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Abstract—This brief compares the performances of different
operation strategies based on optimal scheduling and heuristic
scheduling for heavy haul trains equipped with electronically
controlled pneumatic braking systems. Train scheduling here
refers to an open-loop control design that brings the train to a
desired (steady-state) motion trajectory. A (closed-loop) cruise
control is used to maintain a steady-state motion of a train. In
train handling, energy consumption, speed tracking, and in-train
force are concerns for transportation corporations. The last is
particularly important for safe train running. An optimal train
scheduling as well as an optimal cruise control can take these
factors into consideration. A speed profile is assumed first. The
objective of the study is to find optimal driving methodologies
for an implementation of a desired speed profile with energy
consumption and in-train forces considered. Simulation results
show that optimal scheduling can improve the performance of the
closed-loop controller, and that the 2-2 strategy, the electronically
controlled pneumatic/independent distributed power mode, is the
best of all strategies.

Index Terms—Cruise controller, electronically controlled pneu-
matic (ECP) braking system, heavy haul train, linear quadratic
regulator (LQR), quadratic programming.

I. INTRODUCTION

LONG HEAVY haul trains with multilocomotives are used
to transport the inland mineral resources to harbours in

South Africa. The cost is less for a larger load per car or per train
in terms of the schedule and the number of people involved.
Traditionally, the operation of such multilocomotive trains
with pneumatic braking systems has, in essence, been naive
[12], which results in slow running speed, the possibility of
derailment, and a limit on the length of the train. A new braking
system, electronically controlled pneumatic (ECP) braking
system, has been developed to improve the train’s performance
[1]. In an ECP braking system, the brake command signals
are electronic and received by all wagons simultaneously. The
braking effort can be different although the pneumatics are
still used to supply the brake power. This braking system was
first rolled out by Spoornet, one of the train operators in South
Africa, on its COALink line on a large scale. According to [2],
train handling includes the start phase of a train, speed main-
tenance phase, and stop phase of a train. The phases of speed
cruise (speed maintenance) and speed acceleration/deceleration
are studied in this brief.

Manuscript received August 17, 2006; revised September 6, 2006. Manu-
script received in final form December 22, 2006. Recommended by Associate
Editor C. A. Rabbath. A preliminary version of this brief was presented at the
6th World Congress on Intelligent Control and Automation, Dalian, China, June
21–23, 2006.

The authors are with the Department of Electrical, Electronic, and Com-
puter Engineering, University of Pretoria, Pretoria 0002, South Africa, and also
with the Department of Automation, Wuhan University, Wuhan 430072, China
(e-mail: zhuan.xiangtao@up.ac.za; xxia@postino.up.ac.za).

Digital Object Identifier 10.1109/TCST.2007.899721

For heavy haul trains, energy consumption, running time
(speed tracking), and the in-train forces of the couplers are
of much concern to the transportation corporations [12]. For
long trains, in-train forces are even more important and more
difficult to control. It is noted that the in-train forces depend
both on the driving speed and on the power/brake distribution
along the train. This is why the independent distributed power
(iDP) operation and ECP braking systems have been introduced
into practice.

In the study of train handling, there are two types of train
model. One is to treat the whole train as a point mass, such
as in [3] and [4], where the objective is to minimize the en-
ergy consumption during travelling on a given track within a
given time period. The other models a train as a cascade of point
masses connected with couplers, such as in [5]–[9]. In these pa-
pers, a desired speed profile along a given track is assumed first.
The subject of the studies is to design controllers to maintain
the desired speed with some objectives considered. In [6]–[8],
high-speed trains (passenger trains) are studied, where the speed
tracking is emphasized and the in-train forces of the couplers are
not considered, since the problem of in-train forces is not so im-
portant in short trains. The calculation of the equilibria in these
papers is based on different assumptions, which are heuristic. A
linear quadratic regulator (LQR) controller was designed to op-
timize the in-train forces and/or speed deviation from the refer-
ence speed in [5], which considered the practical aspects of ECP
and iDP, even though the ECP/iDP technology was not imple-
mented in practice on a visible scale. The equilibria in [5] are
calculated according to the predetermined or tuned control se-
quence, which is heuristic, too.

In [9] and [10], based on a cascade point-mass model, which
is validated in [11] with the operation data from Spoornet, an
LQR approach is employed to optimize the in-train forces,
energy consumption, and velocity tracking of a heavy haul train
equipped with an ECP braking system. In offline scheduling,
the equilibria are calculated under the assumption that the
driving force is equally distributed to the locomotives while
all the braking forces of wagons are zeros and the braking
force is equally distributed to the locomotives and wagons.
This open loop scheduling is heuristic, too. With the discrete
quantities of the locomotives’ efforts considered, the efforts
of the locomotives are almost always equal. This may lead to
irrational power distribution, especially when one locomotive
group is climbing uphill and the other one is driving downhill.
In [12], an optimization procedure is applied to schedule cruise
control by taking the in-train forces into initial design consid-
eration for three different operation strategies (1-1 strategy, 2-1
strategy, and 2-2 strategy, described later). With this open-loop
scheduling, the running error always exists and it sometimes
leads to oscillation, which should be avoided in train handling.
As mentioned in [12], it is expected that optimal scheduling
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will lead to better performance of the closed-loop controllers
than that based on heuristic scheduling in [10]. In this brief,
the optimal scheduling in [12] and the closed-loop controller
in [10] are integrated. A speed profile is assumed first. The
objective of the study is to find optimal driving methodologies
for an implementation of the desired speed profile with energy
consumption and in-train forces considered. Simulation results
of the closed-loop controllers based on heuristic scheduling
and optimal scheduling are shown with different operation
strategies. In comparison to heuristic scheduling, simulation
results show that optimal scheduling can improve the perfor-
mance of the closed-loop controller, and that the 2-2 strategy,
the ECP/iDP mode, is the best of all strategies. Based on this
observation of the 2-2 strategy, another “suboptimal” controller
design is proposed in [13] for the fully ECP/iDP mode subject
to the assumption that only speed measurement of locomo-
tives is available: while optimality is kept in the open-loop
control design, the closed-loop control is done by employing
a nonlinear system regulator theory. Both [13] and this brief
favor an optimal open-loop scheduling, and therefore, the same
track topology and train composition are used in simulation
to compare the results on different closed-loop controllers. It
is quite interesting to find out that energy consumption and
in-train forces with the approach in [13] are generally better
than the corresponding results of this brief in the case of the 2-2
strategy, although the controller in this brief has a more rapid
response to the change of reference speed, or a better capability
of speed tracking. Assuming full state feedback, the other
advantages of the approach of this brief include an application
of a well-known linear, optimal design methodology as well as
the applicability to all cases besides the 2-2 strategy.

In this brief, Section II describes the train model. The design
of open-loop scheduling and closed-loop controllers is given in
Section III. Simulation results of the closed-loop strategies for
heavy haul trains are shown in Section IV.

II. TRAIN MODEL

A heavy haul train, composed of locomotives and wagons
(both referred to as cars), can be modelled as a cascade of mass
points connected with couplers. The detailed model description
can be found in [10] and [12].

Assuming the train consists of cars and the locomotives are
located at positions , where is the number
of locomotives, the train model is described by the following
equations:

(1)

where the variable is the th car’s mass and the variables
and are the speed and effort of the th car. The variable

, in which is the th
car’s aerodynamic force, the variable is the force
due to the track slope and curvature, where the th car is running.
The variable is the in-train force between the th and

th cars, which is a function of , the relative displacement
between the two neighbouring cars, and the difference of the
neighbouring cars’ velocities (damping effect). The variables

are constants determined by experiments. In (1), one
has .

A. Model Input Constraint

For a heavy haul train, the control inputs are the efforts of
the locomotives and the wagons. The efforts of locomotives can
be traction forces or dynamic braking forces and the efforts of
wagons are braking forces. The dynamic brake power is also
called regenerative brake power, which can be fed back to the
system and could conceivably be saved. All these inputs are con-
strained. For a locomotive, the effort is governed by the current
velocity and the current notch setting, which can be referred to
[12] for the 7E1 locomotive used in the COALink trains. The
locomotives in this brief are assumed to be electric and it is also
convenient to formulate the problem of a train with diesel–elec-
tric locomotives in a similar way.

In practical operation of 7E1 locomotives, any notch change
requires an interval delay for the field changes. When it changes
from dynamic braking to traction or the other way, the time
delay requires a longer interval.

The braking forces of the wagons are also limited by the
braking capacities of the wagons.

B. In-Train Forces Constraints

The quantity of the in-train forces is related to the safe run-
ning of the train. In practice, the safety range of the in-train
forces for COALink trains are 2000 kN.

III. CONTROLLER DESIGN

A. Operation Strategies

When a heavy haul train is equipped with an ECP braking
system, it allows individual wagon braking. The following three
major types of operation strategies are discussed in this brief.

• 1-1 strategy: There is one control signal for all the locomo-
tives and one braking control signal for all the wagons.

• 2-1 strategy: The control signal of every locomotive effort
may be different, and the braking control signal of all the
wagons is the same. This is an iDP-only strategy.

• 2-2 strategy: There is an independent control command
for every car, including locomotives and wagons. This is
a fully ECP/iDP mode.

B. Open-Loop Controller

An open-loop controller is used to calculate the inputs when
a train is running in its steady state with the reference velocity
and acceleration maintained. The input constraints are not con-
sidered. When the inputs are applied, an anti-windup technique
is used.

In [5], the offline schedule for the throttling and braking
inputs is chosen in such a way that the train is in its steady state
with the reference velocity maintained. The settings do not
contribute to additional accelerations/decelerations of the train.
The schedule determines the sequencing and the amplitudes
of the inputs in case there are continuous input variations
and no power limits. The applied inputs are nonlinear
functions of the schedule parameters (grade of the track,
velocity profile and train data) and the travelled distance of
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TABLE I
ACCELERATION PROFILE

the train: . The inputs are approximated by step
functions of variable amplitudes. The sequence of the steps
are predetermined and tuned, and the time instants of the step
functions at which the steps are applied, are decided on line. It
is obvious that this offline schedule is heuristic and subjected to
the predetermined control sequence, so it will not be discussed
in this brief.

1) Transient Control: The inputs in (1) are insensitive to the
change of the reference speed. To get a rapid response to the
reference speed change, a transient control is designed through
an acceleration profile in the following open-loop scheduling.
When a closed-loop controller is considered, this step is unnec-
essary. An acceleration profile is calculated according to the ve-
locity profile with a parameter, the acceleration limit, . For
example, at the travel distance 1000 m, the reference ve-
locity is changed from 12 to 15 m/s and at the distance
5000 m, it is changed to 10 m/s, then the acceleration profile
is as shown in Table I, where are calculated as

.
Thus, from the point 1000 m to the point and from the point
5000 m to the point , the open-loop scheduling should main-
tain the accelerations.

2) Heuristic Scheduling: According to [9], the open-loop
control is chosen as follows, with

(2)

where is the locomotives’ effort and is the wagons’ ef-
fort, and the variables and are the respective total numbers
of locomotives and cars. The acceleration in the cruising
period, while in the scheduled acceleration/deceler-
tation periods. The power distribution is heuristic, so one calls
it heuristic scheduling.

3) Optimal Scheduling: According to the three operation
strategies described in Section III-A, there are three cor-
responding optimal open-loop controllers for the train. In
designing the controllers, the performance is a function of the
in-train forces and the energy, which can be written as

(3)

where the weights of the in-train force and energy consumption
are and , respectively. Optimal power distribution is char-
acteristic of this scheduling, so one calls it optimal scheduling.

For open-loop control, the dynamic process in the train is
ignored and the system is assumed to be in its steady state with
the acceleration maintained, that is

(4)

Applying (4) to (1), and assuming one has

(5)

In train operations, the inputs, and the in-train
forces have some constraints

(6)

where are the upper constraint and lower constraint for
the th input and are the upper and lower constraints
for the th in-train force, respectively. For wagons, and
the values of depend on the braking capacities of the wagons.
For locomotives, the constraints depend on the locomo-
tives’ capacities of traction efforts and the running states. The
constraints are limited because of the requirement of
safe operation and maintenance cost.

Thus, optimal scheduling is a standard quadratic program-
ming (QP) problem with objective function (3), equality
constraints (5), inequality constraints (6), and some additional
equality constraints. With 2-2 strategy, there is no additional
constraint. With 1-1 strategy, the additional constraints imposed
on the optimization problem are

(7)

With 2-1 strategy, the additional constraints are the following:

(8)

A QP problem can be solved by the active set method [15] and
the numerical method is referred to in the Appendix.

C. Closed-Loop Controller

With the calculation of an open-loop scheduling, the
steady state and input of the train can be denoted as

, which
are the in-train forces (static displacement of coupler), the
velocities and the traction forces or braking forces of the cars.
The static displacement is interpolated from . Then one
can rewrite the train model with the following equations:

(9)

where
. The variable is the reference

speed. When the damping of the coupler is ignored, this model
can be linearized as follows:

(10)

where is the linearized coefficient of the coupler with the
assumption . The model can be written as
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where

The variables are chosen to be constant.
Although different scheduling has different equilibria, the coef-
ficients in the linearized model (10) are identical.

In simulation, however, the original nonlinear model has been
used for the train model.

When an LQR controller is to be designed with the approach
in [10], the performance function is chosen as

(11)

where are the weights for in-train forces, energy
consumption, and velocity tracking, respectively. When the co-
efficients are chosen such that the first item of (11)
dominates, the controller is an in-train force emphasized one.
When the second item of (11) dominates, the controller is an
energy emphasized one. It is a speed emphasized control if the
third item dominates.

Based on the optimization approach [16], one can get a feed-
back control and the complete closed-loop control
is

(12)

IV. SIMULATION

A. Simulation Parameters

In simulation, the model parameters of the train, the track
profile, and the reference speed profile are the same as those
in [12] as well as the locomotive notch operation constraints.

The track profile shown in Fig. 1 is from the COALink line,
which is typically downhill when the train is loaded. In this sec-
tion of track, there are also two uphill segments, which make it

Fig. 1. Heuristic scheduling.

difficult to drive a long train that may extend over several dif-
ferent gradient sections at any given time. The largest incline
degree is 0.09152 and the largest decline is 0.1, which are very
similar to the slope degree in [3].

A piecewise linear function is used to approximate the non-
linear function of a coupler. In the controllers one chooses a
greater value as N/m for all the couplers’ linearized co-
efficients in (10).

A safe-operation requirement for a train on the COALink is
that the in-train forces should be less than 2000 kN. In simu-
lation, are chosen as 1200 kN considering the redun-
dancy for a longer train with 800 wagons.

In the simulation, the weights for in-train forces, en-
ergy, and velocity are , respectively, and

, which gives the
same value for the in-train forces, speed deviation, and input in
(11) as would be obtained when 0.01 m, 0.1 m/s ,

200 N with the weights . The acceler-
ation limit is 0.07 m/s . This value is calculated with the
assumption that the train is running on a flat track and all the
traction power of the locomotives is used to accelerate. The
maximum acceleration can be
0.07118 m/s . The maximum deceleration is more than the
maximum acceleration, but in the simulation they are assumed
to be the same for the sake of simplicity.

The initial state of the train is that the train is in its steady state
with all the cars’ velocities 10.5 m/s and all the in-train forces
equal to zero.

B. Simulation Results

The simulation is performed in MATLAB, and for the quadratic
programming and LQR, the standard programs in MATLAB

are adopted for the open-loop scheduling and closed-loop
controllers. The results for the three operation strategies, based
on different open-loop scheduling, are shown in the following
figures and tables.

1) Heuristic Scheduling Versus Optimal Scheduling: There
is only one open-loop operation strategy for the heuristic sched-
uling as shown in Fig. 1. Figs. 2–4 are the optimal scheduling
of 1-1 strategy, 2-1 strategy, and 2-2 strategy, respectively, with

. The first subplot of these figures shows
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Fig. 2. 1-1 strategy optimal scheduling.

Fig. 3. 2-1 strategy optimal scheduling.

Fig. 4. 2-2 strategy optimal scheduling.

the front locomotive group speed, rear locomotive group speed,
and the mean speed of all the cars with respect to the distance
from the starting point. The second subplot shows maximum
and minimum in-train forces and the mean value of the abso-
lute values of all the in-train forces at a specific time with re-
spect to the distance. The third and fourth ones show front and
rear locomotive groups’ notches and efforts. The fifth one shows
the maximum and minimum values of the steady in-train forces
which is calculated from (5) with the scheduling efforts of the
cars when the train dynamic process is ignored. The sixth sub-
plot of Fig. 1 shows the track profile, which is identical in all
the simulations and omitted in all subsequent figures. The en-
ergy consumptions in Figs. 1–4 are 8517, 11 380, 23 250, and
16 450 MJ, respectively. The running results of the open-loop
scheduling show that the velocity tracking error exists with all
the scheduling. The performance of the heuristic scheduling
and 1-1 strategy optimal scheduling are similar. The perfor-
mance of in-train force of 2-2 strategy optimal scheduling is the
worst because of oscillation, while its speed tracking error is the

Fig. 5. 1-1 strategy closed-loop control based on heuristic scheduling.

Fig. 6. 2-1 strategy closed-loop control based on heuristic scheduling.

Fig. 7. 2-2 strategy closed-loop control based on heuristic scheduling.

smallest. The velocity tracking error and the possibility of os-
cillation are the drawbacks of an open-loop controller.

However, the performance of the steady-state in-train force of
the 2-2 strategy optimal scheduling is best. The performance of
the steady-state in-train force of 1-1 strategy optimal scheduling
is similar to that of heuristic scheduling. The performance of the
steady-state in-train force of 2-1 strategy optimal scheduling is
also better than that of 1-1 strategy optimal scheduling, except
within the acceleration/deceleration periods, where the states of
the train changes abruptly. Actually, all the state of the train
should change continuously, which leads to smoother change.
The open-loop scheduling does not consider the real running
state, and it is difficult to say which scheduling is best. However,
the open-loop scheduling gives a reference to the closed-loop
controller, so the steady state calculated by the scheduling is
more important than the real running result. From this point of
view, one can see that the performance of the 1-1 strategy op-
timal scheduling is similar to that based on heuristic scheduling,
and the performance of 2-2 strategy optimal scheduling is best.

2) Closed-Loop Controller: Simulation results of the
three different strategies’ closed-loop controllers based on the
heuristic scheduling and optimal scheduling are shown from
Figs. 5–10, where the weights are .
The energy consumptions in these figures are shown in Table II.
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Fig. 8. 1-1 strategy closed-loop control based on optimal scheduling.

Fig. 9. 2-1 strategy closed-loop control based on optimal scheduling.

Fig. 10. 2-2 strategy closed-loop control based on optimal scheduling.

When comparing the figures of the closed-loop controllers
with those of the open-loop scheduling, it is obvious that the
steady velocity error is much smaller and better in closed-loop
controllers than in open-loop scheduling. For heuristic sched-
uling, the performances of the in-train force and the energy
consumption of the open-loop scheduling are similar to those
of closed-loop controllers. For optimal scheduling, the per-
formances of the energy consumption with the closed-loop
controllers of the three strategies are similar to these of the
corresponding open-loop scheduling. The 2-1 strategy and 2-2
strategy closed-loop control give better in-train force perfor-
mances than the corresponding scheduling.

When comparing the three different strategies’ closed-loop
controllers based on the heuristic scheduling, the performances
are very similar.

When comparing the three different strategies’ closed-loop
controllers based on corresponding optimal scheduling, the per-
formances of the velocity and in-train force with 2-2 strategy are
best and those with 1-1 strategy are worst. The performance of
the energy consumption with 1-1 is a little better than that with
the 2-2 strategy, which is also a little better than that with 2-1
strategy.

When comparing the corresponding strategy closed-loop
controllers based on optimal scheduling and heuristic sched-
uling, the energy consumption with the three different strategies

TABLE II
PERFORMANCE WITH K = 1;K = 1;K = 1

based on heuristic scheduling is less than that based on the
corresponding optimal scheduling. The performances of the
velocity and the in-train force with 2-2 strategy-based optimal
scheduling are better than those based on heuristic sched-
uling. The performance of the velocity with 1-1 strategy based
on optimal scheduling is worse than that based on heuristic
scheduling while the performances of the in-train force based
on the two schedulings are similar. The performances of the
velocity with the 2-1 strategy based on the two schedulings
are similar and the performance of in-train force with the 2-1
strategy based on optimal scheduling is better than that based
on heuristic scheduling.

From the previous comparison, it can be seen that the per-
formances of the in-train force and the velocity with the 2-2
strategy based on optimal scheduling are best. In this strategy,
it is very interesting to see, as depicted in Fig. 10, the vari-
ation of the traction efforts of the front and rear locomotives
(groups) when the train travels from the distance 0 to 4000 m
and from 9500 to 11 000 m; those sections are hills in the track.
When the front locomotives (groups) are climbing uphill and
the rear ones are driving downhill, the front locomotives make
increasing traction efforts and the rear ones are braking. When
more and more cars are climbing uphill, the rear locomotives
begin to gradually increase traction efforts. When the front lo-
comotives pass the top of the hill and begin to drive down, their
efforts begin to decrease and the rear ones gradually increase
their efforts. When the front locomotives are driving downhill
and the rear ones are climbing uphill, the front ones are braking
and the rear ones make traction efforts. At 3000 m, the train
begins to accelerate from 10 to 12 m/s. The front and rear loco-
motives begin to increase their traction efforts simultaneously,
which can also be seen from distance points 6000 and 8000 m.
That is consistent with common sense.

Tables II–V are the simulation results of the six closed-loop
controllers with different weights in the performance func-
tion for the in-train force, the energy consumption, and the
velocity tracking. Table II is the performance comparison of
Figs. 5–10. In these tables, C01, C02, and C03 are 1-1 strategy,
2-1 strategy, and 2-2 strategy closed-loop controllers based
on heuristic scheduling, and C1, C2, and C3 are 1-1 strategy,
2-1 strategy, and 2-2 strategy closed-loop controllers based on
optimal scheduling. is the absolute value of the difference
between the reference velocity and the mean value of all the
cars’ velocities at a specific point. is the mean value of the
absolute values of all the couplers’ in-train forces at a specific
point. The item is the energy consumed during travel. The
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TABLE III
PERFORMANCE WITH K = 1; K = 1;K = 10

TABLE IV
PERFORMANCE WITH K = 1;K = 10;K = 1

TABLE V
PERFORMANCE WITH K = 100;K = 1;K = 1

items max, mean, and std are the maximum value, mean value,
and standard deviation of the statistical variable, respectively.

From these tables, it can be seen that the three strategies based
on heuristic scheduling have similar performances. This is be-
cause their scheduling are the same. However, based on op-
timal scheduling, the 2-2 strategy has a better performance of
velocity, in-train force, and energy consumption than the 2-1
strategy with the same parameters. The performance of velocity
in Table III, which is with the velocity emphasized optimal pa-
rameters, is the best compared with the corresponding opera-
tion strategy of the other tables. The performance of the in-train
force based on heuristic scheduling of the corresponding opera-
tion strategy is approximate in the four tables, while the perfor-
mance of the in-train force based on optimal scheduling is best
in Table IV, which is with the in-train force emphasized param-
eters, but only the improvement of 2-2 strategy is obvious and
those of the other two are only approximate. In Table V, with the
energy consumption emphasized parameters, the performance
of energy consumption with all the corresponding controllers
based on optimal scheduling, is best among the four tables. On
the whole, local optimization does work and leads to global op-
timization in some degree.

From simulation, it is shown that the train tracks the reference
speed quickly when the reference speed changes and tracks the
reference speed very well when the train is cruising. So the track
length is enough for simulation of the driving profile. However,
it should be pointed out that when the objective is to test the
optimization combination of a driving profile and a reference
speed profile, a longer track might be necessary.

Based on the observation of the 2-2 strategy, another approach
of controller design is proposed in [13] by assuming only the lo-
comotives’ speed measurement. Performance comparisons are
further detailed in [13].

V. CONCLUSION

For train handling, the optimal objective is to minimize
energy consumption, maintain the presetting velocity, and
decrease the in-train forces. The last is the most important
for safe running. An optimal train scheduling as well as an
optimal cruise control can take these factors into consideration.
A speed profile is first assumed in this brief. The objective
of the study is to find optimal driving methodologies for an
approximate implementation of a desired speed profile with
energy consumption and in-train forces considered. Simula-
tion results show that optimal scheduling can improve the
performance of the closed-loop controller, and that the 2-2
strategy, the ECP/iDP mode, is best of all strategies. With dif-
ferent optimization parameters, the controller based on optimal
scheduling can realize the corresponding objective.

APPENDIX

A. Active Set Method for QP [14]

Considering the following QP

QP

s.t.

(13)

Suppose that is a feasible point of (QP) and is called
active set if the constraints are active constraints
if . Then the constraints
are classified into two at point : and

.
Step 1) The active set method looks for a correction from

by solving the following problem:

QP

s.t. (14)

If the solution and is feasible, then
and the process is repeated.

Step 2) If the solution and is infeasible, then
where

If then a new
constraint with the index is active and the index is
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added to . Otherwise, .
Go to Step 1).

Step 3) If , the Lagrangian method is used to solve
the following quadratic programming problem with
equality constraints:

if one writes the equality constraints
in the form of . The Kuhn–Tucker

(KT) condition states that is a KT-pair
of the previous problem if and only if it solves

. Suppose the so-
lution of the Lagrange multipliers is .
If then the KT-conditions
are satisfied at and is the solution.
Otherwise, there exists an index , such that

and . The index should
be removed from . Then go to Step 1).
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