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a b s t r a c t

This paper focuses on pump flow rate optimization for forced circulation solar water heating systems
with pipes. The system consists of: an array of flat plate solar collectors, two storage tanks for the cir-
culation fluid and water, a heat exchanger, two pumps, and connecting pipes. The storage tanks operate
in the fully mixed regime to avoid thermal stratification. The pipes are considered as separated com-
ponents in the system so as to account for their thermal effects. The objective is to determine optimal
flow rates in the primary and secondary loops in order to maximize energy transfer to the circulation
fluid storage tank, while reaching user defined temperatures in the water storage tank to increase
thermal comfort. A model is developed using mainly the first and second laws of thermodynamics. The
model is used to maximize the difference between the energy extracted from the solar collector and the
combined sum of the energy extracted by the heat exchanger and corresponding energies used by the
pumps in the primary and secondary loops. The objective function maximizes the overall system energy
gain whilst minimizing the sum of the energy extracted by the heat exchanger and corresponding pump
energy in the secondary loop to conserve stored energy and meet the user requirement of water tank
temperatures. A case study is shown to illustrate the effects of the model. When compared to other flow
control techniques, in particular the most suitable energy efficient control strategy, the results of this
study show a 7.82% increase in the amount of energy extracted. The results also show system thermal
losses ranging between 5.54% and 7.34% for the different control strategies due to connecting pipe losses.

© 2015 Elsevier Ltd. All rights reserved.
1 Thermal stratified storage is a technique that is widely used in energy con-
servation and load management applications. Stratification describes the temper-
ature difference that can exist between different levels inside a tank. A multinode
approach (the tank is typically divided into N nodes) is used to characterize the
1. Introduction

Recently, intensive efforts have been made in attempt to either
integrate or replace conventional energy sources with renewable
energy sources (RES) in order to meet power demands [1]. This is
due to the fact that RES are non-polluting and non-depletable
whilst they also have low operation and maintenance costs thus
making them potential sources of alternative energy [1e3]. Solar
water heating systems (SWHS) are among the most common and
favourable renewable energy systems as the use of these systems
can result in significant energy savings. However, there are limiting
factors to be considered when utilizing SWHS. These include:

a) Unpredictable behaviour (energy produced from RES may not
always meet the demand)

b) Economic viability
c) Thermal performance
ba).
It is therefore essential to investigate ways to overcome these
limitations so as to increase the viability of SWHS. A common so-
lution to a) and b) is the use of an effective thermal energy storage
system (one that is able to store thermal energy at the highest
possible temperature whilst exhibiting minimal thermal losses).
The main thermal energy storage techniques include: thermally
stratified storage1 and reversible chemical heat storage.2 A second
method involves integrating SWHS with a flow control device
(pump) in order to increase the rate of energy transfer thereby
maximizing energy transfer from the solar collector to the energy
storage units (tanks) [4,6]. Optimal flow control is therefore an
energy in the tank [4,5].
2 Reversible chemical heat storage is a technique that is based on the conversion

of solar radiation into high-temperature heat. This technique utilizes a system of
reactants that either transfer energy to the storage tank or extract energy from the
tank. The system is connected in an open loop or closed-loop configuration [4].
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important factor that can be used to increase the performance of
SWHS.

This can be achieved through the application of optimal flow
rate strategies. Optimization will however result in different
optimal strategies based on the objectives and constraints of the
defined problem. For instance, different optimal flow control stra-
tegies may be obtained when considering cost minimization as
oppose to energy maximization. Existing approaches to energy
maximization through mass flow rate control are reported in
[4,7e13]. In particular [7], investigates optimal flow control of a
closed-loop SWHS with one and two serpentines used for heat
exchange in the storage tank. The results show that optimal
switching between the minimum and maximum flow rate (mainly
known as bangebang control) yield a greater energy gain, system
efficiency and reduced system thermal losses when compared to
traditional flow strategies such as constant flow rate, proportional
and proportional integral derivative (PID) control. In Ref. [8],
optimal operation strategies for SWHS connected in an open loop
configuration are considered. The results suggest that a constant
optimal mass flow rate (which can be obtained using the overall
average of the optimal mass flow rates that are determined for each
sample instance of the optimization interval) may be a good
strategy during warmer seasons of the year as this can yield results
that are very close to the optimum results. In Ref. [10], a low
temperature solar water collector connected to a thermally strati-
fied tank is considered with the objective of obtaining optimal mass
flow rates required to maximize the net gained energy. The
resulting mass flow rate values are close to the minimum and
maximum limits which support the strategy of optimal switching
between the minimum and maximum available flow rate. In Ref.
[9], a co-generation system consisting of a solar collector, gas
burner, thermal reservoir, hot water heat exchanger and absorption
refrigerator connected in a two loop configurationwith two pumps
is devised for producing heating as well as cooling. The objective is
to maximize the system performance (reduce exergy destruction)
whilst also minimizing the system pull up and pull down times
(time taken to reach a set point temperature). The results show two
optimum constant pump flow rates values for the two pumps. In
Ref. [11] an optimal control method for a solar collector loop in a
closed-loop configuration is studied. The system is described by a
bilinear lumped parameter model for the collector fluid tempera-
ture and a bilinear lumped parameter model for the storage fluid
temperature. The objective is to obtain optimum values for the
collector fluid velocity in order to maximize the net energy that is
collected over a fixed time period. The results agree with [8] and
[10] in that optimal switching will occur between the minimum
and maxim flow limits. The results also show that in instances
where only two switches occur during the period of operation, the
optimal control is highly dependent on the temperature difference
across the collector. In [12,13] the application of block orientated
type mathematical modelling is applied to SWHS with pumps. In
this paper two different types of bangebang control are used. In the
first type (referred to as ordinary control), the on-off status of the
pump is temperature dependent, whilst in the second type
(referred to as energy based control) the control action is depen-
dent on the comparison of the available energy to extract and the
pump power used to extract this energy. The results show that the
energy based control method results in greater energy gain and a
higher water tank temperature. In Ref. [14], an energetic optimi-
zation of flat plate solar collectors is developed in order to deter-
mine the optimal performance and design parameters of the
system. The objective is to determine the optimum flow rate and
collector aperture area combination that will result in a maximized
exergy efficiency. The results illustrate the dependence of exergy on
the aperture area and flow rate with maximized exergy outputs
correlating to maximum flow rate and aperture area values. Ther-
mal losses due to the pipes connecting the solar collector to the
storage unit are assumed to negligible in all the papers discussed
above.

In Ref. [15], extended differential equations are used to model a
SWHS consisting of a solar collector, heat exchanger, energy storage
tank and connecting pipes. The developed model considers pipe
thermal losses and simply illustrates the temperature distribution
over the components of the SWHS. When compared to measured
results from a physical system, the results of this model show lower
absolute error than those of other models that do not take system
thermal losses into account. The results of Ref. [15] highlight the
importance of considering system thermal losses in order to in-
crease the accuracy of any model. In attempt to further the work
that has been developed by the previous authors, this paper
focusses on flow rate optimization of SWHS with two energy
storage tanks and connecting pipes.

There are three novelties to our approach. Firstly, unlike other
models that either aim to maximize the energy extracted from the
solar collector or to maximize the difference between the energy
collected and the energy used by the pumps, our model is devel-
oped with two objectives; in the primary loop, the flow rates are
optimized for maximum energy transfer to the energy storage tank,
whilst in the secondary loop, the flow rates are optimized for
minimum energy extraction from the first energy storage tank to
the water tank in order to conserve energy whilst meeting user
requirement of water tank temperatures at different hours of the
day so as to increase thermal comfort. Our objective function
therefore aims to maximize the overall energy gain of the SWHS
whilst taking into account the energy extracted from the solar
collector, the energy used by the pumps as well as the energy
transfer that occurs between the two tanks. Secondly, most existing
models have optimized flow rates for the daytime period where
there is an opportunity to extract energy. Due to the presence of the
two energy storage tanks, our model aims to optimize the flow
rates of two pumps over a 24 h period as oppose to only during the
period when energy available from the collector. Lastly, our SWHS
model takes into account pipe thermal losses as well as resulting
power losses. Previous optimal flow control models for SWHS do
not take these losses into account. In this model, the losses are
characterized as a function of the pipe parameters (heat loss co-
efficients of the pipes) which are calculated for every sample
instant as oppose assuming them to be constant, as well as di-
mensions of the connecting pipe (inner diameter, length, and sur-
face area). This will result in a more realistic model of SWHS that
produces optimized flow results that can resemble those of a
physical SWHS to a greater degree than current existingmodels. the
developed model aims to optimize the flow rates in the primary
and secondary loops whilst meeting user defined water tank
temperatures at different hours of the day so as to increase thermal
comfort.

The layout of this paper is as follows: The problem formulation
is discussed in Section 2. The formulation of the mathematical
model is presented in Section 3. The model optimization procedure
is presented in Section 4. In Section 5, a case study is presented
together with a discussion and analysis of the corresponding re-
sults. This study is concluded in Section 6.

2. Problem formulation

The system considered in this paper is shown in Fig. 1. It consists
of a flat plate solar collector with surface area Acoll, a storage tank
(T1) used to store circulation fluid with mass Mcf, and specific heat
capacity Ccf, a storage tank (T2) with water tank used to store water
with massMw, and specific heat capacity Cw, connecting pipes cpi of



Fig. 1. Forced circulation SWHS to be optimized.
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lengths Lcpi and inner diameter dcpi for i ¼ 1,…,6, as well as two
pumps used in the primary and secondary loops of the system. In
the primary loop, the circulation fluid flowing at a mass flow rate of
_mcf leaves tank T1 at a temperature of Ts1, enters the solar collector
at temperature Tcf,in and leaves at temperature Tcf,out. The secondary
loop is used to extract energy from tank T1 through the use of a
serpentine (S) with a heat transfer surface area, transfer coefficient
and efficiency of As, Hs and hs. In the secondary loop, water flowing
at a mass flow rate of _mw leaves tank T2 at temperature Ts2, enters
the serpentine S at temperature Tw,in and leaves the serpentine at a
temperature of Tw,out. In order to ensure that water in tank T2 is
maintained at a certain level, cold water at a temperature of Tc
enters tank T2 at the same mass flow rate _mout that water is
extracted from T2 for hot water usage. Therefore the secondary part
of the system is connected in an open loop configuration.

In tank T1, a circulation fluid with low specific heat capacity and
low freezing point (when compared to water) is selected to ensure
that the liquid does not freeze in areas with cold climates. Another
benefit of this liquid is that it has a greater capacity to heat up with
a smaller change in energy when compared to specific heating
capacity of water, thereby increasing the SWHS's capacity to store
energy [16].

It should be noted that SWHS configurations similar to that
shown in Fig. 1 have been considered in other studies. More
notably, similar systems where considered in [9,12,13,15]. What
physically differentiates our system from the studies noted above is
the circulation fluid and the type of exchanger used the systems
primary loop. When considering the mathematical modelling and
optimization of this system, none of the studies indicated above
model the connecting pipe thermal losses. Finally, the objectives
formulated for the system's primary and secondary loop result in a
unique problem.
Fig. 2. Connecting pipes of a SWHS. (a) Cross section and
3. SWHS mathematical model

3.1. Connecting pipe loss factors

Any pipe with a surface that is hotter than the surroundings will
experience heat as well as energy losses. These losses are affected
by a number of factors, with the dominant ones being: the type of
material that the pipe is made of as well as the size and surface
temperature of the pipe. Pipe insulation is a popular method used
to improve the thermal performance of a pipe. It is therefore
necessary to model insulation on a pipe in order evaluate a pipes
thermal performance [17]. The pipe thermal loss and decrease in
temperature are characterized using equations from [5,17e19].
Fig. 2 shows the cross section and length of an insulated pipe.

The thermal loss of the pipe may be obtained using the
following relation.

Qpipe ¼ L$p$D3$Up$ðTin � TaÞ; (1)

where: L is the length of the pipe, D3 the outer diameter, Up is the
pipes overall heat loss coefficient, Tin is the pipes inner temperature
and Ta is the ambient temperature [17,19]. The decrease in tem-
perature due to the heat losses is approximated by

DTin ¼ Up$L$p$D3$ðTin � TaÞ
mp_$Cp

; (2)

where _mp and Cp are the mass flow rate and the specific heat ca-
pacity of the fluid flowing in the pipe [5]. The pipes overall heat loss
coefficient is determined using the following relation:
(b) Length of the insulated pipe (adapted from [17]).
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where D1, D2 and D3 are the pipe insulation diameters as shown in
Fig. 2, kpipe and kinsulation are the thermal conductivity of the pipe
and insulation material, hin, and hout are the heat transfer co-
efficients of the inner and outer surface of the pipe [17].
Fig. 3. Rate of energy extraction in the primary loop.
3.2. Solar collector

The basic method of measuring the performance of a solar col-
lector is through exposing it to solar radiation and measuring the
inlet and outlet temperatures as well as the flow rate of the fluid
[5]. The useful heat gain obtained by the circulation fluid is then:

Qin ¼ _mcf $Ccf
�
Tcf ;out � Tcf ;in

�
: (4)

In order to determine the useful gain of the flat plate collector, it
needs to be characterized such that there is an indication of how it
absorbs energy, as well as how it losses energy to the surroundings.
The thermal performance of a collector under steady state oper-
ating conditions (also known as the useful gain) is given by:

Qin ¼ Acoll$Fr
�
ðtaÞG� UL

�
Tcf ;out � Tcf ;in

��
: (5)

This equation is known as the BlisseHotteleWhillier relation-
ship where: Fr is the collector heat removal factor, t and a are the
transmittance and absorbance factors, G is the global irradiance
incident on the aperture plane of the solar collector and UL is the
collector overall heat loss coefficient. The relation used to charac-
terize the collector heat removal factor is:

Fr ¼
_mcf $ccf
Acoll$UL

"
1� exp

 
Acoll$UL$Fprime

mcf $ccf

!#
; (6)

where Fprime is denoted as the collector efficiency. All other pa-
rameters in eq. (6) are described in Section 2. The overall thermal
loss coefficient over the collector is given by:

UL ¼ Ut þ Ub þ Ue; (7)

where: Ut is the collector top thermal loss coefficient, Ub is the
collector bottom thermal loss coefficient, and Ue is the collector
edge thermal loss coefficients. Physically, these parameters account
for the thermal losses experienced in the top, bottom and edges of
the solar collector. The overall transmittance and absorbance fac-
tors of the solar collector are given by:

t ¼ ta$trn; (8)

a ¼ 1� ta; (9)

where ta and trn denote the collector transmittances due to ab-
sorption and reflectance. Equations obtained from [5,20e24] are
used to develop a model that characterizes Fprime, Ut, Ub, Ue, ta and
trn as functions of the solar collector design parameters in order to
determine Fr, t, a, and UL. This is shown in Appendix A. Further, it is
assumed that the useful gain at the collector is the same as the gain
available to the circulation fluid.
3.3. Circulation fluid storage tank

In order to characterize the thermal performance of the circu-
lation fluid storage tank, the first law of thermodynamics is applied
to it. The energy balance in the tank is then given by the following
relation:

Mcf $Ccf $
dTs1
dt

¼ Qin � Qout 1 � Qloss � Qpipe 1 � Qpipe 2; (10)

where:Mcf is the total mass of the circulation fluid,Qout_1 is the heat
extracted from tank T1 in order to heat up water in tank T2, Qloss is
the heat lost in tank T1 due to the tank thermal properties and
Qpipe_1, Qpipe_2 are the heat losses due to the connecting pipes in the
primary loop [5,7]. This is shown in the Fig. 3.

Qloss is given by the following relation:

Qloss ¼ UT1$AT1ðTs � TintÞ; (11)

where: UT1 is the heat transfer coefficient between the circulation
fluid stored in tank T1 and the area that tank 1 is located, AT1 is the
surface area tank T1, and Tint is the temperature of the area where
the storage tank is located [5,7]. Eq. (10) must be integrated over
time to determine the long term thermal performance of the
storage tank. There are many possible numerical integration
methods that can be used to achieve this. In this paper we have
used the RungeeKutta fourth order numerical approximation
method (RK4). This method is selected due to the small truncation
error per step size associated with it when compared to other
methods [25,26].

3.4. Water storage tank

The first law of thermodynamics is applied to water tank (T2) to
form the following relation for the energy balance in the tank:

ðMw$CwÞ$dTs2dt
¼ Qin 2 � Qload � Qloss T2 � Qcw � Qpipe 3

� Qpipe 4; (12)

where

Qcw ¼ _mout$CwðTs2 � TcwÞ; (13)

Qload ¼ _mout$CwðTs2 � ToutÞ; (14)

Qloss T2 ¼ UTs2$AT2ðTs2 � TintÞ: (15)
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In (13), (14) and (15),Mw and Cw represent the mass and specific
heat capacity of water, Qin_2 is the heat added to tank T2 by the heat
exchanger in tank T1, Qload is the heat removed from the tank to the
load, Qloss_T2 is the thermal losses of the water storage tank, UTs2 is
the heat transfer coefficient between the water stored in tank T2
and the area that tank 2 is located, AT2 is the surface area tank T2,
Qcw is the heat removed from the tank through the addition of cold
water at a flow rate of _mout , Tout is user required value of the tem-
perature at the output of the SWHS and Qpipe_3, Qpipe_4 are the heat
losses due to connecting pipes cpi for i ¼ 3,…,6. This is shown in
Fig. 4.
3.5. Heat exchanger

The heat or rate of energy transfer to the secondary circuit
(denoted as Qout_1) is obtained through using a simple model that
characterizes the thermal properties of a serpentine which acts as
the heat exchanger. In order to further simplify this model, it is
assumed that for a short time interval, the temperature (Ts2) in the
water storage tank (T2) remains constant. When dealing with a
large mass of water (Mw), this assumption is seen to be reasonable
as the largemass would result in a small change in (Ts2) over a small
period of time. Under the above mentioned assumption, the
following relations are used to determine the thermal performance
of the serpentine:

Tw;out ¼ Ts1 þ
�
Tw;in � Ts1Þ exp

��h$S
h$ _mw

$Cw

�
; (16)

Qout serp ¼ _mw$Cw

�
1� exp

��h$S
h$ _mw

$Cw

��
$
�
Ts1 �

�
Tw;in

��
;

(17)

where

Tw;in ¼ Ts2 � DTin pipe 4: (18)

In (16) and (17), h, h and S denote the heat transfer coefficient,
the heat transfer surface area, and the heat transfer efficiency of the
serpentine. The heat transfer coefficient is determined using the
following relation [7]:

h ¼ hlin
p$Dserp

; (19)

where hlin and Dserp are denoted as the average linear heat transfer
coefficient and the diameter of the serpentine. The heat transfer
surface area is given by:

S ¼ p$Dserp$Lserp; (20)

where Dserp and Lserp are the inner diameter and length of the
Fig. 4. Rate of energy extraction the secondary loop.
serpentine. Parameters h is dependent on the type of serpentine
selected. Equations obtained from [7,27,28] are used to develop a
model that characterizes h and S as functions of the serpentine
design parameters. This is shown in Appendix B.
3.6. Flow control

The thermal performance of a solar collector depends on a
number of parameters as illustrated in Section 3.2. The main pa-
rameters of interest are the mass flow rates ð _mcf and _mwÞwhich are
controlled through the use of awater pump for each of the two fluid
circulation loops. The computation of the pump mechanical power
required to circulate the fluid in the primary and secondary loops of
the system is determined using equations from [7,29]. The pump
mechanical power is given by the following relation:

Ppump ¼ Ppump;A þ Ppump;duct ; (21)

where: Ppump,A represents the power required to cover the pressure
losses in the solar collector, and Ppump,duct represents the power
required to cover the pressure losses in the pipes connecting the
solar collector to tank 1 in the primary loop, and connecting tank 1
to tank 2 in the secondary loop. Ppump,A is determined using the
following equation:

Ppump;A ¼ A
Acoll

Ppump;coll; (22)

where: A represents the surface area of the tubes in the solar col-
lector and Ppump,coll represents the energy required to overcome the
pressure losses DPcoll in a single collector. the equations for these
parameters are shown below:

Ppump;coll ¼
_mcoll

rcf
DPcoll; (23)

DPcoll ¼ zcoll
rcf $w

2
coll

2
; (24)

where

wcoll ¼
_mcoll

rcf $acoll
: (25)

Parameterswcoll, rcf, zcoll and acoll represent the fluid speed at the
inlet of the collector, the working fluid mass density, the pressure
loss coefficient and the cross sectional surface area at the collector's
inlet. The mass flow rate at the input of the collector is given by:

_mcoll ¼
Acoll

A
_mcf : (26)

Combining (22)e(26) results in the following relation:

Ppump;A ¼ Kpump;A$ _m3
cf ; (27)

where the coefficient Kpump,A is determined using:

Kpump;A ¼ zcoll

2r2cf

�
Acoll

acoll$A

	2
: (28)

The pump power necessary to cover the pressure losses over the
collector ducts in the (SWHS) is given by:
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Ppump;duct ¼
_mcf

rcf
DPduct ; (29)

where _mcf and rcf represent the fluid speed in the ducts and the
working fluid mass density. DPduct represents the pressure losses
over the ducts and is given by:

DPduct ¼ lduct
lduct
dduct

$
rcf $w

2
duct

2
; (30)

where lduct, lduct and dduct are the friction factor of the duct, the
length of the duct and the inner diameter of the duct. The fluid
speed in the duct (wduct) is given by:

wduct ¼
4
p

_mcf

rcf $d2duct
: (31)

Combining (29)e(31) yields:

Ppump;duct ¼ Kpump;duct$ _m3
cf ; (32)

where the coefficient Kpump,duct is given by:

Kpump;duct ¼
8
p2

lduct$lduct
r2cf $d

5
duct

; (33)

Finally, combining (27), (28), (32) and (33) yields:

Ppump ¼ Kpump$ _mcf 3 (34)

where

Kpump ¼ Kpump;A þ Kpump;duct : (35)

The rate of energy usage of pumps P1 and P2 can therefore be
individually denoted as follows:

Ppump1 ¼ Kpump1$
�
_mcf

�3
; (36)

Ppump2 ¼ Kpump2$ð _mwÞ3: (37)

It should be noted that for P2, Kpump,A ¼ 0 as there is no solar
collector connected in the secondary loop. Using equations ob-
tained from [7,30,29], zcoll and lduct are characterized as functions of
the pump design parameters. This is shown in Appendix C.
4. Model optimization

In order to develop a model that will maximize the energy gain
in the primary loop whilst minimizing energy usage by the pumps
as well as the rate of energy extraction from tank 1 to meet the
energy requirements of tank 2 in the secondary loop, the following
continuous time objective function is formulated:

J
�
_mcf ; _mw

�
¼
ZT
t¼0

h
Qin

�
_mcf

�
�
�
Ppump1

�
_mcf

�
þPpump2ð _mwÞ

�i
dt:

(38)

where T denotes the terminal time or optimization interval which is
selected as 24 h. The objective function is then expressed in the
discrete time domain. This is given by:
J
�
_mcf ðiÞ; _mwðiÞ

�
¼
XN
i¼1

h�
Qin

�
_mcf ðiÞ

�
�
�
Ppump1

�
_mcf ðiÞ

�

þ Ppump2ð _mwðiÞÞ
��

$Di

i
; (39)

where:

N ¼ T
h
: (40)

The sample interval which is denoted as h is chosen as 10 min.
Our objective is to maximize this discrete energy function which
consists of the rate of energy transfer over the collector (Qin) and
the power of the pumps in the primary and secondary loops (Ppump1
and Ppump2). We therefore aim to maximize the difference between
the gain over the SC and the energy used by the pumps and in doing
so, to maximize the overall gain of the SWHS. This is achieved
through negating and minimizing (39) as this is equivalent to
maximizing the original function. This is done in order to meet the
structural requirements of the Matlab toolbox used to solve the
model. The optimization process is then summarized as follows:

min
h
� J
�
_mcf ðiÞ; _mwðiÞ

�i
; (41)

subject to the following linear inequality constraints:

_mmin
cf � _mcf ðiÞ � _mmax

cf ; (42)

_mmin
w � _mwðiÞ � _mmax

w ; (43)

Tmin
s1 � Ts1ðiÞ � Tmax

s1 ; (44)

Tmin
s2 � Ts2ðiÞ � Tmax

s2 ; (45)

for i ¼ 1,…,N, the following linear equality constraints:

Tcf ;inðiÞ ¼ Ts1ðiÞ � DTin;pipe 2ðiÞ; (46)

Ts1ðiÞ ¼ Tcf ;outðiÞ � DTin;pipe 1ðiÞ; (47)

Ts2ðiÞ ¼ Tw;outðiÞ � DTin;pipe 3ðiÞ; (48)

Tw;inðiÞ ¼ Ts2ðiÞ � DTin;pipe 4ðiÞ; (49)

ToutðiÞ ¼ Ts2ðiÞ � DTin;pipe 5ðiÞ; (50)

Ts2 inðiÞ ¼ TcwðiÞ � DTin;pipe 6ðiÞ; (51)

for i ¼ 1,…,N, and the following non linear inequality constraint:

Qout serpðiÞ � Qin 2ðiÞ; (52)

for i ¼ 1,…,N, where: _mmin
cf , _mmax

cf , _mmin
w and _mmax

w are the minimum
and maximum allowable fluid flow rates for pumps P1 and P2,
while Tmin

s1 , Tmax
s1 , Tmin

s2 and Tmax
s2 are the minimum and maximum

allowable fluid tank temperatures based on the tank design pa-
rameters. Eqs. (46)e(51) regulate the temperature distribution in
the SWHS taking into account the temperature losses in the con-
necting pipes (DTin,pipe_j where j ¼ 1,….,6 according to Fig. 1) for
each sample instant over the optimization interval, while (52) en-
sures that the rate of energy extraction by the serpentine meets the



Table 1
Fluid and tank parameters.

Parameter Symbol Value Unit

Tank 1 (circulation fluid (Duratherm 600))
Tank diameter Dtank1 0.69 m
Tank height Htank1 1.6 m
Tank volume Vtank1 598 l
Fluid specific heat capacity Ccf 1967 J (kg K)�1

Fluid mass density rcf 844.17 kg m�3

Tank 2 (water)
Tank diameter Dtank2 0.69 m
Tank height Htank1 0.535 m
Tank volume Vtank1 200 l
Tank specific heat capacity Cw 4185 J (kg K)�1

Tank mass density rw 1000 kg m�3

Table 2
Flat plate solar collector parameters.

Parameter Symbol Value Unit

Medium 1 (air)
Relative reflective index n1 1 e

Medium 2 (transparent layer)
Number of transparent layers (cover) N 1 e

Thickness of each layer lt 0.004 m
Relative reflective index n2 1.526 e

Emittance εg 0.88 e

Absorption factor/coefficient kabs 4 m�1

Absorber plate (aluminium)
Emittance εp 0.1 e

Absorbance a 0.9 e

Thickness dp 0.0015 m
Thermal conductivity kp 211 W (m K)�1

Mass density rm 2700 kg.m�3

Specific heat capacity cm 896 J (kg K)�1

Tube external diameter Dout 0.013 M
Tube internal diameter Di 0.01 m
Tube length lpipe 1.5 m
Drum diameter dcoll 0.035 m
Bond conductance Cb 15 mK W�1

Bottom thermal insulation (polyurethane)
Thickness of the bottom thermal insulation Lb 0.05 m
Thermal conductivity kb 0.034 Wm�2 K�1
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minimum requirement from tank 2 in order to heat water up to the
desired user temperature. It should be noted that (46)e(51) rep-
resents system equations that satisfy the system model derived in
Section 3.

4.1. Model computational procedure

This section highlights the computational steps of the model.
The aim is to obtain optimal flow rates that will maximize the rate
of energy extraction from the solar collector in the systems primary
loop, whilst minimizing the rate of energy usage of the pumps and
the serpentine in the system's secondary loop. With the initial
conditions, upper and lower bounds of the control variables ( _mcf
and _mw) set, the optimization command is executed. The command
points to an energy function whose input variables are the control
variables ( _mcf and _mw) ranging from 0.00001 to 0.1 kg/s in order to
find the optimal solution that will minimize (41) over the 24 h
optimization interval. In this function, the secondary loop is
analyzed first in order to determine the rate of energy required
from T1 to obtain the required values of Tout. In addition to the
parameters shown in Tables 2e4, the developed model uses initial
values for Ts1i

, Tcwi , Tpmi and Tfmi
as entry points. With the user

requirement of temperature values at the output of the SWHS (Tout)
known over the 24 h optimization interval, Ts2i

is determined using
(50). The rate of energy transfer to the load (Qloadi

), the rate of
energy loss due to the thermal properties of tank 2 (Qloss T2i

) and
the rate of energy loss (Qcwi ) due to cold water entering tank 2 at
temperature Ts2i

are calculated using (13), (14) and (15). With Ts2ðiþ1Þ
known, the required rate of energy from the circulation fluid water
tank (Qin 2i

) is then calculated using (12). In the system's primary
loop, (7)e(9) are used to determine UL and the transmittance
absorbance product (ta) for the first sample instance. Fri , Qini

, Qlossi ,
Qout_serpi, Ppump1i

, Ppump2i
and Tcf ;outi are then calculated. Using these

values, the value of Ts(iþ1) is calculated using (10). The value of
Ts(iþ1) is then used to calculate Tpmðiþ1Þ and Tfmðiþ1Þ using (67) and (78)
which can be found in Appendix A. The model therefore simulates
this process with flow rates _mcf and _mw ranging from 0.00001 to
0.1 kg/s to find the optimal solution that will minimize (41) over the
24 h optimization interval.

5. Case study

The objective of this case study is to illustrate the effects of mass
flow rate optimization on the total energy gain, pipe thermal losses
and overall system efficiency of a SWHS. The system to be opti-
mized is a residential forced circulation SWHS that consists of an
array of six flat plate solar collectors connected to a circulation fluid
storage tank, which in turn is connected to awater tank as shown in
Fig. 1.

5.1. Data presentation

Table 1 (values adapted from [5,7,31]) shows the parameters of
tank 1 and tank 2 as well as the parameters of the fluids in the
tanks.

The system's solar collector parameters are shown in Table 2
(values adapted from [5,7,15]).

The heat exchanger, connecting pipe and primary and secondary
loop pump parameters are shown in Table 3 (values adapted from
[5,7,17]).

Meteorological obtained from Ref. [12] was used in this study.
The measured radiation and ambient temperature (at a constant
wind velocity of 3.4 m/s) for 10 min intervals over a 24 h optimi-
zation interval are shown in Figs. 5 and 6.

The initial temperature of fluid in storage tank 1 is set at 75+C to
ensure that there is sufficient energy to meet the water heating
requirement of tank 2 during the initial optimization period
without solar radiation. The required water mass flow rates and
water temperature at the output of the SWHS over the 24 h opti-
mization interval is shown in Table 4.

From Table 4, it can be seen that the hot water demand occurs at
different periods over the 24 h optimization interval, which pre-
sents the opportunity to optimize the mass flow rates in both the
primary and the secondary loops of the SWHS during periods
where solar radiation is available (daytime), and in the systems
secondary loop during periods where there is no available solar
radiation (nighttime).

5.2. Results and discussion

5.2.1. Primary and secondary loop mass flow rates
Operating the pump at one single speed is a common practice

that is applied to such systems, however the system does not
operate at its optimal state. In order to illustrate the difference in
system performance based on different control strategies, the re-
sults of two different strategies are compared to the results ob-
tained using the developed model and the fmincon solver in the
MATLAB optimization toolbox [32]. The first control strategy is
bangebang control. This strategy is commonly used in practice
with mass flow rate values switching from 0.00001 kg/s (during



Table 3
Heat exchanger, connecting pipe and pump parameters.

Parameter Symbol Value Unit

Heat exchanger (serpentine):
Length Lserp 10 m
Inner diameter Dserp 0.025 m
pipe wall thickness wserp 0.002 m
Heat transfer efficiency h0 0.1 e

Surface area S0 1.57 m2

Connecting pipes:
Pipe inner diameter D1 0.0825 m
Pipe inner diameter D2 0.0825 m
Pipe outer diameter D3 0.189 m
Length of each of the pipes Lcp 5 m
Thermal conductivity of pipe Kpipe 67 W (m K)�1

Thermal conductivity of insulating material Kins 0.07 W (m K)�1

Pump 1 and pump 2:
Rated power ppump_r 53 W
Maximum pump angular velocity wa 2430 rpm
Maximum pump linear velocity wl 1.2732 m/s
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Table 4
Required output water mass flow rate and output temperature.

Time (30 min) Mout (kg s�1) Required Ts2 (�C)

00:00e03:00 0.00001 41
03:00e03:10 0.1 50
03:10e03:20 0.1 60
03:20e13:00 0.00001 41
13:00e13:10 0.1 50
13:10e20:00 0.00001 41
20:00e20:10 0.1 50
20:10e22:00 0.00001 41
22:00e22:10 0.1 50
22:10e22:20 0.01 45
22:20e24:00 0.00001 41
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periods without solar radiation) to 0.1 kg/s (during periods with
solar radiation) [7,33]. The second control strategy is adapted from
[7]. This strategy is referred to as optimal switching and requires
the flow rate to be kept at aminimumduring periods where there is
little to no available solar radiation. The flow rate then alternates
between its minimum and maximum limits during periods where
15 20
 (hours)

24 h optimization interval.

15 20
(hours)

emperature.
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the energy to be collected exceeds the energy used by the pump.
This is done to reduce the system's overall pump power utilized as
well as the system thermal losses [7]. This strategy is only applied
to the primary loop of the system as the secondary loop is not
exposed to solar radiation. Figs. 7 and 8 show the different mass
flow rates corresponding to the control strategies discussed above
for the primary and secondary loops of the SWHS.

When analyzing Fig. 7, it can be seen that the primary loop
average mass flow rates of the optimal solution is less than that of
any of the other control strategies. It is expected that the resulting
solar collector rate of energy extraction will be less than that of the
other two strategies. The pump power used in the primary loop is
also expected to be less than that of the other two strategies due to
the lower mass flow rates of the optimal solution. In Fig. 8, it can be
seen that the secondary loop mass flow rates of the proposed so-
lution are less than those of any of the two strategies. It should be
noted that in Fig. 8, the mass flow rates for strategy 1 and 2 are the
same. The rate of energy extraction of the heat exchanger for the
optimal solution and secondary loop pump power is expected to be
less than that of the other two strategies due to the lowermass flow
rates of the optimal solution.
5.2.2. Primary and secondary loop pump power
The power utilized by the pumps in the systems primary and

secondary loop is shown in Figs. 9 and 10.
From Figs. 9 and 10, it is seen for the proposed solution, the

corresponding pump power utilized over the optimization interval
is less than that of the other two strategies as was expected. Upon
closer inspection of these two figures, it is evident that in the pri-
mary loop, the maximum power of the pump is 17.73 W which is
33% of the pump's rated power, whilst in the secondary loop, the
maximum power of the pump is 15Wwhich is 28.3% of the pump's
rated power. Though the mass flow rates of the optimal solution
result in lower pump power values and an increased system gain, it
should be noted that the pumps run at a reduced operational effi-
ciency due to the lower pump power values resulting from the low
mass flow rates of the proposed solution. In order to increase the
operational efficiency of a pump, the pump must be operated at
power values that are close to the rated power of the pump.
Therefore, a solution for this would be to reduce the size and rated
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power of the selected pump.
5.2.3. Rate of energy extraction, gain and thermal losses
The gain of the solar collector is shown in Fig. 11.
When analyzing Fig. 11, it can be seen that for the proposed

solution, the gain over the solar collector is less than that of the two
other strategies as was expected due to the lowermass flow rates of
the optimal solution.

The overall gain of the system is shown in Fig. 12.
The overall gain of the system is characterized as the difference

between the gain of the solar collector and power used by the
pumps in the primary and secondary loops. From this figure, it can
be seen that the different control strategies result in both positive
as well as negative power gains over the 24 h interval. The negative
gains are attributed to the heating requirement of tank 2 in order to
reach the required output temperature Tout. Negative gains are
obtained when the heating requirement occurs during periods
where there is no available solar radiation. From Fig. 12, it can be
seen that the mass flow rates of the proposed solution result in the
largest gain over the 24 h interval and this is attributed to the
following reasons:

a) The pump flow rates are kept to a minimum during periods
without solar radiation and with no water heating requirement
tank 2.

b) During periods where there is a heating requirement for tank 2
but with no available solar radiation, the secondary loop flow
rates are the minimum flow rates required to ensure that the
required water heating is achieved.

c) The average pump power of the proposed solution is smaller
than any of the other strategies, resulting in smaller pump po-
wer usage values and a smaller heat exchanger energy extrac-
tion rate when compared to the other strategies.

With smaller pump power usage and heat exchanger energy
extraction rate values, the proposed solution results in an overall
system gain that is maximized beyond that of the other two control
strategies.

When analyzing the rate of energy gain of the heat exchanger, it
was found that the optimal solution results in the least amount of
15 20
 (hours)

Bang Bang Opt−Switching Proposed solution

mass flow rates.
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Fig. 8. Secondary loop mass flow rates.
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Fig. 9. Primary loop pump power.
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energy extracted by the heat exchanger in tank 1 to meet the
temperature requirements of tank 2. This is shown in Table 5. The
combination of minimum values for heat exchanger energy
extraction rate and secondary loop pump usage power ensure that
energy in the secondary loop is minimized.

Fig. 13 shows the systems overall accumulative gain.
Since the maximum gain is obtained using the optimal flow

rates (Fig. 12), it follows that these flow rates will also produce the
highest accumulative energy as can be seen in Fig. 13.
The thermal losses for the two storage tanks is shown in Fig. 14.
From Table 5, it can be seen that the optimal switching control

strategy results in the lowest tank thermal losses whilst the
bangebang control strategy results in the highest losses. This is
expected as a higher mass flow rates would result in larger tank
thermal losses. The alternating action of the optimal switching
control strategy results in a reduction in the tank thermal losses
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Fig. 11. Solar collector gain.
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during instanceswhen the pump is off, thereby reducing the overall
thermal losses of the tank. The connecting pipe thermal losses are
shown in Fig. 15.

There are a number of factors that contribute to connecting pipe
losses. The results of Fig. 14 illustrated the influence that mass flow
rates have on thermal losses. It is therefore known that higher
losses will be experienced with higher mass flow rates and lower
losses with low mass flow rates. In Fig. 15, it can be seen that the
connecting pipe thermal losses of the different control strategies
are very close, though they do slightly differ as shown in Table 5.
The profile has four steep declines that correspond to the periods
where energy is being transferred from the primary loop to the
secondary loop to meet the water heating requirements. There is a
decrease in thermal losses during the early hours of the day. This
occurs because the temperature of the primary tank decreases as
energy is being transferred from it, resulting in a small difference
between the fluid temperature in the connecting pipes from the
tank and the ambient temperature, and hence a reduction in the
overall tank thermal losses according to (1). It can also be seen that
the connecting pipe thermal losses gradually increase during pe-
riods where solar radiation is available as during these periods, the
primary loop mass flow rates are significantly high, thereby
increasing the thermal losses of the connecting pipes. Using (1), the
accumulative thermal losses for the bangebang, optimal switching
and proposed solution control strategies are found to be 1.44 KW,
1.38 KW and 1.438 KW respectively. From these values, it can be
seen that there is a minimal difference in the pipe thermal losses
that can be attributed to the different control strategies.
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Fig. 12. Overall system gain.

Table 5
Summary of results.

Control strategy Bangebang Opt-switching Proposed solution

Primary loop pump average power (W) 15.37 8.34 2.95
Secondary loop pump average power (W) 1.62 1.62 0.18
Heat exchanger gain (KW) 88.13 88.13 51.64
Accumulative energy gain (MJ) 14.43 11.31 15.56
Tank thermal losses (KW) 6.89 6.75 6.86
Pipe thermal losses (KW) 1.45 1.38 1.43
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Fig. 13. Accumulative energy gain.
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Fig. 14. Thermal losses for tank 1 and tank 2.
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The results of this study are summarized in Table 5.
In this table, the primary and secondary loop average power

obtained is the average of (27) and (34) over the optimization in-
terval. The heat exchanger gain and system accumulative energy
gain are obtained using (17) and (39) over the optimization interval.
The tank and connecting pipe thermal losses are obtained using (1)
and (11) over the optimization interval. The system gain is obtained
can be seen that the proposed solution results in the lowest average
pump power in the primary and secondary loops of the SWHS. This
leads to an accumulative energy gain of 15.56 MJ which is a 7.82%
increase in energy gain when compared to the second highest
accumulative energy gain obtained using the bangebang control
strategy. The results in this table also show that with the flow rates
of the proposed solution, the gain of the heat exchanger over the
optimization interval is 51.64 KWwhich is less than those obtained
with the other two strategies. Finally, it is noted that the optimal
switching strategy produces the least tank and connecting pipe
thermal losses.

Table 6 shows the overall impact of the pipe thermal losses on
the energy collected. From this table it can be seen that pipe
thermal losses range from 5.54% to 7.34% of the total energy from
the collector system for each control strategy. It is important to note
that insulation also plays an important role in the overall thermal
losses of any system.

5.2.4. Benefits and drawbacks of the different control strategies
Each control strategy presented in this section has its benefits as

well as drawbacks. In the case of bangebang control, the control
action is generally two switches during a 24 h period. The benefit to
this is that no other control device is required to control the on and
off switching. The drawback to using this strategy is that during its
on cycle, fluid is pumped at the maximum possible flow rate, and
though this increases the collector gain, it also increases the SC,
tank, and connecting pipe thermal losses, thereby reducing the
overall gain of the system. The optimal switching strategy on the
other hand results in a reduction of SC, tank, and connecting pipe
thermal losses due to the continuous on and off switching of the
pump during when solar radiation is available. However, this
switching also reduces the collector gain during this period.
Another drawback to this control strategy is that the continuous on
and off switching has a negative long term damaging effect on
pump.When considering the proposed mass flow rates, though the
overall system gain is increased, it should be noted that in order to
obtain the varying mass flow rates, a variable flow control device
such as a variable speed drive (VSD) would be required in order to
control the speed of the fan. This would increase overall system
cost.

6. Conclusion

The growing popularity of SWHS as an alternative to geysers
connected to the grid has led to a search for methods to improve
the performance of SWHS whilst meeting user power demands.
Pump flow rate optimization is one such method. This paper fur-
thers studies that are done on flow rate optimization of SWHS with
specific focus placed on pump flow rate optimization of forced
circulation solar water heating systems. The system considered
consists of an array of six solar collectors, two storage tanks and
Table 6
Pipe thermal loss impact.

Control strategy Bangebang Opt-switching Proposed solution

Thermal loss impact (%) 6.03 7.34 5.54
connecting pipes. An optimization model is developed in order to
determine the optimal flow rates that will maximize energy gain in
the primary loop whilst meeting user defined tank temperatures
with minimum energy usage in the secondary loop of the system.
The model is solved using the fmincon solver in the MATLAB
optimization toolbox and the results are compared to other control
strategies that are commonly used in practice. These results show a
7.82% increase in the amount of energy extracted when compared
to the most suitable energy efficient control strategy. The results
also show system thermal losses that range between 5.54% and
7.34% for the different control strategies due to pipe losses. These
results illustrate the significance and impact of mass flow rates on
the system performance, overall energy gain and usage as well as
on the system thermal losses. The results of this study serve a
foundation for future research that could include: feasibility studies
on the cost viability of the proposed system (with the pump costs
included) when compared to systems with a constant flow rate or
thermosyphon systems with emphasis on the payback period in
order to determine the most cost effective system.
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Appendix A

This section presents the equations used to determine the solar
collector parameters used in the developed model.

Transmittance absorbance factor

In order to determine the transmittance absorbance factor (ta),
Snell's law is first used to determine the reflected angle (q2) with
the incidence angle (q1), and the indices of reflection n1 and n2
known. Snell's equation is shown below:

sinðq2Þ
sinðq1Þ

¼ n1
n2

; (53)

where the perpendicular and parallel components of the reflec-
tance are then determined using the following equations:

rð⊥Þ ¼
sin2ðq2 � q1Þ
sin2ðq2 þ q1Þ

; (54)

rðkÞ ¼
tan2ðq2 � q1Þ
tan2ðq2 þ q1Þ

: (55)

The overall reflectance for a non-zero incidence angle and a zero
incidence angle are given by:

r ¼ rðkÞ þ rð⊥Þ
2

0< q1 � 90; (56)

r ¼
�
n� 1
nþ 1

�2
q1 ¼ 0: (57)

The perpendicular component of the transmittance is given by:

tð⊥Þ ¼
1� rð⊥Þ
1þ rð⊥Þ

: (58)
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The transmittances due to reflectance and absorption are
determined using the following equations:

trnðqÞ ¼ 0:5

 
1� rðkÞ

1þ ð2n� 1Þ$rð⊥Þ
þ 1� rð⊥Þ
1þ ð2n� 1Þ$rð⊥Þ

!
; (59)

ta ¼ exp
� �K$L
cosðq2Þ

�
: (60)

The overall transmittance and absorbance factors are then given
by:

t ¼ ta$trn; (61)

a ¼ 1� ta: (62)
Overall thermal loss coefficient

The overall Thermal loss coefficient over the collector is given by
(7), where Ut, Ub and Ue are top, bottom and edge loss coefficients.
The bottom loss coefficient is given by:

Ub ¼ kb
lb

; (63)

where kb and lb are the collector bottom thermal insulation
thickness and thermal conductivity shown in Table 2. The edge loss
coefficient is given by:

Ue ¼
UAedge

Ac
; (64)

where UAedge and Ac are the edge loss coefficient area product and
the area of the collector. The top loss coefficient is determined using
the following equation:

Ut ¼

0
BBB@ N

C
Tpm

$

�
Tpm�Ta
Nþf

	e þ 1
hw

1
CCCA

�1

þ
s
�
Tpm þ Ta

��
T2pm þ T2a

�
1

εpþ0:0059Nhw
þ 2Nþf�1þ0:133εp

εg
� N

; (65)

where N is the number of glass covers of the collector, εp and εg are
the glass and plate emittance, Tpm and Ta are the mean plate and
ambient temperatures, and hw represents the wind heat transfer
coefficient. Tpm, f,e and C are determined using the following
equations:

Tpm ¼ TFi þ
Qin=Acoll

FrUL

�
1� F2 prime

�
; (66)

F2 prime ¼
Fr

Fprime
; (67)

f ¼ �1� 0:09hw � 0:1166hwεp
�ð1þ 0:07866NÞ; (68)

e ¼ 0:430$
�
1� 100

Tpm

�
; (69)
C ¼ 520
�
1� 0:00005$b2

�
; (70)

where Tfi is the initial fluid temperature, b represents the collector
tilt in degrees. For eq. (70), 0� � b � 70� otherwise b ¼ 90� should
be used.
Collector heat removal factor

When considering a standard solar collector, the fin efficiency is
determined using the following equations:

F ¼ mðW � DÞ
2

�1
$tan

�
mðW � DÞ

2

	
; (71)

where

m ¼
ffiffiffiffiffiffiffiffiffiffi
UL

kpdp

s
: (72)

In the above equations, D and W represent the collector tube
external diameter and the distance between two neighbouring
tubes, while kp and dp represent the collector plate thickness and
thermal conductivity. The collector efficiency is determined using
the following equations:

Fprime ¼
1=UL

w

"
1

UL½DþðW�DÞF� þ 1
Cb
þ 1

pDihfi

# ; (73)

Di ¼ D� 2dp; (74)

hf ¼
�
1430þ 23:3t � 0:048t2

�
w0:8

waterD
�0:2
i ; (75)

where Cb and Di are the bond conductance and collector tube inner
diameter, and hf is the heat transfer coefficient between the cir-
culation fluid and the tube walls. With r1 representing the fluid
mass density, the fluid speed is given by:

wwater ¼ m1
_

AW

"
4

r1pD2
i

#
; (76)

while the average working fluid temperature t inside the tube is
given by:

t ¼ Tfm � 273:15; (77)

with

Tfm ¼ Tf ;in þ TF;out
2

: (78)

Finally, the collector heat removal factor can then be evaluated
using (6).
Appendix B

This section presents the equations used to determine the heat
exchanger parameters used in the developed model. The heat
transfer coefficients h0 and h1 are used to determined the rate of
energy from the heat exchanger. These parameters are determined
using the following equations:
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Nu ¼ 0:021Re0:8$P0:45rf ; (79)

Nu ¼ hfp$Dserp

l
; (80)

Re ¼ w$Dserp

v
; (81)

Pr ¼ cp$rn
l

: (82)

In these equations, Nu, Re and Pr are the Nusselt, Reynolds and
Prandtl numbers. l, n, cp, and r represent the fluids thermal con-
ductivity, kinematic viscosity, specific heat and mass density. These
parameters above are to determine the forced convection heat loss
coefficient hfp. The following equations are then used to determine
the natural convection heat transfer coefficient hpw between the
wall pipe and the circulation fluid or water that is in the storage
tank:

Nu ¼ hpw
�
Dserp þ 2wserp

�
l

; (83)

Nu ¼ 0:5
�
Grf $Prf

�0:25�Prf
Prp

�ð0:25Þ 103�ðGrf $Prf Þ�108

; (84)

Gr ¼ g
hpw

�
Dserp þwserp

�3
bðT � TsÞ

v2
; (85)

where g, b represent the gravitational acceleration and the thermal
expansion coefficient. T and Ts represent the average and tank
temperature for the circulation fluid and water. Dserp and wserp

represent the serpentine diameter and circulation fluid/water
speed through the serpentine. The average linear heat transfer
coefficient is then determined using the following relation:

1
hlin

¼ 1
pDserp$hfp

þ 1
2p$lserp

� ln
Dserp þ 2wserp

2p$Dserp

þ ln
Dserp þ 2wserp

p$hpw
�
Dserp þ 2wserp

� ; (86)

where lserp is the thermal conductivity of the serpentine's material.
The heat transfer coefficients h0 and h1 are determined using (19).

Appendix C

This section presents the equations used to determine the pa-
rameters of the pumps used in the developed model.

Computation of pump power

The computation of the pump mechanical power required to
circulate the fluid in the primary and secondary loops of the system
is obtained using (21)e(37).

Computation of the pressure loss coefficients

The pressure loss coefficient dcoll is calculated using:

dcoll ¼
1

0:788B3 þ 0:029K þ 0:115acoll
_acoll

� 0:115acoll
_acoll

� 0:090
; (87)
where acoll and _acoll are the inlet and outlet cross sectional areas of
the drums at the inlet and outlet of the solar collector. Factors K and
B are determined using the following equations:

K ¼ 1� af
acoll

; (88)

B3 ¼ affiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
0:6þ

 
ap
a�p

!2

þ ddev þ dp

vuut
; (89)

where ap and _ap are the inlet and outlet cross sectional areas of the
pipes at the inlet and outlet of the solar collector. These parameters
are taken to be identical for solar collector used. The parameter ddev
refers to the pressure losses in devices placed along the length of
the pipe. Parameter a is obtained using:

a≡
nap
acoll

; (90)

where n is the number of pipes in the solar collector. The linear
pressure loss coefficient is given by:

dp≡lp
lpipe
dpipe

; (91)

where lp is the friction factor of the pipe. The friction factor is
calculated using the following equation:

l ¼
8<
:

0:3164Re�0:25 if 33 � Re � 105;
0:0054þ 0:3964Re�0:3 if 105 � Re � 2� 106;
0:0032þ 0:221Re�0:3 if Re � 2� 106:

(92)

Reynolds number Re is determined using:

Re ¼ wd
v

; (93)

where w is the fluid speed at the duct, d is the diameter of the duct
and v is the kinematic viscosity of the fluid.
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