
J Control Theory Appl 2008 6 (1) 37–44
DOI 10.1007/s11768-008-7192-x
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Abstract: The Delta-modulated feedback control of a linear system introduces nonlinearity into the system through
switchings between two input values. It has been found that Delta-modulation gives rise to periodic orbits. The existence
of periodic points of all orders of Sigma-Delta modulation with “leaky” integration is completely characterized by some
interesting groups of polynomials with “sign” coefficients. The results are naturally generalized to Sigma-Delta modulations
with multiple delays, Delta-modulations in the “downlink”, unbalanced Delta-modulations and systems with two-level
quantized feedback. Further extensions relate to the existence of periodic points arising from Delta-modulated feedback
control of a stable linear system in an arbitrary direction, for which some necessary and sufficient conditions are given.
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1 Introduction

The determination of self-excited oscillations or limit cy-
cles first studied by Poincaré and Lyapunov is an old but
difficult problem in the classic qualitative theory of dynam-
ical systems [1]. For discrete-time systems, the problem has
been tackled from different points of view, ranging from
counting the number of types of periodic orbits [2], to the
arithmetic of the number of periodic points [3], to the ex-
istence [4] and calculation [5] of the periodic points. Hy-
brid systems resulting from the switching of controllers con-
stitute a special class of nonlinear dynamical systems [6].
Although stability properties around a specific limit cycle
(periodic orbits) have been discussed [7], there are very
few results on the existence and characterization of peri-
odic points induced by switchings. Worth mentioning is [8],
where the existence of a globally attractive periodic be-
haviour is proved for some switched flow networks.

This paper reports our recent studies on the periodic
orbits arising from a typical switching system — a Δ-
modulated control system:

x+ = Ax + bu, (1)

u = sgn (cTx), (2)

where x ∈ R
n is the state, x+ denotes the system state at

the next discrete time step, u ∈ R is the scalar input, A is
an n × n matrix of real numbers, b is a column vector of
n real numbers, and c ∈ R

n\{0} is called the modulation

direction. As usual, the function sgn (x) is defined as

sgn (x) =

{
1, when x � 0,

−1, when x < 0.

The term Sigma-Delta (ΣΔ) modulation comes from
analog-digital electronics [9, 10]. Δ-modulated feedback
has been applied to, for example, transmitting power reg-
ulation of a mobile unit in the Direct Sequence Code Divi-
sion Multiple Access (DS-CDMA) cellular network [11].
An advantage of such a control method is that only one
bit of datum is necessary for implementing the controller.
This is the standard in IS-95 [12] for transmitting power
control. Δ-modulated control is bounded, bang-bang, and
also a special kind of quantized control, which are topics of
longstanding interest in the control community [13∼16]. Δ-
modulated feedback is a switching between two values, typ-
ically +1 and −1. The resulting switching system is a spe-
cial kind of piecewise-linear system [6,17,18]. Discretizing
the equivalent-control-based sliding-mode controllers also
results in Δ-modulated type of feedback [19∼21].

Notably, periodic points have been found in all the afore-
mentioned situations (see also [22∼24]). Results are partial
and methods are not systematic, however.

In our recent works [25∼31], we have made efforts to find
complete solutions in some of the simple yet long-standing
cases, as well as unified methodologies in some general
cases; in particular, a complete characterization of the scalar
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setting with n = 1 in (1), which is the Sigma-Delta modu-
lation. Some necessary and sufficient conditions have been
obtained for stable system (1) in an arbitrary modulation di-
mension.

We now briefly describe some generalizations of the sys-
tems and results. Because of space limitation, only essential
results with brief proofs are given in this paper.

2 Scalar case: Sigma-Delta modulation

In the scalar case, we can limit our consideration to the
following system [29, 30]:

x+ = ax − sgn (ax). (3)

When a > 0, we call this system Type-I, and when a < 0,
Type-II. Here, it should be noted that the case of x+ =
ax + sgn (ax) leads to divergence when |a| > 1.

An orbit (xi) is periodic with period p � 0 if, for all i,

xi+p = xi.

A period p of an orbit (xi) is prime if it is the smallest of
such a period, and in this case, we say that the orbit (xi) is
p-periodic.

The following results are straightforward.
Theorem 1 1) When −1 < a < 1, the only global at-

tractor is the following set of two points:

{−1/(1 + |a|), 1/(1 + |a|)}. (4)

When 0 � a < 1, the two points in (4) are 2-periodic; when
−1 � a < 0, the two points in (4) are (1-periodic) fixed
points.

2) When a = 1, any point in the half-open interval
(−1, 1] is a 2-periodic point. When a = −1, all points but
±1/2 in the closed interval (−1, 1] are 2-periodic; ±1/2 are
fixed points.

3) When a � −2, (3) has n-periodic points for all n � 1;
when a � 2, (3) has n-periodic points for all n � 1.

The last conclusion also follows from the next result,
which is preceded by some definitions.

For a given positive integer k � 2, by an ordered set of
k “sign” parameters, we mean the set {θ0, θ1, · · · , θk−1},
in which θi ∈ {−1, 1}, i = 0, 1, · · · , k − 1. An ordered
set of polynomials with “sign” coefficients P{θ0,θ1,··· ,θk−1}
corresponding to a given ordered set of “sign” parameters
{θ0, θ1, · · · , θk−1} is defined as follows:{

Pi(a) =
k−1∑
j=0

θi+ja
k−j−1, 0 � i � k − 1

}
, (5)

where θi+j = θ(i+j)mod (k).
The ordered set of “sign” parameters {θ0, θ1, · · · , θk−1}

is called (strictly) shift-definite at a if

θiPi(a) � (>) 0,

for all Pi(a) ∈ P{θ0,θ1,··· ,θk−1}, i = 0, 1, · · · , k−1. Define

a function of a on (1,∞) by

P {θ0,··· ,θk−1}(a)=min
{
θiPi(a)|Pi ∈ P{θ0,··· ,θk−1}

}
, (6)

and call it the minimal value function w.r.t. {θ0, θ1, · · · ,
θk−1}. If there is a Pi(a) ∈ P{θ0,θ1,··· ,θk−1} such that

P {θ0,θ1,··· ,θk−1}(a) = θiPi(a),

and for all j �= i, Pj(a) ∈ P{θ0,θ1,··· ,θk−1},

P {θ0,θ1,··· ,θk−1}(a) < θjPj(a),

then the minimal value function is said to be strictly mini-
mal at a.

The following results are for Type-I systems.
Theorem 2 i) A point x0 ∈ R is a periodic point with

period n if and only if there is a set of n “sign” parame-
ters, {θ0, θ1, · · · , θn−1}, θi ∈ {−1, 1}, i = 0, 1, · · · , n−1,
which is shift-definite, such that

x0 =
1

an − 1

n−1∑
i=0

an−i−1θi. (7)

ii) A point x0 ∈ R is an n-periodic point (with prime pe-
riod n) if and only if n is the smallest positive integer such
that i) holds.

iii) If the minimal value function w.r.t. a shift-definite set
of “sign” parameters {θ0, θ1, · · · , θn−1} is strictly minimal
at a, then the periodic point given by (7) has a prime period
n.

To characterize when periodic points of a certain order
exist, we make use of three groups of polynomials whose
definitions and properties are summarized in the following
three lemmas.

Lemma 1 Consider the system of polynomials defined
by P 2(a) = a − 1, and for positive integers m � 1,

P 2m+1(a) = (a2m − 1)P 2m(a). (8)

These polynomials have the following properties:
i) For m � 1, P 2m+1(a) = (a − 1)P 2m(a2).
ii) For every m � 1, use {θ′

0, θ
′
1, · · · , θ

′
2m−1} to denote

the ordered set of parameters of the polynomials P 2m(a),
corresponding to the coefficients in decreasing order of
powers. This ordered set of parameters are shift-definite at
any a ∈ [1,∞). The polynomial P 2m(a) itself is the min-
imal value function on the interval (1,∞), and it is strictly
minimal at all a ∈ (1,∞).

Lemma 2 Consider the system of polynomials defined
by Q3(a) = a2 − a − 1, and for k > 1,

Q2k+3(a) = a2Q2k+1(a) + a − 1 (9)

and

Q(2k+1)2m(a) = Q2k+1(a
2m

)P 2m(a).

These polynomials have the following properties:
i) Q(2k+1)2m+1(a) = (a − 1)Q(2k+1)2m(a2), and it has

a unique root a(2k+1)2m in the interval (1,∞);
ii)

√
2 < a2k+3 < a2k+1;
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iii) lim
k→+∞

a2k+1 =
√

2;

iv) a(2k+1)2m = (a2k+1)1/2m

;
v) Q(2k+1)2n(a) is the strictly minimal value function,

w.r.t. the ordered set of parameters consisting of coefficients
of Q(2k+1)2n(a), in decreasing order of powers. When a �
a(2k+1)2n , this ordered set of parameters is shift-definite.

Lemma 3 Consider the system of polynomials defined
by H2(a) = P 2(a), and for k � 1,

H2k+2(a) = a2H2k(a) − H2(a). (10)

These polynomials have the following properties:
i) For all k > 1, H2k(a) = aQ2k−1(a) + 1.
ii) For every k > 2, the polynomial H2k(a) has a unique

real root in the interval (1,∞).
iii) The sequence of real roots of polynomials H2k(a)

in the interval (1,∞), denoted by ā2k, is strictly monoton-
ically increasing when k � 3. In particular, ā6 = a6, and
lim

k→+∞
ā2k =

√
2.

We sketch the proofs for parts ii) and iii) of Lemma 2.
From the definition of Q2k+3(a), we calculate the fol-

lowing:

Q2k+3(a) =
a2k+3 − 2a2k−1 − 1

a + 1
.

We need only to prove that the polynomial defined by
Q̄2k+3(a) = a2k+3 − 2a2k+1 − 1 has a unique root in
(1,∞). Since

dQ̄2k+3(a)
da

= a2k((2k + 3)a2 − 2(2k + 1)),

we see that
dQ̄2k+3(a)

da
is zero in (1,∞) only when a =

a∗ =

√
2(2k + 1)
2k + 3

, and

⎧⎨
⎩

dQ̄2k+3(a)
da < 0, when 1 � a < a∗,

dQ̄2k+3(a)
da > 0, when a > a∗.

Therefore, we have, for a ∈ (1, a∗], Q̄2k+3(a) <

Q̄2k+3(1) = −2. Q̄2k+3(a) is strictly monotonically in-
creasing in the interval [a∗,∞). Since Q̄2k+3(2) = 3 ×
22k+1 − 1 > 0, we know that Q̄2k+3(a) has a unique root
in (a∗,∞).

From the above, we see that Q̄2k+3(
√

2) = −1, so we
conclude that a2k+3 >

√
2. To prove a2k+3 < a2k+1,

we note that Q2k+3(a) = a2Q2k+1(a) + a − 1, so that
Q2k+3(a2k+1) = a2k+1 − 1 > 0, therefore, a2k+3 <

a2k+1.
The conclusion of part ii) in Lemma 2 guarantees the ex-

istence of a limit of the sequence {a2k+1}, denoted by a∞,
when k tends to infinity, and a∞ �

√
2. Note that a2k+1 is

also the unique root of Q̄2k+1(a); therefore, we have

a2k+1
2k+1 − 2a2k−1

2k+1 − 1 = 0,

a2
∞ − 2 − lim

k→∞
1

a2k−1
2k+1

= 0.

Since a∞ �
√

2, the third term on the left-hand side of the
last equation is zero; thus, we have a2

∞ − 2 = 0, that is,
a∞ =

√
2.

We are now ready to present our results for three dis-
tinct cases: 2m-periodic points, odd-order periodic points,
and even-order periodic points.

Theorem 3 i) If a > 1, then there exists a 2m-periodic
point in [−1, 1] for all m > 0.

ii) For every positive integer k � 1, system (3) has a
(2k + 1)-periodic point if and only if a � a2k+1.

iii) System (3) has a periodic point of a prime period
2nk, where k � 3 is odd, if and only if a � a2nk.

Proof We prove i) for illustration. From part ii) in
Lemma 1 and part i) in Theorem 2, the point defined by

x2m =
1

a2m − 1
P 2m(a),

with m � 1, is a periodic point in [−1, 1] with prime period
2m. Part ii) in Lemma 1 and part iii) in Theorem 2 together
imply that x2m is a 2m-periodic point.

Properties of polynomials of Q and H are used in the
proof of ii) and iii). Results for Type-II systems are simi-
larly obtained.

3 Sigma-Delta modulation with multiple de-

lays

The first extension to the higher-dimensional case is the
Sigma-Delta modulation with multiple delays [25]:

xn+k = axk + u, a �= 0, (11)

where x and u are both real, and

u = −sgn (axk). (12)

In the state-space form (1), this corresponds to a control-
lable canonical form, in which

A =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 · · · 0

0 0 1 · · · 0
...

...
...

...

0 0 0 · · · 1

a 0 0 · · · 0

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

, b =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

0

0
...

0

1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

, a �= 0. (13)

When a > 0, system (13) is classified to be of Type-I, and
when a < 0, Type-II. We present results only for |a| < 1.

Define the following set of 2n points:

Ωca =
{

1
1 + |a|θ, θ = (θ1, θ2, · · · , θn)T,

θi ∈ {−1, 1}, i = 1, 2, · · · , n} .
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Theorem 4 Any x ∈ Ωca is a periodic point of the
closed-loop system (11) under control of the Δ-modulated
feedback (12). For Type-I systems, a positive integer l is a
period for some x ∈ Ωca if and only if l is not a divisor of n,
but is a divisor of 2n. For Type-II systems, a positive integer
l is a period for some x ∈ Ωca if and only if l is a divisor of
n.

Proof For any x =
1

1 + |a|θ ∈ Ωca, denoting x(1) =

f(x), one can verify that, for Type-I systems, x(n) = −x

and x(2n) = x. Therefore, every point in Ωca is a periodic
point of f , and a positive integer l is the period of a point of
Ωca only if it is a divisor of 2n but not a divisor of n.

On the other hand, if a positive integer l is a divisor of
2n, but not a divisor of n, then, according to the integer di-
vision algorithm, there exists a non-negative integer α and
a positive integer β, strictly less than l, such that

n = αl + β. (14)

From the above expression for n, it follows that l divides
2n implies l divides 2β, that is, 2β = k l for some positive
integer k. Because 0 < β < l, it follows necessarily that
k = 1, and therefore l = 2β. From (14), we have

n = (2α + 1)
l

2
= (2α + 1)β.

Construct the following vector of n numbers:⎛
⎜⎝

2α+1︷ ︸︸ ︷
1, · · ·, 1︸ ︷︷ ︸

β

,−1, · · ·,−1︸ ︷︷ ︸
β

, · · ·, 1, · · ·, 1︸ ︷︷ ︸
β

,−1, · · ·,−1︸ ︷︷ ︸
β

, 1, · · ·, 1︸ ︷︷ ︸
β

⎞
⎟⎠
T

.

It is easily seen that the vector obtained via multiplying this

vector by
1

1 + a
belongs to Ωca and has period l.

Similar arguments apply to Type-II systems. Therefore,
we have the following characterization of all possible peri-
ods.

Theorem 5 When n > 1, denote n =
q∏

i=1

pni
i , where

ni > 0, and let pi, i = 1, 2, · · · , q, be different prime fac-
tors of n in increasing order. Then, the following conclu-
sions hold:

i) When n = 1, Ωca consists of only one forward-orbit of
period 2 for systems of Type-I, and two equilibria for sys-
tems of Type-II.

ii) When n > 1, for systems of Type-II, a positive integer
l is the period of a point x ∈ Ωca if and only if it takes the
form

l =
q∏

i=1

pdi
i , 0 � di � ni, i = 1, 2, · · · , q. (15)

There are two periodic-1 (fixed) points in Ωca.
For any l �= 1 of the form (15), let pm, 1 � m � q, be

the smallest prime factor of l, i.e., d1 = · · · = dm−1 = 0,

dm �= 0. Denote l̄ =
l

pm
. Then, the number of distinct pe-

riodic orbits in Ωca with period l equals 2l − 2l̄.
iii) For systems of Type-I, factorize n into the following

form, for i = 1, · · · , q,

n = 2n0
q∏

i=1

pni
i , pi �= 2, n0 � 0, ni > 0. (16)

Then, a positive integer l is the period of a point x ∈ Ωca if
and only if it takes the following form, for i = 1, · · · , q,

l = 2n0+1
q∏

i=1

pdi
i , 0 � di � ni. (17)

There is one periodic-2 orbit in Ωca.
For any l �= 2 of the form (17), let pm, 1 � m � q,

be the second smallest prime factor of l, i.e., d1 = · · · =

dm−1 = 0, dm �= 0. Denote l̄ =
l

pm
. Then, the number of

distinct periodic orbits in Ωca with period l equals 2l − 2l̄.

4 Modulation along arbitrary direction of

stable systems

In this section, we assume that A is a stable matrix, i.e.,
the eigenvalues of A lie inside the unit circle.

The following result concerning periodic orbits generated
by external periodic excitation is well-known.

Theorem 6 i) For a periodic input sequence of period
L, there is a periodic orbit of period L for system (1).

ii) This periodic orbit is globally attracting.

Now, we turn to the situation of Δ-modulated control of
system (1). In this case, the controller u is a Δ-modulated
feedback defined by

u = sgn (cTx), (18)

in which c ∈ R
n\{0} is an arbitrary, but fixed, modulation

direction.
Suppose {x0, x1, · · · , } is an orbit of the closed-loop sys-

tem (1) and (18) starting from x0. The sequence defined by
{s0, s1, · · · , }, where si = sgn (cTxi), for i = 0, 1, · · · , is
a binary sequence of 1’s and −1’s. We will call it a mod-
ulated orbit of the closed-loop system (1) and (18) corre-
sponding to the orbit {x0, x1, · · · }.

Obviously, the modulated orbit of a periodic orbit of the
closed-loop system (1) and (18) is periodic. Therefore, to
determine the periodicity of an orbit of a Δ-modulated sys-
tem, from Theorem 6, it is decisive to see whether the Δ-
modulation in (18) introduces a periodic binary sequence.
This is addressed by the following theorem [31].

Theorem 7 The Δ-modulated system (1) and (18)
has a periodic orbit of period L if and only if there are
σ0, σ1, · · · , σL−1 ∈ {−1, 1} such that, for σi = 1,

cT(I − AL)−1
L−1∑
j=0

AL−j−1b σi+j � 0, (19)
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and for σi = −1,

cT(I − AL)−1
L−1∑
j=0

AL−j−1b σi+j < 0 (20)

for i = 0, 1, · · · , L − 1, in which σi+j = σ(i+j)modL.
Proof (Necessity) If {x0, x1, · · · } is a periodic orbit

with period L, then denote σi = si = sgn (cTxi), for
i = 0, 1, · · · , L − 1. Since {x0, x1, · · · } is periodic with
period L, we have

xi = (I − AL)−1
L−1∑
j=0

AL−j−1b σi+j ,

for i = 0, 1, · · · , L − 1. Hence,

cT(I − AL)−1
L−1∑
j=0

AL−j−1b σi+j = cTxi,

which implies the conditions of the theorem.
(Sufficiency) Denote

x(i) = (I − AL)−1
L−1∑
j=0

AL−j−1b σj+i, (21)

and

f(x) = Ax + b sgn (cTx).

It is straightforward to verify that under the conditions of
the theorem, f (i)(x(0)) = x(i), for i = 0, 1, · · · , L − 1 and
f (L)(x(0)) = x(0), i.e., the orbit starting at x(0) has period
L.

A Δ-modulated system can have many periodic points.
The first interesting result is the following.

Corollary 1 i) If (A, b) is controllable, then there is a
c ∈ R

n such that the closed-loop system (1) and (18) has
n-periodic orbits.

ii) If (cT, A) is observable, then there is a b ∈ R
n such

that the closed-loop system (1) and (18) has n-periodic or-
bits.

Proof We prove i) only. For n = 1, choose c = b, and
for n = 2, choose

c = (I − A2)(Ab − b).

It can be verified that these two choices result in 1-periodic
points for n = 1 and 2-periodic points for n = 2, respec-
tively.

For n � 3, since the controllability of (A, b) implies the
existence of the inverse in the expression, we choose cT as

(1, 0, · · · , 0)
(
An−1b · · · Ab b

)−1
(I − An).

Then, for any binary sequence {s0, s1, · · · , sn−1},

cT(I − An)−1(An−1bs0 + · · · + bsn−1) = s0.

So, the inequalities in (19) and (20) hold. By Theorem 7, for
this choice of c, any n binary sequence gives rise to an orbit
of period n.

Choose a sequence s0 = 1, si = −1, for i = 1, · · · , n −
1. According to (21), the periodic orbit generated by it con-

sists of the following n points:

x(i) = (I − An)−1
n−1∑
j=0

An−j−1bsj+i.

It can be verified that these n points are different; there-
fore, this orbit is n-periodic. Actually, it can be proved that
x(0), x(1), · · · , x(n−1) are linearly independent.

The criterion in (19) and (20) is useful in deriving con-
crete results about the existence of periodic orbits of a cer-
tain order.

Proposition 1 i) System (1) under the Δ-modulation
of (18) has a fixed (1-periodic) point iff cT(I −A)−1b � 0.

ii) System (1) under the Δ-modulation of (18) has a 2-
periodic orbit iff cT(I + A)−1b < 0.

iii) System (1) under the Δ-modulation of (18) has a 3-
periodic orbit iff

2max{cT(I − A3)−1b, cT(I − A3)−1Ab}
< cT(I − A)−1b � 2cT(I − A3)−1A2b.

iv) System (1) under the Δ-modulation of (18) has a 4-
periodic orbit iff

2 max
0�i�2

cT(I − A4)−1Aib < cT(I − A)−1b

� 2cT(I − A4)−1A3b,

or

cT(I − A)−1b > 2max{cT(I − A4)−1(A + I)b,
cT(I − A4)−1(A2 + A)b}.

5 Other generalizations

Some generalizations are made in [26∼28].

5.1 Unbalanced Δ-modulated systems

In the first case, the following discrete-time nonlinear
system is considered:

xn+1 = axn + u, (22)

under the so-called unbalanced Δ-modulated feedback
(UDMF)

u = Δ(ax) def=

{
−Δ1, ax � 0,

Δ2, ax < 0,
(23)

where Δ1 and Δ2 are given positive real numbers, Δ1 �=
Δ2.

It should be noted that Δ-modulated control is a special
case of UDMF, e.g., the balanced case with Δ1 = Δ2. In the
same application area of transmitting power control, it has
witnessed the flexibility of unbalanced Δ-modulated feed-
back in, i.e., [32, 33]. All these motivate a careful study of
systems (22) and (23).

Define γ =
Δ2

Δ1
. Then, γ �= 1.

System (22) is referred to as a system of Type I when
a > 0, and system of Type II when a < 0, respectively.
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We have only considered the case when the parameter
0 <| a |� 1.

The results in [26] can be summarized in the following.
A system of Type II has only two fixed points and the

set of fixed points is globally attracting. For 0 < a < 1,
systems of Type I have no fixed points, and there is a denu-

merable set of values for the ratio γ =
Δ2

Δ1
, and for each

parameter γ of the denumerable set, systems of Type I have
no periodic orbits and, in this case, every orbit is dense in
the state interval [−Δ1, Δ2). To each of the other rate val-
ues of γ, systems of Type I all have a unique periodic orbit.
The structural property of the periodic motion is robust; i.e.,
there exists an interval including this value γ such that all
parameters in this interval correspond to those periodic or-
bits of the same structural property. For the case of a = 1,
all points in the interval [−Δ1, Δ2) are n−periodic with
n � 3 when γ is a rational number, and every orbit is dense
in the interval [−Δ1, Δ2) when γ is an irrational number.
Moreover, every such unique periodic orbit is globally at-
tracting for both types of systems.

5.2 Quantized feedback systems

A first-order discrete-time control system with a two-
level quantized feedback is considered in [27]:

x+ = f(x) def= ax − q(x), (24)

where the scaling factor a > 0 is a real number, the quan-
tized feedback q(x) is defined as

q(x) =

⎧⎪⎪⎨
⎪⎪⎩

1, x � 0.5,

0, −0.5 < x < 0.5,

−1, x � −0.5.

A first simple result is the following.
Proposition 2 When 0 < a � 1, there are only three

periodic points of the system (1) {0,±1/(a + 1)}, and 0 is
1-periodic (fixed point), and ±1/(a+1) are 2-periodic. The
set {0,±1/(a + 1)} are globally attracting.

Then the study also starts with special classes of polyno-
mials.

We define the following four sets of polynomials:

p1(a) = p1(a) = a − 1,

q1(a) = q1(a) = a − 3,

p2(a) = p2(a) = a2 − 3,

q2(a) = q2(a) = a2 − 2a − 1,

and for n � 3,

pn(a) = an − 2an−2 − 1,

qn(a) = an − 2an−1 − 1,

pn(a) = an − 2an−2 − 2an−3 − · · · − 2a − 3,

qn(a) = an − 2an−1 − 2an−3 − · · · − 2a − 3.

These polynomials have a very special property: the poly-

nomials p1(a) and p1(a) have their only root at a = 1, and
all other polynomials have only one real root in (1,∞).

Lemma 4 i) For n � 2, each of the polynomials
pn(a), qn(a), pn(a) and qn(a) has only one real root in
(1,∞).

ii) Denote p
1
, q

1
, p̄1 and q̄1 the root of p1(a), q1(a),

p1(a) and q1(a), respectively, and for n � 2, denote
p

n
, q

n
, p̄n and q̄n the only root of pn(a), qn(a), pn(a) and

qn(a) in (1,∞), respectively. Then for n � 3,
ii.1) p

n+1
< p

n
and lim

n→∞ p
n

=
√

2;

ii.2) q
n+1

< q
n

and lim
n→∞ q

n
= 2;

ii.3) p̄n+1 > p̄n and lim
n→∞ p̄n = 2;

ii.4) q̄n+1 > q̄n and

lim
n→∞ q̄n = 1 +

3
p

27 + 11
√

6

3
+

1
3
p

27 + 11
√

6
.= 2.5241.

Then, results on the periodicity of system (24) can be par-
tially characterized in the following theorem.

Theorem 8 i) For any n = 1, 2, · · · , system (24) has
non-zero n-periodic points if p

n
< a � q̄n.

ii) a � q̄n is necessary for having an n-periodic point.

5.3 Uplink delayed systems

In the last generalizaation, we performed a complete
spectral analysis of system

xn+1 = xn − sgn (xn−k), (25)

in which xi ∈ R is a scalar signal, and the fixed integer
k � 0 represents the loop delay. A special feature of the Δ-
modulated feedback system (25) is the existence of a delay
in the feedback loop. This kind of systems with loop de-
lays appear in, among others, transmitting power control of
a mobile unit in a Direct Sequence Code Division Multiple
Access (DS-CDMA) cellular network [11] and in the study
of nonlinear dynamics of digital bang-bang Phase-Locked-
Loops (PLLs) [34].

It will be seen that the spectral properties of system (25)
is completely different from that of the “up-link” delayed
system. If we realize system (1) by a higher-order system,
then it is only critically stable and the results of [31] cannot
be directly applied.

The results on the existence of periodic orbits of system
(25) can be elegantly stated and rigorously proved: every
orbit of system (25) is eventually periodic with a prime pe-
riod of the form 2(2j + 1) for some integer j, 0 � j � k,
such that 2(2j + 1) divides k − j. A byproduct of these re-
sults is: in case of multiple periods, all the smaller periods
divide the maximal period. In other words, in case of mul-
tiple frequencies, it consists of the primary frequency and
some of its harmonics (multiples of the primary frequency).
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“Overtune” will never happen to the system.
Periods for delays up to 39 are given in the table.

Table 1 Periods for delays up to 39.

delay k period delay k period

0 2 20 2, 82
1 6 21 86
2 2, 10 22 2, 10, 18, 90
3 14 23 94
4 2, 18 24 2, 98
5 22 25 6, 102
6 2, 26 26 2, 106
7 6, 30 27 22,110
8 2, 34 28 2, 114
9 38 29 118
10 2, 42 30 2, 122
11 46 31 6, 14, 126
12 2,10,50 32 2, 10, 26, 130
13 6, 54 33 134
14 2, 58 34 2, 138
15 62 35 142
16 2, 66 36 2, 146
17 14,70 37 6, 30, 150
18 2, 74 38 2, 154
19 6, 78 39 158

6 Conclusions

The existence of periodic points of all orders of Sigma-
Delta modulation with “leaky” integration has been com-
pletely characterized by making use of some interesting
groups of polynomials with “sign” coefficients. The results
have also been extended to Sigma-Delta modulations with
multiple delays in a natural way. Further extensions have
been made to the existence of periodic points arising from
Δ-modulated feedback control of a stable linear system in
an arbitrary direction, for which some necessary and suffi-
cient conditions have been derived. Thus, this investigation
is self-contained and relatively complete. Finally, the paper
has also described some possible generalizations of the re-
sults.

References

[1] P. Hartman. Ordinary Differential Equations[M]. 2nd ed. New York:
John Wiley & Sons, 1973.

[2] B. Hao. Number of periodic orbits in continuous maps of the
interval – complete solution of the counting problem[J]. Annals of
Combinatorics, 2000, 4(3/4): 339 – 346.

[3] V. Chothi, G. Everest, T. Ward. S-integer dynamical systems: periodic
points[J]. Journal Für Die Reine Und Angewandte Mathematik, 1997,
489(1): 99 – 132.

[4] A. N. Sarkovskii. Coexistence of cycle of a continuous map of a line
into itself[J]. Ukrainian Mathematical Journal, 1964, 16: 61–71.

[5] M. N. Vrahatis. An efficient method for computing periodic orbits
of nonlinear mappings[J]. Journal of Computational Physics, 1995,
119(1): 105 – 119.

[6] A. J. Van der Schaft, J. M. Schumacher. An Introduction to Hybrid
Dynamical Systems, Lecture Notes in Control and Information
Sciences[M]. Berlin: Springer, 2000.

[7] M. Johansson, A. Rantzer. Computation of piecewise quadratic
Lyapunov functions for hybrid systems[J]. IEEE Transactions on
Automatic Control, 1998, 43(4): 555 – 559.

[8] A. V. Savkin, A. S. Matveev. Globally periodic behavior of switched
flow networks with a cyclic switching policy [J]. Systems & Control
Letters, 1999, 38(3): 151–155.

[9] J. C. Candy. A use of limit cycle oscillations to obtain robust analog-
to-digital converters[J]. IEEE Transactions on Communications,
1974, 22(3): 298 – 305.

[10] H. Inose, Y. Yasuda. A unity bit coding method by negative
feedback[J]. Proceedings of the IEEE, 1963, 51(11): 1524 – 1535.

[11] S. Ariyavisitakul, L. Chang. Simulation of a CDMA system
performance with feed-back power control[J]. Electronics Letters,
1991, 27: 2127 – 2128.

[12] Jr. J. C. Liberti, T. S. Rappaport. Smart Antennas for Wireless
Communications: IS-95 & Third Generation CDMA Applications
[M]. New Jersey: Prentice Hall, 1999.

[13] R. W. Brockett, D. Liberzon. Quantized feedback stabilization of
linear systems[J]. IEEE Transactions on Automatic Control, 2000,
45(7): 1279 – 1289.

[14] D. F. Delchamps. Stabilizing a linear system with quantized state
feedback[J]. IEEE Transactions on Automatic Control, 1990, 35(8):
916 – 924.

[15] N. Elia, S. K. Mitter. Stabilization of linear systems with limited
information[J]. IEEE Transactions on Automatic Control, 2001,
46(9): 1384 – 1400.

[16] T. Hu, Z. Lin, L. Qiu. Stabilization of exponentially unstable linear
systems with saturating actuators[J]. IEEE Transactions on Automatic
Control, 2001, 46(6): 973 – 979.

[17] J. Imura, A. J. Van der Schaft. Characterization of well-posedness
of piecewise linear systems[J]. IEEE Transactions on Automatic
Control, 2000, 45(9): 1600 – 1619.

[18] X. Xia. Well posedness of piecewise-linear systems with multiple
modes and multiple criteria [J]. IEEE Transactions on Automatic
Control, 2002, 47(10): 1716 – 1720.

[19] X. Xia, A. S. Zinober. Δ-modulated feedback in discretization of
sliding mode control[J]. Automatica, 2006, 42(5): 771 – 776.

[20] X. Yu. Discretization effect on a sliding mode control system with
bang-bang type switching[J]. International Journal of Bifurcation and
Chaos, 1998, 8(6): 1245 – 1257.

[21] X. Yu, G. Chen. Discretization behaviours of equivalent control based
sliding mode control systems[J]. IEEE Transactions on Automatic
Control, 2003, 48(9): 1641 – 1646.

[22] O. Feely, L. O. Chua. Nonlinear dynamics of a class of analog-to-
digital converters[J]. International Journal of Bifurcation and Chaos,
1992, 2(2): 325 – 340.

[23] N. N. Leonov. Map of the line into itself[J]. Radiofisica, 1959, 2: 942
– 956.



44 X. XIA et al. / J Control Theory Appl 2008 6 (1) 37–44

[24] S. J. Park, R. M. Gray. Sigma-delta modulation with leaky integration
and constant input[J]. IEEE Transactions on Information Theory,
1992, 38(5): 1512 – 1533.

[25] R. Gai, X. Xia, G. Chen. Complex dynamics of systems under
delta-modulated control[J]. IEEE Transactions on Automatic Control,
2006, 51(12): 1888 – 1902.

[26] R. Gai, G. Chen, X. Xia. Global dynamics of unbalanced Delta-
modulated feedback-controlled discrete-time systems[J]. Dynamics of
Continuous, Discrete and Impulsive Systems Series B: Applications &
Algorithms, 2006, 13(5): 635 – 679.

[27] X. Xia. Periodic orbits arising from two-level quantized feedback
control[J]. Chaos, Solitons & Fractals, 2007, 33(4): 1339 – 1347.

[28] X. Xia. A Complete Spectral Analysis of A Δ-modulated Feedback
System with Loop Delays[R]. South Africa: University of Pretoria,
2006.

[29] X. Xia, G. Chen. On Delta-modulated control: a simple system with
complex dynamics[J]. Chaos, Solitons & Fractals, 2007, 33(4): 1314
– 1328.

[30] X. Xia, R. Gai, G. Chen. Periodic orbits arising from Delta-modulated
feedback control[J]. Chaos, Solitons & Fractals, 2004, 19(3): 581 –
595.

[31] X. Xia, A. S. Zinober. Periodic orbits from Δ-modulation of stable
linear systems[J]. IEEE Transactions on Automatic Control, 2004,
49(8): 1376 – 1380.

[32] S. K. Park, H. S. Nam. DS/CDMA closed-loop power control with
adaptive algorithm[J]. Electronics Letters, 1999, 35(17): 1425 – 1427.

[33] T. C. Song, X. Xia, L. P. Linde. A new W-CDMA transmit
power control technique[C]//3rd International Conference on Control
Theory and Applications, South Africa: University of Pretoria, 2001.

[34] N. Da Dalt. A design-oriented study of the nonlinear dynamics
of digital bang-bang PLLs[J]. IEEE Transactions on Circuits and
Systems I, 2005, 52(1): 21 – 31.

Xiaohua XIA received the Ph.D. degree from
Beijing University of Aeronautics and Astro-
nautics, Beijing, China, in 1989. He is cur-
rently a Professor at the University of Preto-
ria, Pretoria, South Africa. He has also held
a visiting position as an Invited Professor at
IRCCYN, Nantes, France, in 2001, 2004, and
2005. His research interests include: non-linear
feedback control, observer design, time-delay

systems, hybrid systems, modelling and control of HIV/AIDS, and con-
trol and handling of heavy-haul trains. Dr. Xia served as the South African
IEEE Section/Control Chapter Chair. He also serves for IFAC as the Vice-
Chair of the Technical Committee of Nonlinear Systems. He is an Asso-
ciate Editor of Automatica, and a Specialist Editor (Control) of the SAIEE
Africa Research Journal.

Guanrong CHEN received the M.S. degree
from Zhongshan University, China, in 1981,
and the Ph.D. degree from Texas A&M Univer-
sity, College Station, in 1987. He is currently
a Chair Professor and the Founding Director
of the Centre for Chaos and Complex Systems
at the City University of Hong Kong (since
2000), prior to which he was a tenured Full
Professor at the University of Houston, Hous-

ton, TX.

Rudong GAI received the B.Sc. degree from
the Fuxin Mining Institute, Liaoning, China,
and the Ph.D. degree from Northeastern Uni-
versity, China, in 1982 and 1994, respectively.
Since 1982, he has been a Faculty Member in
the Basic Science Department, Liaoning Tech-
nical University, Fuxin, China, where he is cur-
rently a Professor. From 2002 to 2004, he vis-
ited the University of Pretoria, Pretoria, South

Africa, and the City University of Hong Kong, respectively. His research
interests include robust stability and stabilization of interval systems, anal-
ysis of complex dynamical systems, and Delta-modulated feedback sys-
tems.

Alan S. I. ZINOBER after obtaining his
Ph.D. degree from Cambridge University in
1974, was appointed Lecturer in the Depart-
ment of Applied and Computational Mathe-
matics at the University of Sheffield in 1974,
and promoted to Senior Lecturer in 1990,
Reader in Applied Mathematics in 1993 and
Professor in 1995. He has been the recipient of
a number of EPSRC research grants and has

published over 180 journal and conference publications as well as editing
three research monographs. He has undertaken research in many areas of
sliding mode control as well as other areas of nonlinear control theory. He
has been Chairman of the IEEE (UK and RI) Control Systems Chapter.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents suitable for reliable viewing and printing of business documents.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


