , λ2 = λmax (H 

T H) , and R =
(k − α)(H 

T + H) I N−1 

I N−1 2 I N−1 

)
� I m 

. 

roof. Consider Lyapunov function V 1 ( t ) given in Theorem 1 , the

erivation of V 1 along the first equality of (37) and system

38) yields: 

˙ 
 1 = e T 1 (t) ˙ e 1 (t) + 

1 

2 

ε T (t)(C + C T ) ε(t) 

− ε T (t)E ̃  ε (t) + ε T (t)F (t) , (42) 

Let R = −(C + C T ) , we obtain that R is positive definite and

 > α. Then, we have 

ε T (t)E ̃  ε (t) = (k − α) e T 2 (t)(H � I m 

) ̃  e 2 (t) 

≤ 1 

4 

e T 2 (t) e 2 (t) + (k − α) 2 ˜ e T 2 (t)(H 

T H � I m 

) ̃  e 2 (t) 

≤ 1 

e T 2 (t) e 2 (t) + (k − α) 2 λ2 ̃  e T 2 (t ) ̃  e 2 (t ) , (43) 

4 
here ˜ e 2 (t) = e 2 (t) − ˆ e 2 (t) = (Q 

T 
� I m 

)( x (t) − ˆ x (t)) , and 

 (t) − ˆ x (t) = col [ x 1 (t) −x 1 (t 1 k ) , x 2 (t) − x 2 (t 2 k ) , . . . , x N (t) −x N (t N k )] 

= col 

[∫ t 

t 1 
k 

˙ x 1 (s ) ds, 

∫ t 

t 2 
k 

˙ x 2 (s ) ds, . . . , 

∫ t 

t N 
k 

˙ x N (s ) ds 

]
. (44) 

Combining (20), (42) and (43) , we have 

˙ 
 1 (t) ≤ −γ m x 

T 
(t) x (t) + 

1 

4 

ϑ 

T 
2 (t) ϑ 2 (t) + γ 2 ρ2 x 

T 
(t) x (t) 

− 1 

2 

ε T (t) Rε(t) 

+ 

1 

4 

e T 2 (t) e 2 (t) + (k − α) 2 λ2 ̃  e T 2 (t ) ̃  e 2 (t ) 

≤ −γ m x 
T 
(t) x (t) + 

1 

4 

ε T (t) ε(t) + γ 2 ρ2 x 
T 
(t) x (t) 

− 1 

2 

λ1 ε 
T (t) ε(t) + (k − α) 2 λ2 ̃  e T 2 (t ) ̃  e 2 (t ) . (45) 

Construct the following auxiliary integral function 

 2 (t) = 

∫ t 

t−T max −τ

∫ t 

θ
˙ e T (s ) ̇ e (s ) d sd σ, 

e can obtain 

˙ 
 2 (t) = (T max + τ ) ̇ e T (t ) ̇ e (t ) −

∫ t 

t−T max −τ
˙ e T (s ) ̇ e (s ) ds, 

here 

˙ 
 

T (t) ̇ e (t) = 

˙ e T 1 (t) ̇ e 1 (t) + 

˙ e T 2 (t) ̇ e 2 (t) , 

ith 

˙ 
 

T 
1 (t) ̇ e 1 (t) = γ 2 ‖ 

(
1 

T 
N √ 

N 

� I m 

)

( x (t)) ‖ 

2 ≤ γ 2 ρ2 x 
T 
(t) x (t) , 

nd 

˙ 
 

T 
2 (t) ̇ e 2 (t) = k 2 ˆ e T 2 (t)(H 

T H � I m 

) ̂  e 2 (t) + ϑ 

T 
2 (t) ϑ 2 (t) 

+ γ 2 ‖ (Q 

T 
� I m 

)
( x (t)) ‖ 

2 

+ 2 k ̂  e T 2 (t)(H 

T 
� I m 

) ϑ 2 (t) 

+ 2 kγ ˆ e T 2 (t)(H 

T 
� I m 

)(Q 

T 
� I m 

)
( x (t)) 

+ 2 γϑ 

T 
2 (t)(Q 

T 
� I m 

)
( x (t)) . (46) 

imilarly to (24) –(27) , and due to the fact that 

ˆ 
 

T 
2 (t) ̂  e 2 (t) = (e 2 (t) − ˜ e 2 (t)) T (e 2 (t) − ˜ e 2 (t)) ≤ 2(e T 2 (t) e 2 (t) 

+ ̃

 e T 2 (t) ̃  e 2 (t)) , 

e have 

˙ 
 

T 
2 (t) ̇ e 2 (t) ≤ 3[ k 2 ˆ e T 2 (t)(H 

T H � I m 

) ̂  e 2 (t) + ϑ 

T 
2 (t) ϑ 2 (t) 

+ γ 2 ‖ (Q 

T 
� I m 

)
( x (t)) ‖ 

2 ] 

≤ 3[ k 2 λ2 ̂  e T 2 (t) ̂  e 2 (t) + ϑ 

T 
2 (t) ϑ 2 (t) + γ 2 ρ2 x 

T 
(t) x (t)] 

≤ 6 k 2 λ2 ̃  e T 2 (t) ̃  e 2 (t) + 6 k 2 λ2 e 
T 
2 (t) e 2 (t) + 3 ϑ 

T 
2 (t) ϑ 2 (t) 

+ 3 γ 2 ρ2 x 
T 
(t) x (t) 

≤ 6 k 2 λ2 ̃  e T 2 (t) ̃  e 2 (t) + 6 k 2 λ2 ε 
T (t) ε(t) + 3 ε T (t) ε(t) 

+ 3 γ 2 ρ2 x 
T 
(t) x (t) . (47) 

Let V (t) = V 1 (t) + 

m 

T max + τ V 2 (t) , then 

˙ 
 (t) ≤ −γ m x 

T 
(t) x (t)+ 

1 

4 

ε T (t) ε(t) + γ 2 ρ2 x 
T 
(t) x (t)− 1 

2 

λ1 ε 
T (t) ε(t

+ [(k − α) 2 + 6 mk 2 ] λ2 ̃  e T 2 (t ) ̃  e 2 (t ) + 6 mk 2 λ2 ε 
T (t ) ε(t ) 

+ 3 mε T (t) ε(t) + 4 mγ 2 ρ2 x 
T 
(t) x (t) 

− m 

T max + τ

∫ t 

t−T max −τ
˙ e T (s ) ̇ e (s ) ds. (48
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Fig. 1. Connected graph. 

Fig. 2. The trajectories of x i ( t ) with T k = 0 . 01 , τk = 0 . 07 . 
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Recalling that ˜ e 2 (t) = (Q 

T 
� I m 

)( x (t) − ˆ x (t)) and (44) , it follows

that 

˜ e T 2 (t) ̃  e 2 (t) = ‖ (Q 

T 
� I m 

)( x (t) − ˆ x (t)) ‖ 

2 

≤ ‖ x (t) − ˆ x (t) ‖ 

2 

= 

N ∑ 

i =1 

(∫ t 

t i 
k 

˙ x i (s ) ds 

)T (∫ t 

t i 
k 

˙ x i (s ) ds 

)
. (49)

From Lemma 3 , we have (∫ t 

t i 
k 

˙ x i (s ) ds 

)T (∫ t 

t i 
k 

˙ x i (s ) ds 

)
≤ (t − t i k ) 

∫ t 

t i 
k 

˙ x 
T 

i (s ) ̇ x i (s ) ds, 

where t ∈ [ t i 
k 

+ τ i 
k 
, t i 

k +1 
+ τ i 

k +1 
) , t − t i 

k 
≤ T max + τ, that is t − T max −

τ ≤ t i 
k 
, and 

˙ x 
T 
(t) ̇ x (t) = ˙ e T (t) ̇ e (t) . 

Then, we have 

˜ e T 2 (t) ̃  e 2 (t) ≤
N ∑ 

i =1 

(t − t i k ) 

∫ t 

t i 
k 

˙ x 
T 

i (s ) ̇ x i (s ) ds 

≤
N ∑ 

i =1 

(T max + τ ) 

∫ t 

t−T max −τ

˙ x 
T 

i (s ) ̇ x i (s ) ds 

= (T max + τ ) 

∫ t 

t−T max −τ

N ∑ 

i =1 

˙ x 
T 

i (s ) ̇ x i (s ) ds 

= (T max + τ ) 

∫ t 

t−T max −τ

˙ x 
T 
(s ) ̇ x (s ) ds 

= (T max + τ ) 

∫ t 

t−T max −τ
˙ e T (s ) ̇ e (s ) ds. (50)

From (48) and (50) , we have 

˙ 
 (t) ≤ −γ m x 

T 
(t) x (t) + 

1 

4 

ε T (t) ε(t) + γ 2 ρ2 x 
T 
(t) x (t) 

− 1 

2 

λ1 ε 
T (t) ε(t) 

+ [(k − α) 2 + 6 mk 2 ] λ2 (T max + τ ) 

∫ t 

t−T max −τ
˙ e T (s ) ̇ e (s ) ds 

+ 6 mk 2 λ2 ε 
T (t) ε(t) + 3 mε T (t) ε(t) + 4 mγ 2 ρ2 x 

T 
(t) x (t) 

− m 

T max + τ

∫ t 

t−T max −τ
˙ e T (s ) ̇ e (s ) ds, (51)

and then 

˙ 
 (t) ≤ −[ γ m − (4 m + 1) γ 2 ρ2 ] x 

T 
(t ) x (t ) 

−
[ 

1 

2 

λ1 − 3 m (1 + 2 k 2 λ2 ) − 1 

4 

] 
ε T (t) ε(t) 

−
[ 

m 

T max + τ
− ((k − α) 2 + 6 mk 2 ) λ2 (T max + τ ) 

] 

×
∫ t 

t−T max −τ
˙ e T (s ) ̇ e (s ) ds. (52)

By the similar analysis as the proof of Theorem 1 , we can conclude

that ˙ V (t) < 0 , which completes the proof. �

4. Simulations 

In this section, we give an example to validate our theoretical

results. In this example, we consider a multi-agent system consist-

ing of five agents. Supposes that the interconnected topology is de-

scribed as in Fig. 1 . The weight of every edge is 1. 

Consider the following optimization problem 

minimize f (x ) = 

N ∑ 

i =1 

f i (x ) , x ∈ R , 
here the local objective function is given as following 

f 1 (x ) = 0 . 7(x − 6) 2 , 

f 2 (x ) = (x − 4) 2 , 

f 3 (x ) = 

x 2 

ln (x 2 + 2) 
, 

f 4 (x ) = sin 

x 

2 

+ 

x 2 

4 

, 

f 5 (x ) = 

x 2 √ 

x 2 + 1 

+ 0 . 2 x 2 . (53)

bviously, for i = 1 , 2 , . . . , 5 , f i is differentiable and satisfies

ssumption 1 . Choosing α = 0 . 6 , k = 1 . 0 , γ = 0 . 2 , we can obtain

= 2 , m = 1 , λ1 = 0 . 6861 , λ2 = 3 . 6180 . Let the initial values 

 (0) = [ x 1 (0) , x 2 (0) , x 3 (0) , x 4 (0) , x 5 (0)] T = [ −3 . 2 , 1 . 9 , −1 . 8 , 4 . 5 ,

nd 

 (0) = [ w 1 (0) , w 2 (0) , w 3 (0) , w 4 (0) , w 5 (0)] T = [0 , 0 , 0 , 0 , 0] T . 

(1) synchronous sampling: The sampling interval T k and the

ime-delay τ k are given as T k = 0 . 01 s, τk = 0 . 07 . The simulation re-

ults are shown in Figs. 2 and 3 . 

(2) asynchronous sampling: The sampling interval is given as

 = 0 . 01 s, time-delay τ i 
k 
(i = 1 , 2 , . . . , 5) are simulated by random

umbers in the interval [0, 0.3 T ]. The simulation results are shown

n Figs. 4 and 5 . 
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Fig. 3. The trajectories of w i ( t ) with T k = 0 . 01 , τk = 0 . 07 . 

Fig. 4. The trajectories of x i ( t ) with T = 0 . 01 , τ i 
k 

∈ [0 , 0 . 3 T ] . 

Fig. 5. The trajectories of w i ( t ) with T = 0 . 01 , τ i 
k 

∈ [0 , 0 . 3 T ] . 

Fig. 6. The trajectories of x i ( t ) with T 0 = 0 . 09 . 

Fig. 7. The trajectories of x i ( t ) with T 1 = 0 . 07 . 

 

t  

 

r  

 

i  

d  

t  

v

5

 

s  

n  

a  

v  

i  

c  

r  
We can see that the trajectories x i of each agent i converge to

he global optimal solution x ∗ = 3 . 1798 of the objective function

f (x ) = 

∑ N 
i =1 f i (x ) and all the trajectories w i converge to a constant,

espectively, for i = 1 , 2 , . . . , 5 . The optimal value of f ( x ) is 18.8773.

The simulation result for synchronous sampling with T 0 = 0 . 09

s depicted in Fig. 6 and asynchronous sampling with T 1 = 0 . 07 is

epicted in Fig. 7 , respectively, where T 0 and T 1 are larger than

he upper bound T max in Theorems 1 and 2 . Then x i ( t ) is not con-

ergent. 

. Conclusion 

In this paper, a distributed optimization problem of multi-agent

ystems with delayed sampled-data is considered. The intercon-

ected topology is assumed to be directed, weighted-balanced

nd strongly connected, and the local costs are strongly con-

ex with globally Lipschitz gradients. Two control algorithms us-

ng sampled-data with time-delay under synchronous and asyn-

hronous sampling are presented for the multi-agent systems to

each consensus and optimal state. Based on Lyapunov theory and
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algebraic graph theory. Sufficient conditions are obtained to make

all the agents converge to the optimal solution of the system if the

design parameters are chosen properly. Finally, numerical example

are given to illustrate the theoretical results. 
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